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Introduction 





About this book 


This book has been written to cover the Cambridge IGCSE” Additional Mathematics (0606) 
course and is fully aligned with the syllabus. 


The syllabus was designed for more able students at this level and it was intended that they 
should have already completed the 0580 syllabus or equivalent before starting this course. 


It is possible to teach the 0580 and 0606 courses in parallel, but this requires very careful 
design of a scheme of work to ensure that students do not meet topics covered in this course 
before they have completed preliminary work in 0580. An alternative is to teach more able 
students the 0580 syllabus at a faster rate and then begin the 0606 course, covering it at the 
same rate. 


At the start of each chapter there is a list of the objectives drawn from the 0606 syllabus that 

are covered in the chapter. They are not all in syllabus order, rather they are selected to follow a 
suitable scheme of work which may allow some of the parallel teaching mentioned earlier. 

Ihe book has been designed to assist teachers in preparing their students for the examination, 
and thus contains many worked examples and a host of rigorous exercises. The examples show 
the important techniques required to tackle questions. 


Each chapter contains a summative exercise, a one-hour timed test, and in most cases, a set 

of past examination questions relevant to the topic, including questions which may involve 
material from previous chapters. The examination questions are taken from pre-2010 papers so 
that the most recent papers can be used in a complete format by teachers for final revision. 

At the end of chapters 4, 8, 11, 15, 19 and 22 there is a timed exercise covering mixed topics 
that can be used as a term test. There are more of these terms tests available online at: 
www.oxfordsecondary.com/9780198376705 


Finally, to assist in preparing students for the final examination, there is a collection of 
revision tests and practice papers that can be used as required. Practice paper 1 can be found 
at the end of this book; the remaining practice papers and all revision tests are also available 
online at: www.oxfordsecondary.com/9780198376705 


About the author 


Tony Beadsworth has graduated from four universities, three in the UK plus Makerere 
University, Kampala, Uganda. He has taught Mathematics at O-level, IGCSE, A-level 
(including Further Mathematics) at a range of secondary, tertiary and Sixth Form institutions 
in East Africa, the UK and Malaysia for over 50 years. He has also been a tutor-counsellor 

for the UK's Open University, tutoring first and second year university students, and has had 
extensive experience in examining. Currently semi-retired and living in Kuala Lumpur, he 
spends his time teaching, writing, and helping Malaysian students prepare for entrance to 
UK universities. 
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1 Set language and notation 
* use set language and notation, and Venn diagrams to describe sets and represent pages 2-17 
relationships between sets as follows: 
A= ix: xis a natural number] 
B=i(x, y): y=mx +c} 
G={x:a<x< bi 
D= ja, b, c,...} 
e understand and use the following notation: pages 2-17 
Union of A and B AUB 
Intersection of A and B AMB 
Number of elements in set A n(A) 
“isan element of...” 
^... is not an element of... 
Complement of set A 
The empty set 
Universal set 
A is a subset of B 
Á is a proper subset of B 
Á is not a subset of B 
Á is not a proper subset of B 
2 Functions 
understand the terms: function, domain, range (image set), one-one function, inverse pages 60-71 
function and composition of functions 
» use the notation f(x) = sin x, f: x> lg x (x > 0), f'(x) and f(x) |= f(f(x))] pages 61-73 


understand the relationship between y= f(x) and y = |f(x)|, where f(x) may be linear, pages 71-73 
quadratic or trigonometric 


explain in words why a given function is a function or why it does not have an inverse pages 65-71 


hind the inverse of a one-one function and form composite functions pages 65-71 





» use sketch graphs to show the relationship between a function and its inverse pages 69-76 
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3 Quadratic functions 

« find the maximum or minimum value of the quadratic function f : x > ax + bx c pages 82-88 
by any method 
use the maximum or minimum value of f(x) to sketch the graph or determine the range for a pages 83-90 
given domain 

» know the conditions for f(x) = 0 to have: pages 87-90 
(1) two real roots pages 94-97 
(ii) two equal roots 
(iii) no real roots 
and the related conditions for a given line to: 
(i) intersect a given curve 
(ii) be a tangent to a given curve 
(iii) not intersect a given curve 


ís solve quadratic equations for real roots and find the solution set for quadratic inequalities pages 98-102 


4 Indices and surds 


« perform simple operations with indices and with surds, including rationalising the | pages 26-39 | 
denominator 


5 Factors of polynomials 


« know and use the remainder and factor theorems pages 122-125 








» find factors of polynomials pages 125-129 
e solve cubic equations | pages 123-129 





6 Simultaneous equations 
| « solve simultaneous equations in two unknowns with at least one linear equation | pages 93-97 


7 Logarithmic and exponential functions 


know simple properties and graphs of the logarithmic and exponential functions pages 320-332 





including In x and e* (series expansions are not required) and graphs of ke“ + a and 
kIn(ax + b) where n, k, a and b are integers 


know and use the laws of logarithms (including change of base of logarithms) pages 321-325 
solve SEC of the form a“ = b | | pages 326-332 


interpret the equation of a rani line graph in the form y = mx +c pages 136-140 
transform given relationships, including y = ax" and y = Ab’, to straight line form and hence pages 326-332 
determine unknown constants by calculating the gradient or intercept of the transformed graph 

solve questions involving mid-point and length of a line pages 134-136 
know and use the condition for two lines to be parallel or perpendicular | | pages 136-140 


9 Circular measure 


|« solve problems involving the arc length and sector area of a circle, including knowledge and | ^ pages 192-200 
use of radian measure | | 











OXFORD Student book & Cambridge syllabus tf, PIDE E à 


UNIVERSITY PRESS matching grid | SUCCEED 


\ 


| PROGRESS j 





10 T rigonometry 


e know the six trigonometric functions of angles of any magnitude pages 174-178 








sine, cosine, tangent 
secant, cosecant, cotangent 
« understand amplitude and periodicity and the relationship between graphs of e.g. sin x and pages 179-183 
sin 2x 
» draw and use the graphs of pages 291-294 
y=asin (bx) +c 
y=acos (bx) tc 
y=a tan (bx) +c 
where a and b are positive integers and c is an integer 
use the relationships pages 285-290 


cos Á 


tan A, ——— = cot A, 
sin Á 


cos Á 
sin? Á + cost A = 1, sec? A = 1 + tan“ A, cose? A = 1 + cot“ A 


and solve simple trigonometric equations involving the six trigonometric functions and the 
above relationships (not including general solution of trigonometric equations) 


sine, cosine, tangent 
secant, cosecant, cotangent 
e prove simple trigonometric identities pages 284-290 
11 Permutations and combinations 
recognise and distinguish between a permutation case and a combination case pages 49-53 
know and use the notation a! (with 0! = 1), and the expressions for permutations and pages 51-53 
combinations of n items taken r at a time 
answer simple problems on arrangement and selection (cases with repetition of objects, pages 44-53 


or with objects arranged in a circle or involving both permutations and combinations, are 


excluded) 

12 Binomial expansions 

e use the binomial theorem for expansion of (a + b)" for positive integral n pages 107-112 
» use the general term (env. 0=<rsn pages 107-112 
.. (knowledge of the greatest term and properties of the coefficients is not required) 

13 Vectors in 2 dimensions 
ü 
b 


know and use position vectors and unit vectors 


use vectors in any form, e.g. ) AB, p, ai + bj pages 380-381 
pages 361-385 
pages 381-388 
pages 389-391 


pages 391-395 


find the magnitude of a vector; add and subtract vectors and multiply vectors by scalars 





compose and resolve velocities 





use relative velocity, including solving problems on interception (but not closest approach) 
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14 Matrices 


display information in the form of a matrix of any order and interpret the data in a given 
malrix 


state the order of a given matrix 


solve problems involving the calculation of the sum and product (where appropriate) af two 
matrices and interpret the results 


calculate the product of a scalar quantity and a matrix 
use the algebra of 2 x 2 matrices (including the zero, O, and identity, I, matrix) 


calculate the determinant and inverse, A ', of a non-singular 2 x 2 matrix and solve 
simultaneous linear equations 











15 Differentiation and integration - 


la understand the idea of a derived function 


i NM - 
use the notations f'(x), f"(x), SA Sy - SL) 


use the derivatives of the standard functions together with constant multiples, sums of these 
x* (for any rational n) 
sin X, cos x, tan x 
e*,In* 
differentiate composite functions 
differentiate products and quotients of functions 
apply differentiation to 
gradients, tangents and normals 
stationary points 
connected rates of change 
small increments and approximations 
practical maxima and minima problems 
use the first and second derivative tests to discriminate between maxima and minima 
understand integration as the reverse process of differentiation 
integrate sums of terms in powers of x, excluding i 
integrate functions of the form á 
(ax + b)" (excluding n = -1) 
pr 
sin (ax + b), cos (ax + b) 
evaluate definite integrals and apply integration to the evaluation of plane areas 
» apply differentiation and integration to kinematics problems that involve displacement, 
velocity and acceleration of a particle moving in a straight line with variable or constant 
acceleration, and the use of x-t and v-t graphs 


pages 232-248 


pages 232-233 
pages 232-240 


page 234 
pages 234-240 
pages 241-248 


pages 151-168 
pages 152-157 
pages 161-165 
pages 152-168 


pages 219-221 
pages 304-313 
pages 159-168 
pages 208-224 


pages 164-167 
pages 258-259 
pages 260-262 
pages 259-261 
pages 341-343 
pages 357-362 


pages 265-270 
pages 403-419 
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[he inspiration for the photos that appear on the first page of 
each chapter came from the use of mathematics in modern 
architecture. Advanced digital tools such as parametric 
modelling allow designers and architects to experiment 

with certain features of a new building concept, with 
considerations for maximising energy efficiency, how wind 
blows around the building, acoustic properties, and so on. 





With the aid of computers, just about every aspect of a 
building can be modelled, and any knock-on effects of 
changes to one aspect will be revealed in other areas. 


Every photo in the book is of a real building somewhere in 
the world, apart from one which is a 3D graphical rendering; 
see if you can spot it! 
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1.1 Describing sets 


Mathematics is a sort of shorthand. Instead of writing lots of words, we use symbols instead. 
Set Theory and the ideas it produces is fundamental to the development of mathematical language. 


iout the course (and beyond) in 





This chapter develops that language and we will use it throug! 
studying different areas of mathematics. 


A=141,2,3,4,5) 
A = teli | 
A = (lion, tiger, giraffe} 
A={x:xis a natural number} 


Ame? eee TE 


A={(% y) :y 22x- 3) 
A={(xy) :x -y x25] 


A = {x : <description>} 


A ={(x, y) : <expression>} 





1.2 Sets of numbers 


ELE The Natural numbers 
tar | A 


The set of Rational numbers —:im,neZ,nzo 
Hn 


The set of positive Rational (x:xeQ, x» 0 
numbers 


> word "element" 


is not a member of; does 
not noe to 





set language and notation Ej 





Exercise 1.1 
1 Use set notation to list the members of the following sets: 


a The things in your pocket or purse 





d 


Five people nearest you 
Your six favourite foods 


Your siblings 


c 
d 
e The prime numbers less than 20 
f The factors of 36 

g “The square numbers between 200 and 410 

2 Use set notation to describe the following sets (e.g. A = {x : «description» ]): 


a A:{2,4,6, 8, 10} 


b B:{1, 2, 3,4, 6, 12} 

c C:{1,3,6, 10, 15} 

d D:{1,4,9,16,...} 

e £E:{15, 13,19, 11, 17] 

í F:{(0,5), (1, 4,(2, 3), (3, 2), (4, 1), (5, 0)] 


g €:13,4 5), 15, 12, 13) (6, 8, 10), (7, 24, 25), (8, 15, 173 
3 Identify these sets of numbers: 


a A:{x:x has only 1 factor] 





b B:{x:x has only 2 factors} 
c C:{x:x has an odd number of factors) 


4 Use set notation to list the members of the following sets: 
a A:Íx: - e N and x is a factor of 36] 
b B:{m:me Z;m*<20) 
c C:lp:pisan odd number and p is the number of factors of an integer smaller than 150} 
d D:{q:q=3nt+2;ne Z5=n=09) 


5 For the sets in question 2, say whether these statements are true or false: 


a 10EC 

b n(B)=7 

c n(F)=n(B) 
1 7eC 

e 82A 


Chapter 1 





1.4 Combining sets 


1.4.1 Union u 


AU B is shaded 





If xe AU Bthen either x e Aor xe B 
(including when x € A and x € B). 





1.4.2 Intersection n 


Aco B is shaded 





If xe A Bthenxe Aand x e B. 





1.4.5 Isasubset of c 


Ac B if all the members of A 
are also members of B. 





Í Improper’ subset 





1.4.4 The Universal set € 


The Universal set (usually drawn 
as a rectangle) is large enough to 
contain every element involved in 
a problem. 
Acé,Bcté,CcéGandDcé@. 
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1.4.5 The complement A’ 


The complement of Á (shaded) is zl 
the set of all things not in A. 





1.5 Putting elements in sets 


When we draw Venn diagrams, we sometimes put the elements in the 
drawing and sometimes we put the number of elements in the drawing. 
There is no accepted way of distinguishing between these two cases. 

When you are drawing Venn diagrams, you must be careful not to get 
confused. We usually manage without making problems for ourselves, 

but you could always make a note in the margin to indicate what you mean. 


The Venn diagram as drawn here could mean: 
2€ A 
or n(A)=2 








Example 1.1 

If 6={x:xe Z;0 =x <= 10), A= {x:xisa prime number}, B= {x : x is a factor of 12]: 
a Draw a Venn diagram showing this information. 

b Find (i) e (ii) n(AMB) Mu n(A’) 


(i) n(AUB)=7 
(ii) n(AQB)= 
(iii) n(A’) 27 





Example 1.2 

If n(@) = 30, n(A) = 16, n(B) = 15 and n(AMB)=5: 

a Draw a Venn diagram showing this information. 

b Find (i) n(A’) (ii) mS UB) (iii) n([AU B] ) 


ttt ttt tte a LE S ETTET A AA A A 6 
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solution: 
Step 1: Draw the Venn diagram. 
This diagram has 4 regions. 
Step 2: Put in the values that you know. 
We only know about the 5 in (A A B). 





Step 3: Put variables p, q, r in the other regions. 
Step 4: Write down the equations: 
p+5=16 
5+q=15 
p+5+q+r=30 
Step 5: Solve the equations. 





p=11 
q=10 
b (i n(A')-14 r=4 


(ii) n(AUB)=26 
(iii) n([AU BJ) 24 


Exercise 1.2 


1 Ineach of these questions, draw a Venn diagram showing the 

information and find: 

(i) n(AU B) (ii) n(AMB) (iii) n(A') (iv) n(B') 

a b=lx:xe Z:0=x = 20}, A= 12, 4, 6, 8, 10, 12, 14, 16, 18, 20}, 
B — (1,4, 9, 16} 

b é={x:xe Z0 Sx = 20}, A={x:xisa prime number}, 
B={x:xis a factor of 36} 

c €={a, b,c, d,e,f2,h, if, A =1c, a, b, g, e), B={c, a, g, ej 

d =1lx:xe £;l<x=<s 101 A={x:xis an odd number}, 
B = {x : x is a square number} 

e 6={x:xe Z0=x = 20}, A= {x : xis a multiple of 2}, 
B = {x : x is a multiple of 3} 
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2 In each row of the table there is some information about sets A, B, the Universal set, but some 


information is missing. For each row, find the missing values and draw a Venn diagram. 





3 a  Usingthe results from question 2, formulate a relationship between 
n(A), n(B), n(A r^ B), and n(A U B). 
b Your result in part a was derived from specific examples 
and this would not constitute a valid proof. 


Using algebra, formulate a general proof of the result. 


1.6 Converting from English to Mathematics 


One of the problems you will face is taking a statement in English and converting it to mathematical 
symbols so that you can solve a problem. Mathematical notation is really just a shorthand way of 
writing things down. 
Step 1: Define your sets. Use a single capital letter that relates to the objects. 
e.g. P = [students who study Physics} 
Step 2: Look for important words like AND, OR, ALL, etc. 


Step 3: Translate each statement into mathematical symbols. 


Example 1.3 
A There are 20 students in a homeroom class. 
Of these: 
B 12 students study Physics. 
C 10 students study Biology. 
D 18 students study one or the other or both of these subjects. 
E Allstudents who study Physics also study Mathematics. 


Write each of the statements above in set notation. 
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Solution: 
Step 1: Define the sets. 

€ = {all students in the homeroom class] 

P = {students who study Physics} 

B = {students who study Biology} 

M = {students who study Mathematics} 
Step 2: Check for important words. 

None in statements A—C. 

D 18 students study one OR the other OR both of these subjects. 

E ALL students who study Physics also study Mathematics. 
Step3: A n(é)=20 
B n(P)=12 
E n(B)=10 
D n(PuB)=18 
E Pc 





Example 1.4 


A 
B 
C 
D 
E 
E 

G 
H 


Write each of the statements above in set notation. 


The 30 students in a class play sports as follows: 

17 students play tennis. 

20 students play badminton. 

22 students swim. 

13 students play both tennis and badminton. 

14 students play tennis and also swim. 

5 students play badminton and swim but do not play tennis. 


2 students do not play any sport. 
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Solution: 
Step 1: Define the sets. 

€ = {all students in the class! 

T — [students who play tennis] 

— [students who play badmintonj 

S = [students who swim] 
Step 2: Check for important words. 

None in statements A-D. 

E 13 students play both tennis AND badminton. 

F 14 students play tennis AND also swim. 

G students play badminton AND swim but do NOT play tennis. 

H 2students do NOT play any sport. 
Step3: A n(6) — 30 

B n(T)=17 
C n(B)-20 
D als) = 22 
E n(T®aB)=17 
E nilrisS)214 
G n(T’OABOS)=5 
H n([T UBUS])=2 


1.7 Identifying regions 
1.7.1 Simple regions 
Region 


containing © 
m 


not Á and B 











not Á and not B 
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1.7.2 Combining regions 


The blue region is a combination of two simple regions. 
Itis (Ar B')U(A'n B). 





Example 1.5 
Identify the region shaded in blue in the Venn diagram. 


Solution: 


a þaga Think 
p 
| 





So the blue region is 


(ANBAC)U(ANB ACUI ABAC) 


Example 1.6 

€ is the set of integers between 1 and 20 inclusive. 

X is the set of integers between 4 and 15, excluding 4 and 15. 

Y is the set of integers greater than or equal to 9, and less than or equal to 20. 
Z is the set of multiples of 5 between 1 and 20, inclusive. 

a Write the statements above in set notation. 

b Listthe elements of XOY. 

c List the elements of X UY. 
d 
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Solution: 
a G={n:ne Z;1 =n 20} 
X-ix:xe £i 4<x<15)] 
Y={y:ye Z;9 « y x 20} 
Z=lz:zke Ziz=5k 1 =k=4) 
b XnY=(9,10,11,12,13,14) 
XUY =15..6) 7.8.9, 10,11, 12,13. 14 15. 15, 1% 18; 19.201 
(XUY) AZ={}=2 








Exercise 1.3 


1 ‘The general Venn diagram for three sets is shown. 
Define each of the eight regions (a to h) in terms 
of P, Qand R. 


2 = {all students in a class] 





M = {students studying Mathematics} 
H = {students studying History} 
P = [students studying Physics} 
Draw a Venn diagram showing the sets if all students studying 
Physics also study Mathematics. (Note: there is more than one 
possible arrangement of the sets.) 
3 © = {all students in a class] 
M = {students studying Mathematics} 
H = {students studying History} 
E = {students studying Economics} 
Express each of the following statements in set notation. 
Note that they do not all apply at the same time. 
a All students studying History also study Economics. 
b No student studying History also studies Mathematics. 
c ‘The number of students studying both Mathematics and 
Economics is 32. 
Describe in words the students belonging to these sets: 
d M'^OEnH' 
e (MUE)nH' 
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© ={x:xisa shopper in a survey] 

D-id:disa dog owner} 

J=1j:jisajogger) 

C=(c: cis a shopper who drives a car} 

Express each of the following statements in set notation. 

Note that they do not all apply at the same time. 

a All dog-owning joggers drive a car. 

b No shoppers who drive a car are dog owners. 

c The number of car drivers is greater than the number of 
joggers who own a dog. 


Describe in words the shoppers belonging to these sets: 


d C'raàDonJ' 
e (CAJ)UD 
f Ec) 


Make copies of the Venn diagram opposite and use them to shade 
the regions representing these sets: 
a (i) AUB (ii) (AU B) 
b (i) A’ (ii) B (iii) A’ OB’ 
c What do you notice about the shaded regions in a(ii) 
and b(iii)? 





Make more copies of the diagram in question 5 and use them 
to shade the regions representing these sets: 
a (i) AMB (ii) (A MB)’ 
b (i) A’ (ii) B (iii) A’ UB 
c What do you notice about the shaded regions in a(ii) and b(iii)? 
Make copies of the Venn diagram opposite and use them to shade 
the regions representing these sets: 
a (i) BUC (ii) AM(BUC) 
b (i) ANB (ii) AMC 
(iii) (A ^ B) v (A n C) 


c What do you notice about the shaded regions in a(ii) and b(iii)? 





Make more copies of the Venn diagram in question 7 and use them 
to shade the regions representing these sets: 


a fi) BAC (ii) Au(Brn C) 
b (i) AUB (ii) AUC (iii) (Aw B)m(A v C) 
c What do you notice about the shaded regions in a(ii) and b(iii)? 
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9 Use Venn diagrams and shading as in questions 5 to 8 to prove 
the following results: 
a An(AUB)-A 
b AU(ANB)=A 
c AU(BOCI=(AUB UC 
d An(BnC)-(AnB)nc 


1.8 Using sets to solve problems 





Example 1.7 
There are 30 students in a class. Of these, 15 take History, 18 take Geography, and 5 take neither 
of these subjects. How many students take both subjects? 


Solution: 
Step 1: Define your sets: 
€ = [students in the class} 
H = {students who take History] 
G — [students who take Geography] 


Step 2: Translate the question statements into mathematics: 
n(6) = 30 
n(H)- 15 
n(G) = 18 
n(H (6 )z5 
You need to find H A G. 


Step 3: Draw the Venn diagram and put dummy values in the regions. 
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Step 4: Replace the dummy values by calculation. 
The only dummy value you can replace initially 
is a, which is 5. 
The other regions must total 25. 
H=(b+c)=15,sod= 10. 
Then c must be 8 and b must be 7. 









Step 5: Answer the question. 
Hr»G-8. Eight students take both History and Geography. 


Exercise 1.4 
| Inaclass of 25 students, 8 are taking Physics and 15 are taking Biology. 
6 students take both subjects. How many students take neither subject? 
2 Á group of 10 students was asked to draw a parallelogram. 
3 students drew a rhombus while 4 drew a rectangle. 
If 5 students drew a parallelogram with no special properties, how many of them drew a square? 
3 A group of 50 travellers visiting an island are asked about their flight habits. 
20 said that they would never fly with Coconut Airways. 
8 said that they would only fly with Mangojet. 
20 use both airlines. 
How many passengers would only fly with Coconut Airways? 
4 A group of 40 shoppers were asked about their preferences for washing powder. 
17 said that they would use Whizbright. 
18 said that they would use Sudso. 
10 said that they would never use either of these products. 
How many of the shoppers would use only one of the products? 
5 Á group of 30 volunteer students were challenged to eat either a whole hot chili pepper 
or a 6 cm length of pickled ginger. 
4 students refused to take part in the challenge. 
20 of them were willing to eat the ginger of whom 4 were also brave enough to eat the chilli. 


How many of the students accepted the challenge and ate the chili pepper? 
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6 Inaclass of 20 students, all those who study Physics also study Mathematics. 
9 students study Biology. 
5 students study all three subjects. 
7 students studying Physics do not study Biology. 
l Biologist studies Mathematics but not Physics. 
Everyone in the class studies at least one of these subjects. 
How many students study Mathematics? 
7 50 customers at a supermarket are asked about washing powder. 
20 used Ozo sometimes, 20 used Brightsuds sometimes and 25 used Bluebright sometimes. 
5 used none of these three products while 3 used all three products at different times. 
8 were exclusively Ozo, 9 exclusively Brightsuds and 9 exclusively Bluebright. 
How many customers used more than one product“ 
8 ‘There are 100 cars in a car park. 
60 of them are black. 
40 of them are SUVs. 
20 of the SUV's are automatic, the rest are manual. 
15 of the manual SUV's are not black. 
10 of the manual cars are not black, nor are they an SUV. 
25 of the automatic cars are not an SUV. 
4] of the black cars are not an SUV. 
a How many automatic cars are there? 
b How many black SUV's are there? 
c How many black automatic cars are there? 


9 Agroup of 120 patients with a particular disease agree to take part in a trial involving 
three new drugs. Patients were allergic to combinations of the drugs in the following ways: 


Allergic to drug A 60 
Allergic to drug B 40 
Allergic to drug C 60 
Allergic to both drugs A and B 30 
Allergic to both drugs A and C 20 
Allergic to both drugs B and C 15 
Allergic to all three drugs 10 


Find a the number of patients showing no allergic reaction of any sort 
b the number of patients who are allergic to any pair of drugs but not all three 


c the number of patients who are allergic to either drug A or drug B but not drug C. 
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10 Given that n(é) = 30, n(A) = 16 and n(B) = 20, find the greatest and least values of: 
a n(Arn B) 

b n([A u B]’) 

11 Given that n(é) = 40, n(A) = 28, n(B) = 25, n(A ^ B) = x and n(A' B) =y. 
a Express y in terms of x. 

b Findthe greatest and least values of x xnd y. 

12 You are given the following information about the three sets A, B and C: 
nANBOC)=% n(ArB)=20; a(Anmco)s18 nBnCo)216; 
nANBAC)=4; MA ABAC)=16 n(A' AB nC) -26 
n(€) = 100 and n(A' ^ B' ^ C) =y. 

a Express y in terms of x. 


b Find the greatest and least values of n(A). 


Summary 


Set properties 


is a member of; belongs to | 2€ A4, € [1,2, 3, 4, 5) 


is not a member of; does | 
| IEA 
not belong to | 


Venn diagrams 














AUB AMB BEA 


A union B A intersection B B is a subset of A Complement of A 
xe AUB xe AMB xe B—5xeA x€ Á 
xe A orB xe Aand B not Á 
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Identifying regions 





AMB A’ r(B uo C) A ABAC A xr (Boi C) 
(not A) and B (B or C) and not A (not A) and Band C A or (B and C) 


Counting elements 


Example: n(6)- 30 
n(A) - 20 
n(B) — 15 
n(A r^ B) 2 10 





Chapter 1 Summative Exercise 


1 Listthe members of the following sets: 
a P={prime numbers between 20 and 40} 
b Q= {square numbers between 80 and 200} 
c R-lfactors of 36} 
2 SetM={me Z:6x m 15] 
a List the elements of M. 
b Find n(M). 
Set P c M.If pe P, then p is a prime number. 
c List the members of P. 
3 Inthe diagram: 6={xe Z:0«xx 12] 
E = {even numbers} 
P= (prime numbers; 
F= (factors of 24} 


Copy the diagram and insert all the elements of the 
Universal set in the appropriate areas. 
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The sets 6, A, Band C are defined as follows: 
€ = {all car drivers in a town] 
A — [drivers of German-made cars] 
B = {female drivers] 
C — [drivers of automatic cars] 


Write each of these statements in set notation: 


= 


Female drivers drive only automatic cars. 
b No female drivers drive German-made cars. 
c Male drivers do not drive automatic cars. 


Give an example of each of these situations: 


a ACB b EnD=0 
c EUF=8 d n(G)»n(T) 


Make copies of the Venn diagram and shade 
the regions representing the sets: 

a AB 

b (AUBY 

Make copies of the Venn diagram and shade 
the regions representing the sets: 

d CU tDLUuE) 

b CU(DAE) 

c (CADAE)Y (CAD AE) 

d (CADNEJV(CADAME) 

In the Venn diagram, n(€) = 20, n(F) = 12, 
n(G) 2 7 and n(F' U G’)=17. 


Find: 

a n(FOG) 
b n(FnG) 
c nFnG) 








A company organised a celebratory lunch for its 50 employees on the occasion of the Managing 


Directors birthday. In this multicultural group, 8 members were fasting and so they did not eat 


anything. Of the rest, 10 were strict vegetarians. Everyone who wasnt fasting had the vegetables. 
There were 22 members who had lamb, and 6 members had both lamb and fish. 


Draw a Venn diagram illustrating the situation, eliminating any empty regions, and find: 


a the number of people who ate lamb, fish and vegetables 


b the number of people who ate fish and vegetables 


c the number of people who ate only the lamb and the vegetables but not the fish. 
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Chapter 1 Test 1 hour 


1 Copy the Venn diagram twice and shade the regions. 





a An (BwuUC) [1] 
b BAC 1] 
2 If 6={x:50<x<970;xe Z, 
A ={x:xis a multiple of 2} and 
B={x:x isa multiple of 3j, 
find: 
a ANB b AUB c n(An B) [3] 
3 Express, in set notation, the set represented by the 
shaded region in the Venn diagram to the right. [2] 





4 A question on set notation states: "In a Mathematics class, there are 20 students. Of this group, 
12 also study Physics and 14 study English. If 3 students study neither subject, find the number 
who study both. 

a Translate each of the statements in the question into set notation, using the sets 6, Pand E. — [4] 


b Solve the problem. [1] 





5 The Venn diagram at right shows the sets: 
© = {the students in the upper years of a school} 
L= {the members of the Language Club at the school} 
F= {the students who speak French} 
G = [the students who speak German}. 
Given that n( €) 2 375, n(L) 2 135, n(F) 2 75, 
n(G) 2 55 and n(L ^ F NG’) = 20, find: 





a n(GUF) [1] 
b n(G OF) [1] 
c n(F OG) [1] 
d n((GuF)) [1] 
6 IfP= {prime numbers}, $= {square numbers} and N = {all integers between 40 and 80}, 

express each of the following in set notation. 

a  43isa prime number. [1] 
b 65 is nota square number. [1] 
c There are no square numbers that are prime. [1] 
d ‘There are 10 prime numbers between 40 and 80. [1] 
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In the Venn diagram, n(P) = 14, n(Q) = 16, 
n(P' 1 0)=7 and n(€) = 30. 
a Copy the Venn diagram and insert the 








number of elements in each region. [3] 
b Findn[(Pr^ Q) u (PU QY]. [1] 
The school Science Club has members who study Biology, Chemistry or Physics or a 
combination of these subjects. 
€ — [the students in the Science Club] 
B = {the members who study Biology; 
C = {the members who study Chemistry} 
P = [the members who study Physics}. 
Write each of the following statements in set notation. 
a The Science Club has 86 members. [1] 
b All Chemists also study either Biology or Physics. [1] 
c 30 students study all three subjects. [1] 
d 15 Physics students do not study Biology. [1] 
Copy the Venn diagram and shade the region P’ U Q. [1] 
b  Useyour diagram to help you write PU Q in an 
alternative way. [2] 
In year 10 of a Kuala Lumpur International School, there are 188 students. 
C = [students who like chilli} 
D = {students who like durian) 
90 like durian and 130 like chilli. Ihe number who like both is x and the number who like 
neither is 212 — 2x. Find the value of x. [3] 


You are given the following information about three sets, A, B and C and their universal set €: 
n(6)=44,n(4) = 23, n(B) = 18, n(C) 214, n(A B) 2 32, n(B U C) 2 27, 
n(A u C) 229 and n(A' AB n C)28. 


Draw a Venn diagram and put the number of elements in each region of the diagram. [6] 
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Ihe Venn diagram above represents the universal set 6 of all teachers in a college. The 
sets C, B and P represent teachers who teach Chemistry, Biology and Physics respectively. 
Sketch the diagram twice. 
(i) On the first diagram shade the region which represents those teachers who teach 
Physics and Chemistry but not Biology. [1] 
(ii) On the second diagram shade the region which represents those teachers who 
teach either Biology or Chemistry or both, but not Physics. [1] 
In a group of 20 language teachers, F is the set of teachers who teach French and 
S is the set of teachers who teach Spanish. Given that n(F) = 16 and n(S) = 10, 
state the maximum and minimum possible values of 
(i) n(FA 5), 
(ii) n(FUS). [4] 


[Cambridge IGCSE Additional Mathematics 0606, June 2006, P2, Qu 6] 


(i) Copy the Venn diagram above and shade the region that represents AN Br» C. [1] 
(ii) Copy the Venn diagram above and shade the region that represents A r^ (Bu C). [1] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P1, Qu 2] 


3 Given that € = {students in a college}, 


A = [students who are over 180 cm tall], 
B = {students who are vegetarian], 


C = [students who are cyclists;, 


express in words each of the following 





(i) ANB#Q, ü ACC [2] 
Express in set notation the statement 
(iii) all students who are both vegetarians and cyclists are not over 180 cm tall. [2] 
[Cambridge IGCSE Additional Mathematics 0606, June 2004, P2, Qu 3] 
4 ‘The universal set 6 and the sets O, P and $ are given by 
€ —Íx:xisan integer such that 3 € x € 100], 
O={x:xisan odd number}, 
P={x:xisa prime number], 
S={x:x isa perfect square}. 
In the Venn diagram below, each of the sets O, P and S is represented by a circle. 
(i) Copy the Venn diagram and label each circle with the appropriate letter. [2] 
(ii) Place each of the numbers 34, 35, 36 and 37 in the appropriate part of your diagram. [2] 
(iii) State the value of n(O ^ S) and of n(O U S). [3] 
[Cambridge IGCSE Additional Mathematics 0606, June 2003, P1, Qu 8] 
5 a Illustrate the following statements using a separate Venn diagram for each. 


(i) ANB=2, (i) (CuD)c E. [2] 





Express, in set notation, the set represented by the shaded region. [2] 


[Cambridge IGCSE Additional Mathematics 0606, June 2008, P2, Qu 2] 
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The diagram above shows a universal set 6 and the three sets A, B and C. 


(i) Copy the diagram and shade the region representing (A ^ C") U B. [1] 
(ii) € 





Express, in set notation, the set represented by the shaded region in 
the diagram above. [1] 





The diagram shows a universal set 6 and the sets X and Y. Show, by means of two 
diagrams, that the set (X U Y)' is not the same as the set MU Y”. [2] 


[Cambridge IGCSE Additional Mathematics 0606, June 2007, P1, Qu 1] 


7 A youth club has facilities for members to play pool, darts and table-tennis. Every member plays 
at least one of the three games. P, D and T represent the sets of members who play pool, darts 
and table-tennis respectively. Express each of the following in set language and illustrate each by 
means of a Venn diagram. 


(i) The set of members who only play pool. [2] 
(ii) The set of members who play exactly 2 games, neither of which is darts. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P1 Qu 2] 


8 Express each of the following statements in appropriate set notation. 
(i)  xisnotan element of set A. 
(ii) The number of elements not in set B is 16. 
(iii) Sets C and D have no common element. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P1 Qu 1] 
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The Venn diagram above represents the sets 
é= homes in a certain town}, 
C ={ homes with a computer }, 
D ={ homes with a dishwasher }. 
It is given that 
n(C D) - k, 


NESIÐ), 
n(D) 24x n(C D), 


and n(é)=6xn(C’ OD’). 
(i) Copy the Venn diagram above and insert, in each of its four regions, the number, 
in terms of k, of homes represented by that region. [5] 


(ii) Given that there are 165 000 homes which do not have both a computer and a 
dishwasher, calculate the number of homes in the town. [2] 


[Cambridge IGCSE Additional Mathematics 0606, June 2005, P2, Qu 8] 





(i) Copy the Venn diagram above and shade the region that represents AU (B A C). [1] 
(ii) Copy the Venn diagram above and shade the region that represents A M (BU C). [1] 
(iii) Copy the Venn diagram above and shade the region that represents (A U BU CY. [1] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P1, Qu 1] 
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You have already used indices in your study of Mathematics. 

In this chapter, we extend their use to cover negative and rational indices. We also cover surds. 
This is just a way of writing down some irrational numbers that could not be done accurately using 
decimal notation. 








You will already have met indices. They are the powers of numbers or of variables. You should be 
familiar with the following results for positive integers m and n: 

























































































The first law of indices: ucc —q [i] 
| OR —— The terms ‘index’ and ‘power’ 
The second law of indices: a" + a" = a [2] mean the same thing. 


The third law of indices: ja" =a [3] 





In fact, these laws are true for all values of m and n. 


We can use them to develop additional laws. 


Zero index: a” = 1 : Law [4] is derived from law [2], when m = n. 


l | | 
Negative index: a "=— | Law [5] is derived from law [2], when m = 0. 
E 


PracHonalinder a^ == (a) Law [6] is derived from law [2], when m = 


Rational index: a" = (Va ) 





Example 2.1 


1 
Simplify each of these. a 16“ 





2.3 Powers of small numbers 


You will find it very useful to know the following powers of small numbers. 


aJ | 


an 
r3 
un 
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Example 2.2 
Simplify the expression 25* x5**”. 
Solution: 
25* x5" = (5) x pu 
= p^r x pic 
— Eos 


Example 2.3 
Find the value of x, given that: 1024 = g= x 1 pa 


Solution: 


210 = 18 x=8 


Thus powers must be equal, so 10=18x—8 


Therefore x1 


Example 2.4 


41 3 
Find the values of p and q in the equation 32 X025 


Pri 
86 x 251 nén 


| Solution: a 
32 x625 


85 x 25* 
20 x5 
~ 28 y 58 


Step2: Simplify the expression = 2? x5? 


Step 1: Write each element as a power of 2 or 5 


Step 3: Equate the elements p-2 and q=4 


| Example 2.5 

garta + 20(8* ) 
3(2 70) 

abet 243**! 


a Simplity 


b Solve the equation 
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NR 


d 


| 8x2" +20(2**) 
 28(27) 
SUP 
28 
P 
T. 
3 
384 m 43%"! 


39H E 








Factorise 


Simplify 





32x45 = 331-3 


arcs = 3 2x+8 





6x—4-—2x-8 


X 








Example 2.6 
Solve the following simultaneous equations. 
| X 27 = 256; 
Solution: 
[1] XU 
[2] 3% + 35 = 36 
From which Á Mah 
Bax -— 36 
giving 2x+y=8 
and 4x—3y=6 


We solve these to give x = 3 and y=2 
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Example 2.7 


Solve the following simultaneous equations: 


solution: 
Step 1: Simplify each equation 

3% x3? 

3? 

30x*3y-3) m 3(25-x-y) 
So 2x +3) —3 25—x—y 
giving 3x + 4y E 25 
Step 2: Solve the simultaneous linear equations. x=3 


and 


and 


and 


Exercise 2.1 
1 Simplify the following expressions. 

a 25 b 643 c gl d 125 
2 Simplify the following expressions. 

a 81? b 273 c sx d 125? 
3 Simplify the following expressions. 

a 16 b 1253 c 34» d 36? 





Simplify the following expressions. 


E) «e 
1125 216 


Simplify the following expressions. 
3 


AO) 
. 64 6d, 


A 


ol 
h CENE | 
PA 


ES) 
256 729. 


glx + 4y—4) 


6x+4y—4 


. 3 
ig 
49 


1 
f 6257 
| 1 
f ll 

^ 
í 128" 


| 


32 


243 





y 


Simplify the following expressions, writing your answer as a power of the number in brackets. 


a £x8 [2] b 27x9 
d 16?x4* [2] e 9x8]? 
g 3-4 [2] h 245-481 
j 16°+4 [2] k 9%+813 
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[3] 
[3] 
[3] 
[3] 


C 
f 
i 


l 


625? x 25° 
| 25^ 
125? - 25 
125* 257 


[ 


| 


5] 
5] 
5] 
5] 


7 Simplify the following expressions, writing your answer as a power of the number in brackets. 


a 4"x8'^ [2] b 27*x9** [3] c BR [5] 
d 16**x4*4 [2] e 959x8p-! [3] f 62525? x125^-? [5] 
g 647! a 16?**? [2] h 243?x-? = 8]?-?* [3] i 125?* 2x a 625 ix=3 [5] 
j 128-3-3* + 642+5 [2] k g+ a gj- [3] | 125553*425-**! [5] 


8 Solve the following equations for x. 


a g>* = 512 b poss = 243 C 252*2x — 625 

d 1699-454 e 9% = gp f 12559225» 

g 16° = 647" h 2434 ?=g12% i 125 *= 6255 
j 4 3-3x — 16?*5 k Q-ix*2 = 8]^-1 || 125? dx — "i 
m 7^'"*—1 n 11 #2. 1= 0 o 35% = 


9 Solve the following equations, expressing the values of p and q in term of x and/or a constant. 





3 1938 3 3 SA 
: 4 x125 = P59 b 9x25 _ 3°51 c 16 X243 pas 
25 x16 125 x81 81 x 64° 
—3x+2 3x AX. -5x—3 —X V2 Ax t3 
d c uito pga e LR gn f iB meer Ton 
125 xt sea" [95% x9 ^ * 1 mnis ja 
xl, 30 +1 24: 3x-2 x 2t ix-l , | 64^ Ë y 
lo” +2 _ — 975! h a ES gt i I GN O 2^3 
125 xa 125 +381" gee KA 
10 Solve the following pairs of simultaneous equations: 
a 1331***=121*> b 25671x 16 =o"? 
125 | 
2570 = sá 3125* x 25^" 2B X2 x 125+ 
c 2401%*'x 49 = 49**8 d DASH 
729° X BI! = OF? x 729rt 81*x9'9x8r 
11 Solve the following pairs of simultaneous equations: 
a $+2=32 b 5'«2»-5 c 1252625 
9* x 277 = 39 Ee 27 —8] 32* + 16’ = 256 


2.4 Surds 


A surd is just a root that is irrational. Examples are 4/2, V3, V5, etc. 
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2.5 Thearithmetic of surds 
The following results apply when you are manipulating surds: 


The product rule /axsb=„/ab 


Ja fa 
The division rule Spi I 


The distributive rule (i) ac 4- blc -(a- b) c 
The distributive rule (ii) avb+axvc =a|/b +e | 


Example 2.8 
J2x4f2 2 4-2 
J2 x43 2 46 
32 2 M16 x42 = 442 
24  |(24 
0) 
342 +242 2 54/2 
432 - 418 2 A42 34/2 2 74/2 





2.6 Mixed numbers 


We cannot simplify an expression such as 2 + 32 or /2 + V3 because there are no common terms. 
In the same way, we cannot simplify 2y + x? or 3a — 2b. 


When we multiply numbers like this together, we multiply just as we do in ordinary algebra. 
Example 2.9 
a (2+3V2)(1+V3)=2+3V2 243 346 
b (2«342)(1-42)- 24342 242 +6 
-84542 


c (24342 ) -AF62 E642-:18 
-2241242 
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2.7 The conjugate 





Notice the difference in your answers to these questions. 
In a, you obtained another mixed number. (6+ 3/3 (5- 243 | =1243/3 


However, in b and c, the answers were integers. The surd part of the number had vanished. 


(6+34/3)[(6-343)=9 
and (5+24/3 (5— 243) =13 


When we have a mixed number, a+bx/c, we can create another mixed number by changing the sign. 


In this case, we would get a— blc. 
The product of these two numbers is 


(a+bve)(a — bJc)= a —b°c 





This is an integer. 
Two numbers like this are called conjugate. They are conjugates of each other. 


Multiplying a number by its conjugate provides us with a means of simplifying fractions involving surds. 


2.8 Rationalising the denominator 


When we simplify expressions involving surds, we prefer to finish with no surds in the denominator. 
This process is called rationalising the denominator. 

In order to eliminate surds from the denominator, multiply the numerator and denominator by a 
number that will rationalise the denominator to find an equivalent fraction. 


Example 2.10 
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2.9 Square roots of mixed numbers 


Look back at Example 2.9c. When we squared a mixed number of the type (a+ ble | the result was 
another number of the same type. 


We can sometimes use this idea to reverse the process and find square roots of mixed numbers. 


| Example 2.11 
Find the square roots of (314 124/3 ) 
We start by assuming that the answer is of the same form (a +bx/3 | and square it. 
(a+bv3) =a’ 4 2ab4 3 +3b? 
If 31-1243 = à? - 2ab4/3 - 3b 
then, the integer parts give Sa 3p [1] 
and the coefficients of „/3 give 6=ab [2] 
Now substitute [2] into |1]: 31-4! + = 
From which (a? à —3la’ +108=0 
(a? — 4)(a* -27)=0 
a =Á 
So either a=2or—2 
and, from [2], b-3or—3 


So the square roots of (31 + 1243 | are (2+ 343) and (-2-343). 


Example 2.12 
The diagram shows a right-angled triangle, ABC, in which AB = 4 I3 
and AC =2 + 44/3. Find the length of BC. 


| Solution: 
Using Pythagoras theorem, BC?*=AC*—-AB* 
=(2+443) - (44-243) 
- (41643 + 48) — (16 +1643 +12) 
= 24 
BC = 424 
= 246 
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2.10 Geometric applications 


A rectangle is 10 cm long and 8 cm wide. Find the length of its diagonal. 


solution: 
Step I: Draw a diagram 
Step 2: By Pythagoras theorem, d*=10*+8* 
d^ = 164 
So d=J/164 
= 9/4] 


Example 2.14 
A right-angled triangle has a hypotenuse that is 6 cm long. 
Its shortest side is (243 — /6) cm long. 


Solution: 
Step 1: Draw a diagram. 
Step 2: By Pythagoras theorem, d? =6* — (243 — 6) 
d^ 236—(12— 44/18 +6) 
So d^ 236—(18— 44/18) 
d^ =18+ 418 [1] 
d’ =12+4418 +6 
So d 2243 +46 
Alternatively, from [1], we could use the techniques of section 2.9. 
d^ =18+ 44/18 [1] 
=18+1242 
= 3(6+ 4./2 | 
So we need to find ¥6+4V2. 


If the solution is (a-- 42 | „then (a +bJ/2 ) = a? +2b? - 2ab4 2 
Thus, we need a+2b=6 
and 2ab=4 
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Substituting for b gives  a*—6a*-8=0 
or (a^—4)(à* —2)20 
giving a-—z4org =? 
so a=-2o0ra=2 
=1 b=] 
So our solution is d= tJ3(2 4 V2) 
d must be positive, so d= 43 (2 E32 | 





= 2-43 t6 as before. 
































Exercise 2.2 
1 Simplify each of these. 
a X24 b „75 c 98 d 108 
e 192 f 405 g 768 h „1125 
2 Simplify each of these. 
a 24 44/486 b 2475 — 475 c 4324 498 d 42744108 
e 4192-4432 f 4405 — 24/180 g 4768 +448 h J112-J63 
3 Rationalise these surds, writing them in the form EE where a, b and ce Z. 
C 
| 45 l J24 , 2 
a — b —= c —— d -= 
J3 "2 V5 V7 
„ 35 e 1412 15432 , 18v2l 
X45 24 dE m — 4108 
á  Rationalise these surds, writing them in the form ee where a, b, cand de Z.. 
| l l 1 
a b —= c d | 
1-43 3-2 2-45 3-47 
. 14343 p 2 1+34/3 y 27 
2-243 24342 * uoa 34-7 
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5 Aright-angled triangle has sides a, b and c as shown. 
In the following questions, work out the missing values in the table. 
Express your answers in accurate surd format. 





A rectangle is 5 cm long and 3 cm wide. What is the exact length of the diagonal? 
An equilateral triangle has sides of 2 cm. What is the exact height of the triangle? 


What is the exact length of the longest rod that will fit into a box measuring 3m by 4m by 2m? 


A rectangle has a length of 2 + /3 and a height of 243 — 1. 
a What is the exact perimeter of the rectangle? 
b What is the exact area of the rectangle? 


10 The number ® = > (45 + 1) is known as the Golden ratio (or Golden number). 





a Find an accurate expression for its reciprocal = 
b Use your calculator to find ® correct to 9 decimal places. 


c Use your calculator to find — correct to 9 decimal places. 
What do you notice? 


Summary 

Laws of indices Some results of the laws of indices 
The first law of indices g'xg sa a" =1 ar = Va 

The second law of indices a"—a"—a"" a= KS "i (4 a) 
The third law of indices (ag a" 


The arithmetic of surds 


The product rule Ja x Ab 2 A ab 
Ja fa 
The division rule KM * 


The distributive rule (1) avc byc = (a+ bc 
The distributive rule (ii) ayb taxc= al„/b +c) 
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Rationalising the denominator 


Remove all surds from the denominator of fractions. 

Simple case : ab ab 

11T ases: — = == 
P Jb xh 


More compli cated cases: see below. 








Mixed numbers 


Product (a bn (c dn )=(ac + bdn) (ad bc) Vn 


= oe (as bn) _(atbvn)(c- din) ( (ac— bdn)+ t (bc ad) n 
Quotient (c+dvn) (c+ dn (c din) (c? - dn) 


Chapter 2 Summative Exercise 


1 Simplify the following, writing your answer as a power of the number in brackets. 


a l6x4' [2] b 272x9* [3] € 625° 125? [5| 
d 647+83 [2] e 81'«243 [3] f 254+125° [5] 
2 Solve the following equations for x. 
a 16"+32=128 b 81°+3°=277+9 c 125%+25=25*x 1254 
3 Jn the following equations, find the value of p and the value of q. 
12x44 x+2 2x-2 y Q2x 21x-2 . 943-x 


4 Write these in the form ab , where a and b are integers. 
a J8 b R C J80 d „147 
5 Simplify these by rationalising the denominator. 
| , 4180 729 V784 
v2 V5 AB | 7 
6 Simplify these by rationalising the denominator. 


— a b ci. g Its5 2-43. 
24-43 2-47 
7 ‘The square in the diagram has side length of 1 m. 
a Find the length of the diagonal. 


b Using the diagram, find sin 45°. 


d 





8 An equilateral triangle has sides of length 2 units. 
From the diagram, find the exact values of: 


a sin 60° b tan 30° 
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34 N2 | | 34 N2 

Two congruent rectangles of length 3 4/2 and width 5— 2/2 

are cut in half along the diagonal and rearranged to form a square 
as shown. 

a Find the area of the central square. 

b Findthe total area of the triangles. 

c Find the area of the large square. 


d Use the diagram to verify Pythagoras theorem. 





10 A stellated pentagon (a pentagram) is drawn inside a 
regular convex pentagon as shown. The length MP = 2 units. 
A perpendicular is drawn from vertex A to 
meet BE at N. 
a Show that the angle NAP = 18°. 


b Use your calculator to verify that sin 18° LE 

c Find an expression for the length of AD. 

d Triangle ACD is an enlargement of the triangle AMP. 
Find the scale factor of the enlargement and hence 
show that the length CD is of the form a-- b4/5, where a 


and b are integers. 


e Hence find an accurate expression for cos 36° in the form 





c+ dus where c, d and e are integers. 
e 
Chapter 2 Test 1 hour 
1 Solve the equation (9*?)(3^7?) = 27. [3] 
2 Simplify A. giving your answer in the form a+ b4/3, where a and b are integers. [2] 
3 ABCis a right-angled triangle, with sides BC= 1 and AC-2 4 43. " 
| 2 | 
a Show that F2(1 5) =243. | [2] 


b Hence find the length of AB in terms of 42 and 4/3. | 1 [3] 


c Hence express cos 0 in terms of 2 and as j 
rationalising all surds in the denominator. 





24 13 C 
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á Express in the form 3"a™ where n and m are rational numbers. [3] 


5 Solve the simultaneous equations: 
16" 2x8 243* — 81x9' 











rei cdm € lx. [6] 
gr A? 9 x 243) 27? 
6 <A box in the shape of a cuboid has a square base of side length (5 — J3) and a volume of 
(82 — 124/3). Find the height of the box in the form a + b43. [5] 
7 An isosceles triangle ABC has AB= BC = 4/2. B 
M is the mid-point of AC, and BM = ,/12 — 2. | 
a Show that AM 224 24/3. 4N2 | 412 
b Find the area of the triangle. Xg: [5] 
A M C 
8 Express ep Gast in the form a+bV3, where a and b are integers. [4] 
Fee 
9 Solve the simultaneous equations: 
1 
Y x9*=81 5* x 25?» =— [5] 
25 


Examination Questions 


1 ‘The area ofa rectangle is (1--/6 m^. The length of one side is (4/3--4/2 )m. Find, without using 
a calculator, the length of the other side in the form Ja —A b, where a and b are integers. [4] 


[Cambridge IGCSE Additional Mathematics, June 2003, P 1, Qu 2] 


]6**! + 20(4* ) 


plas ke [4] 


2 Simplify 


[Cambridge IGCSE Additional Mathematics, June 2003, P 2, Qu 4] 
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A (W3+V5)em © 
The diagram shows a right-angled triangle ABC in which the length of AC is (43 +45) cm. 
The area of triangle ABC is (1+V15)cm’, 


(i) Find the length of AB in the form (aV 3--b4 5 cm, where a and b are integers. [3] 
(ii) Express (BC) in the form (cd 15 em", where c and d are integers. [3] 


[Cambridge IGCSE Additional Mathematics, June 2006, P 2, Qu 5] 








8—342 
Express 8-342 in the form a+bV2, where a and b are integers. [3] 
44-342 | 
[Cambridge IGCSE Additional Mathematics, June 2008, P 1, Qu 1] 
r4y-l Ey 
Solve the equation > = [4] 
dan dye 


[Cambridge IGCSE Additional Mathematics, June 2008, P 2, Qu 8 (part) | 





a Solve the equation 9^" = 27“. [3] 
a b — 
b Given that == a’b', find the value of p and of q. [2] 
ab? 
[Cambridge IGCSE Additional Mathematics, June 2009, P 1, Qu 5] 
! | E 
Without using a calculator, solve the equation o [4] 
42" 


[Cambridge IGCSE Additional Mathematics, Nov 2003, P 1, Qu 2] 


A rectangular block has a square base. The length of each side of the base is (3 J2 Jm and the 
volume of the block is (42 - 343)m'. Find, without using a calculator, the height of the block 
in the form (a2 + b43 )m, where a and b are integers. [5] 


[Cambridge IGCSE Additional Mathematics, Nov 2003, P 1, Qu 4] 


Indices and surds 





9 Without using a calculator, solve, for x and y, the simultaneous equations 


8* 27 =64, 
dx l 2 
3*x|—| =81. [5] 


[Cambridge IGCSE Additional Mathematics, Nov 2004, P 1. Qu 3] 


l l+k me 
10 Given that k= + and that p 5 y express in its simplest surd form 


(i) y3 


p» 

Am l z 

(ii) F [5] 
[Cambridge IGCSE Additional Mathematics, Nov 2002, P 2, Qu 3] 

L à E Dd 

ll a Find, in its simplest form, the product of à? - b? and à? —a*b*+b”. [3] 
b  Giventhat 27? x 5*! 2 8* x 5%, evaluate 10*. [4] 
[Cambridge IGCSE Additional Mathematics, Nov 2002, P 2, Qu 9] 

12 (i) Express 9* as a power of 3. [1] 
(ii) Express \27™ asa power of 3. [1] 


54x 4/27" 


(iii) Express 9" 42163) 


as a fraction in its simplest form. [3] 


[Cambridge IGCSE Additional Mathematics, Nov 2007, P 2, Qu 3] 


13 | 
13 Given that a+ b./3 = TENOR where a and b are integers, find, without using a calculator, the 
+ 
value of a and of b. [4] 
[Cambridge IGCSE Additional Mathematics, Nov 2004, P 2, Qu 2] 


14 A cuboid has a square base of side (2— /3)m and a volume of (243-3)m*. Find the height of 





the cuboid in the form (a+ b43 )m, where a and b are integers. [4] 
[Cambridge IGCSE Additional Mathematics, Nov 2005, P 1, Qu 4] 
x da 
15 Solve the equation =- [3] 
Ja Ba 


[Cambridge IGCSE Additional Mathematics, Nov 2008, P 2, Qu 5 (part)] 
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This topic is all about counting. The counting process is important in probability theory and also in 
expanding powers of brackets using the binomial theorem. 


3.2 Orderings 


Example 3.1 


How many different arrangements can you make from the letters A, B and C without repetition? 


Solution: 
The first letter could be: 


The second letter could be: 


The third letter is: 


So, there are 6 possible arrangements: ABC BAC CAB 
ACB BCA CBA 


Example 3.2 

a How manydifferent numbers can be made using the digits 5, 6, 7, 8 and 9, using each digit 
only once? 

b How many even numbers can be made using the digits 5, 6, 7, 8 and 9, using each 
digit only once? 


See T E 5 AAA AAA AAA PPP PPP AAA AAA eee eee eee eee 


Solution: 


CODEN 


So there are 120 different numbers. 

b In this question we have a restriction. 
The number has to be even, so the final digit must be either 6 or 8. 
We have 2 choices for the last place, then 4 choices for the first digit, 
three choices for the second digit, and so on. 


So there are 48 different even numbers. 
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2.3 Factorial notation 





2! = 2x1 = 2 

3! = 3x2x] = 6 

4! = x3x2x1 = 24 

5! =  5XA4X3x2x1 = 120 
And so on. 

Note that 5! 2 5 x 4! In general, (n + 1)! 2 (n - 1) x n! 


Example 3.3 


8! 9! 
Calculate a 4! x 5! b =e 


a “S s 


AEE E E EEEE EEE EEE EEEE AA AAA Eau ee ee A 


Solution: 
a SX = 24x 120 = 2880 


| 8xX7X6XBXÁAXABXZXI 
ÉXBXxAXAXZxJI 


9! — 9x8X7X6X5X4x3x2X1 _ 
514! (5x4x3x2x1)x(4x3x2x1) 


=8X/=50 





3.4 Restrictions 


Restrictions in orderings can take many forms and in any given question there might 

be more than one of them. One problem you have is to decide what order to impose the 
restrictions on your calculations. 

Sometimes you break up the problem into smaller ones that you solve and then combine 
the results. On other ocassions it is easier to calculate the number of orderings that you 
do not want, and then subtract that from the total. 


Often there is more than one way to work out the answer. 


Permutations and combinations 





Example 3.4 
How many numbers greater than 1000 can be made with the digits 0, 1, 2, 3, 4, 5 without repetition? 


LR 558555555855 a 


Solution: 
Here we have two restrictions: 1 The first digit cannot be 0. 


2 ‘There can be 4, 5 or 6 digits. 


Split the problem up into 4, 5 or 6 digit numbers. 


4 digits: | C 
5 digits: | 
6 digits: — 4 | 


There are a total of 1500 numbers greater than 1000. 





Example 3.5 


In Example 3.4, how many of the numbers are even? 


RN 








Solution: 

For the even numbers, the last digit could be 0, 2 or 4 but the first digit cannot be 0. 
We have to split this up into two cases, one with 0 as the last digit and 

one where the last digit is 2 or 4. 

(i) First case: The last digit is 0. 


4 digits: Choices 
5 digits: 


4 digits: 
5 digits: 
6 digits: 








So, there are 300 + 480 = 780 even numbers. 
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An alternative solution to Example 3.5: 


You could calculate how many odd numbers there are. 


Split the problem up again into 4, 5 or 6 digit numbers. 


4 digits: 
5 digits: 
6 digits: 





There are 720 odd numbers. 


So the total number of even numbers is 1500 — 720 = 780, the same as the first solution. 


Example 3.6 


The letters of the word CHEMISTRY are written out on cards, one letter to each card. 
They are arranged in a line. Find: 


a 
b 


c 


a 


b 





the number of different arrangements there are, 
the number of these arrangements that end in a vowel, 
the number of these arrangements that begin and end with a vowel. 


There are 9 different letters in the word. 

Position |1|2|3]4|5|6|7|8|9 

um [s]s|7] es *]s]2]3- 

The total number of arrangements is9x 8x 7x 6x 5x4xX3x2x1-362880 
In this part, we have a restriction so we need to deal with that first. 

There are only 2 vowels in the word, so we have 2 choices for the last position. 


Once we have chosen one of those, there are 8 letters left to arrange in the remaining positions. 


mum [:[2[*[*|*[ [7 [5]. 
axe [s]7]e]s]«]o]2 3 [2 


The total number of arrangements is8 Xx 7x 6x 5x4x3X2x1x2-80640 


Permutations and combinations 





In this part, we have a stronger restriction that must be dealt with first. 
There are only 2 vowels in the word, so we have 2 choices for the first position and then 
only 1 choice for the last position. 


Once we have chosen these, there are 7 letters left to arrange in the remaining positions. 


mim [i[2[s |s|s [| s|7 |s| 
aee [:[7]e]s]«]s l2 313- 





The total number of arrangements is 2 X 7 X 6X 5x4XxX3X2Xx1x1-10080 





Exercise 3.1 


1 Find out how your calculator works out factorials. Some have a function button, others use 
a menu selection. Use your calculator to calculate the following: 


a 7! b 10! c 15! d 20! e 30! 
. 10! 8! 6! 11! 15! 
p = g — m NE y 
5! 3! 2! 7! 12! 
7! 9! 12! 14! 15! 
y E i Y m 12 a J4 1 
413! 217! 6! 6! 5191 3112! 


2 a What is the largest factorial number that your calculator can display without using 
standard form? 
b What is the largest factorial number that your calculator can display using standard form? 
3 a Why does 6! end in the digit 0? 
How many zeros are there at the end of 20!? 
How many zeros are there at the end of 30!? 
4 How many letter arrangements can be made from the letters in the word SPACE using each 
letter once and: 
a containing 3 letters 
b containing 4 letters 
c containing 5 letters? 
5 How many letter arrangements can be made from the letters of the word PORTUGAL using 
each letter once and: 
a containing 5 letters 
b containing 6 letters 


c containing 7 letters? 
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How many registration codes can be made using two letters from the word DUBAI 
followed by 3 digits from the set (1, 2, 3, 4, 5)? 
You are given the set of digits (1, 2, 3, 4, 5, 6, 7}. Using each digit only once, 
a how many 3 digit numbers can be made from them?, 
how many 4 digit numbers greater than 3000 can be 
made from them*?, 
c how many 6 digit even numbers can be made from them? 
Three friends go to a restaurant for dinner. The restaurant has 4 choices of starter, 
5 choices of main course and 3 choices of dessert. 
How many different meal arrangements could the three friends have if no two of them 
had the same dish for any course? 
Three girls, Aisha, Bhavya and Caroline, and two boys, Danial and Eng stand in a line. 
a How many different ways can they do this if Danial and Eng always stand next to 
each other? 
b How many different ways can they do this if Aisha does not stand next to Bhavya? 
A piece of wood 12 cm long is to be cut into 3 pieces so that the length of each piece is 
a whole number of cm. 
a In how many ways can this be done? 


b Inhow many of these ways is it possible to combine 2 ofthe 3 pieces to make a 


length of 6 cm? 


3.5 Permutations and combinations 


Example 3.7 


How many 4 digit numbers can be made from the set {1, 2, 3, 4, 5, 6}? 


Solution: 
This can be written as 


6X5xX4x3x2x1 


6x5x4x3= —— 


Ax] 
6! 
NS 
6! 
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In Example 3.7, the order is important. If you change the order of the chosen 
digits, you have a different number. This is called a permutation. 


The number of permutations of 
r things chosen from n things. 


Example 3.0 


In how many ways can 4 students be chosen from a group of 6 students? 


Loe ee ee ee ee ee ee ee eee eee ee ee ee ee 855 B BO B BB B a B B 5555 


Solution: 

This is almost the same question as in Example 3.7, with one big difference. 

This time it does not matter in what position each student is chosen. What is important is just 
whether or not each is chosen. Start with the solution of Example 3.7. There are 360 lines of 
students that could be chosen if they stood in order. 

However, there are 4! (= 24) ways that the same group could be chosen. 


The total number of different groups that could be chosen is therefore 360 + 24 = 15 





In Example 3.8, the order is not important. If you change the order in which the 
students are chosen, you still have the same group. This is called a combination. 


The number of combinations of 





r things chosen from n things. 


Remember: The difference between a permutation and a combination is the 
question of order. 





Example 3.9 


A committee of 5 students is to be chosen from 6 boys and 9 girls. 


Find the number of ways that this can be done if: 
a there are no restrictions 
b there are to be 3 boys and 2 girls on the committee 


c there must be more girls than boys on the committee. 


" sa S BOB Hod É S P 5 BEBE B B5 B5B S8 S8SSS E NEN BE B ON HORN W HW oW EW oH B W EB W B OB B B B B B B B M OM ee ee 
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Solution: 
a This question is about combinations. There is no order implied. 
If there are no restrictions, then there will be SC; = 3003 ways to form the committee. 
b “The number of boys is restricted and the number of girls is restricted. 
There are °C; ways to choose the boys and °C, ways to choose the girls. 
In total there will be °C; x °C = 360 ways to form the committee. 
c ‘This question must be approached by splitting it up into different cases. 
There are 3 ways in which we can have more girls than boys on the committee. 


Girls Boys giving 


(i) 3 2 MX = 840 . ways 
(ii) 4 l ix, = 630 — ways 
(ii) 5 0 C. = 126 ways 
Making a total of 1596 — ways to form the committee. 


3.6 0! 


You might ask the question "How many ways are there of arranging no (zero) things in 
a line?" The answer, which may seem strange, is 1. 
An alternative argument is "How many combinations of n things chosen from n things 
are there?" The answer is obviously 1. 
The formula gives " M es l 
n(n-n)! 0! 
This makes sense only if 0! = 1 
In Example 3.9, when we had 5 girls and 0 boys, we could have calculated °C, x °C, 
It would have given us the same answer. 


Note: Sometimes alternative notations are used: 
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Exercise 3.2 


1 Write down the formula for each of the following and use your calculator to 
work out the answer: 


a °F b *P c "p d °P, e “P Fo g «P 
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2 Inthe Olympic 100m final, there are 8 runners. In how many ways can the 
Gold, Silver and Bronze medals be distributed among the runners? 


3 A sporting event between two teams could finish in one of three ways: 
home win, draw, away win. In how many ways could the results of a 
competition round between 12 teams (6 matches) finish? 


4 Inahorserace there are 6 runners. In how many different ways can the 
six horses finish the race? 


5 Ihave eight books on a shelf in my library. In how many different ways can 
they be put onto the shelf? 


6 Inajourney from Arlios to Dorlap via Banton and Chernley, there are 
four possible routes from Arlios to Banton, two from Banton to Chernley and 
three from Chernley to Dorlap. If you want to travel a different single journey 
from Arlios to Dorlap each day, how many days will it be before you have to 


repeat a route? 


Arlios | Banton Chernley / Dorlap 






7 a How many different 4 digit numbers can be formed from the set 
12, 3, 5, 6, 7, 9}, if no digit may be repeated? 
b How many of them are odd? 
c How many of them are greater than 4000? 

8 Á group of 8 female students and 6 male students are standing for election to 
a Club Committee. Three officers are required: Chairperson, Secretary and 
Treasurer. 

a In how many different ways could the Club officers be elected? 


In how many different ways could the Club officers be elected if the 
Chairperson must be a female student? 


c How many ways are there of choosing all male club officers? 


How many ways of choosing the officers are there such that there is a 
majority of females (excluding an all female selection)? 


| Chapter 3 





9 Write down the formula for each of the following and use your calculator to work 
out the answer: 


a ^C, b B e "E. d id e *, f í p Ub. 


10 A company produces Chummy Chocolate Bars in 10 different flavours. They are 
sold in packs of 4 so that, in each pack, each bar is a different flavour. How many 
different packs are possible? 

11 Fora school trip, there are 10 seats in the minibus. Applications are received from 
8 boys and 7 girls for the trip. 

a In how many ways could the group that goes on the trip be selected? 
b How many of the groups would contain equal numbers of boys and girls? 
c How many of the groups would contain more girls than boys? 

12 Three boys and three girls are flying to Madrid together. They all sit in the same row 

on the airplane, where there are three seats on each side of the aisle. 
a Ifthe seats are allocated at random, in how many ways could the group be seated? 
b If the girls insist on sitting together, in how many ways could the group be seated? 
When the group arrives, they arrange for two taxis to take them to their hotel, with 
three people to each taxi. 
c One of the girls refuses to travel in the same taxi as the boy who teased 
her during the plane journey. In how many ways could the groups be allocated 
to the taxis? 

13 Lucas has 3 blue tiles and 5 green tiles to put in a line on a wall. 

a In how many different ways can he attach them to the wall? 
b In how many ways will the 3 blue tiles be next to each other? 

14 A group of friends are keen cricketers. Among them are 8 bowlers, 10 batsmen 
and 3 wicket-keepers. For a particular match, the coach decides that he 
needs 5 batsmen, 5 bowlers and a wicket-keeper. In how many ways could 
the team be chosen? 
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Summary 


Permutations The order is important. 

Combinations The order does not matter. 

Orderings The number of different ways something can be done. These are permutations. 
Groupings The number of different groups that can be made. These are combinations. 


n!'nxí(n—1)x(n-2)x(n—-3)x--x3x2x1 
(n1)! =(n+1)x n! 


Factorial notation 





0! =1 
n! | ; ; Es 
Formulae P= (nr) The number of permutations of r things chosen from n things. 
H mE r a 
n! - Wn 
C =——— The number of combinations 


" ro | E | l 
ri(n=r)! of r things chosen from n things. 





Chapter 3 Summative Exercise 


1 Use your calculator to find: 





a 6! b 8! c 9! 12! e 13! 
2 Use your calculator to find: 
91 10! 12! 18! 20! 
= ali p oS y „SS 
3! 4! 7! 10! 14! 
f "y 5 l Es h pes l Fe j ate 
3 Use your calculator to find: 
8! 10! AN 131 20! ! 30! 
3151 6! 4! 617! 8112] 12118! 
f C 5 re h að, Mo j Cu 


4 ‘the formulae for ,C, and ,C. are identical. Describe a situation which would illustrate why this 
should be so. 


5 How many zeros are there at the end of P? 


6 Find the number of arrangements that can be made from the letters of the word VELOCITY, 
using each letter only once, containing: 
a 3letters 
b 4letters 


c  5letters. 
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7 A children’s book consists of cartoon pictures of people and animals cut into three sections so 
that there are 7 different heads, 9 different bodies and 5 different pairs of legs. By opening the 
pages of the book at the appropriate pages, you can create pictures of different, unlikely, cartoon 
characters such as the head of an old man with the body of a chicken and the legs of an alligator. 
How many different characters could you create? 

8 Identify whether the following situations are permutations or combinations. 

a Three children from a class of 20 are selected to form an organising committee. 


A new style of car number plate is proposed because the authorities are running out of 
numbers in the old style. 


c Á class has Mathematics lessons on three days in a week. 
9 What is 0! (zero factorial)? 
10 You are given the set of digits 1, 2, 3, 6, 7, 8. Find the number of different 4 digit numbers that 
can be formed if: 
a there is no restriction 
b the number must be larger than 4000 
c the number must be even 
d the number must be an odd number greater than 4000. 
11 Ihave three books written by William Shakespeare, four written by Charles Dickens and three 
written by Geoffrey Chaucer. In how many ways can they be arranged on the shelves if: 
a there is no restriction 
b the books by each author must be kept together 
c the books must be put in alphabetical order by the authors name. 
12 Four boys and four girls are going on a school outing, using 2 four-seater vehicles. Find how 
many ways they can travel in the vehicles if: 
a theboys must travel in one vehicle and the girls in the other 
b thereis no restriction 
c Betty and Caroline will not travel in the same vehicle. 
13 An icosahedron has 20 faces, each of which is an identically sized equilateral triangle. 
a The triangular faces are joined edge to edge. 
How many edges must the icosahedron have? 
b The triangular vertices are joined in groups of five around a vertex. 
How many vertices must an icosahedron have? 


c Repeat the exercise for a dodecahedron, which has 12 regular pentagonal faces. 
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Chapter 3 Test 1 hour 


1 <A student committee is to be made up of 6 people chosen from a group consisting 
of 8 girls and 10 bovs. Find how many ways this can be done if: 


a there are no restrictions [2] 
b there must be the same number of boys and girls on the committee [3] 
c there are more boys than girls on the committee. [3] 


2 A4digit number is to be formed from the digits 1, 3, 4, 7, 8 and 9. Each digit can be 
used only once. Find the number of 4 digit numbers that can be formed if: 


a there are no restrictions [2] 

b the4 digit number must be even [1] 

c the4 digit number must greater than 6000 [1] 

d the4 digit number must be even and greater than 6000. [1] 
3 Five girls and four boys are seated in a row. Calculate the number of ways this can be done if: 

a there are no restrictions [1] 

b they sit alternately (boy, girl, boy, girl, etc.) [2] 

c the girls sit together and the boys sit together [2] 

d Adam and Betty are not allowed to sit next to each other. [3] 
4 A 3 digit number is to be formed from the digits 1, 2, 3, 4, 5 and 6, using each digit only once. 

Find the number of 3 digit numbers that can be formed if: 

a there are no restrictions [1] 

b the3 digit number must be even [1] 

c the3 digit number must be a multiple of 5 [2] 

d the3 digit number must be a multiple of 3. [2] 
5 Six students are selected to go on a trip from a class of 12 boys and 10 girls. 

Find how many ways this can be done if: 

a there are no restrictions [1] 

b thegroup cannot contain only one boy or only one girl [2] 

c Ahmad and Belinda, whose parents own the venue that they are due to visit, 

must be a part of the group, but they cannot be the only member of their gender. [2] 

6 A Mathematics Club committee is to consist of 8 people chosen from 6 boys and 8 girls. 

Find the number of different committees that can be formed if: 

a there are no restrictions [2] 

b there must be an equal number of boys and girls on the committee [3] 

c there must be at least one girl and at least one boy. (3 | 
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Examination Questions 


I 


(i) Find the number of different arrangements of the letters of the word MEXICO. 

Find the number of these arrangements 

(ii) which begin with M, 

(iii) which have the letter X at one end and the letter C at the other end. [5] 

Four of the letters of the word MEXICO are selected at random. Find the number of 

different combinations if 

(iv) there is no restriction on the letters selected, 

(v) the letter M must be selected. [3] 
Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P2, Qu 7 


A student has a collection of 9 CDs, of which 4 are by the Beatles, 3 are by Abba and 2 are by the 
Rolling Stones. She selects 4 of the CDs from her collection. Calculate the number of ways in 
which she can make her selection if 


(i) her selection must contain her favourite Beatles CD, [2] 
(ii) her selection must contain 2 CDs by one group and 2 CDs by another. [3] 

[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 2] 
a 7 boys are to be seated in a row. Calculate the number of different ways in which 


this can be done if 2 particular boys, Andrew and Brian, have exactly 3 of the 
other boys between them. [4] 


b ÁA box contains sweets of 6 different flavours. There are at least 2 sweets of each flavour. 


A girl selects 3 sweets from the box. Given that these 3 sweets are not all the same 
flavour, calculate the number of different ways she can select her 3 sweets. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P2, Qu 7] 
An artist has 6 watercolour paintings and 4 oil paintings. She wishes to select 4 of these 
10 paintings for an exhibition. 
(i) Find the number of different selections she can make. [2] 
(ii) In how many of these selections will there be more watercolours than oil paintings? [3] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P2, Qu 4] 
A committee of 5 people is to be selected from 6 men and 4 women. Find 
(i) the number of different ways in which the committee can be selected, [1] 
(ii) the number of these selections with more women than men. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P1, Qu 2] 
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6 A musician has to play 4 pieces from a list of 9. Of these 9 pieces 4 were written by Beethoven, 
3 by Handel and 2 by Sibelius. Calculate the number of ways the 4 pieces can be chosen if 


(i) there are no restrictions, (2 | 
(ii) there must be 2 pieces by Beethoven, 1 by Handel and 1 by Sibelius, [3] 
(iii) there must be at least one piece by each composer. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P2, Qu 9] 


7 a The producer of a play requires a total cast of 5, of which 3 are actors and 2 are actresses. 
He auditions 5 actors and 4 actresses for the cast. Find the total number of ways in which 


the cast can be obtained. [3] 
b Find how many different odd 4 digit numbers less than 4000 can be made from 
the digits 1, 2, 3, 4, 5, 6, 7 if no digit may be repeated. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P2, Qu 5) 


8 A garden centre sells 10 different varieties of rose bush. A gardener wishes to buy 
6 rose bushes, all of different varieties. 
(i) Calculate the number of ways she can make her selection. [2] 
Of the 10 varieties, 3 are pink, 5 are red and 2 are yellow. Calculate the number of ways 
in which her selection of 6 rose bushes could contain 
(ii) no pink rose bush, [1] 
(iii) at least one rose bush of each colour. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P2, Qu 8] 


9 a  Findthe number of different arrangements of the 9 letters of the word SINGAPORE 
in which S does not occur as the first letter. [2] 
b  3students are selected to form a chess team from a group of 5 girls and 3 boys. Find the 
number of possible teams that can be selected in which there are more girls than boys. — [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P1, Qu 7] 
10 a Each day a newsagent sells copies of 10 different newspapers, one of which is The Times. 


A customer buys 3 different newspapers. Calculate the number of ways the customer can 
select his newspapers 


(i) if there is no restriction, [1] 

(ii) if 1 of the 3 newspapers is The Times. [1] 
b Calculate the number of different 5 digit numbers which can be formed using the 

digits 0, 1, 2, 3, 4 without repetition and assuming that a number cannot begin with 0. [2] 

How many of these 5 digit numbers are even? [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P2, Qu 11] 
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11 a How many different four digit numbers can be formed from the digits 
1,2, 3, 4, 5, 6, 7, 8, 9 if no digit may be repeated? [2] 
b Inagroup of 13 entertainers, 8 are singers and 5 are comedians. A concert is to be 
given by 5 of these entertainers. In the concert there must be at least 1 comedian 
and there must be more singers than comedians. Find the number of different 
ways that the 5 entertainers can be selected. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P2, Qu 10] 


12 A badminton team of 4 men and 4 women is to be selected from 9 men and 6 women. 
(i) Find the total number of ways in which the team can be selected if there are no 
restrictions on the selection. [3] 
Two of the men are twins. 
(ii) Find the number of ways in which the team can be selected if exactly one of the 


twins is in the team. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P1, Qu 4] 


13 a A sports team of 3 attackers, 2 centres and 4 defenders is to be chosen from a squad 
of 5 attackers, 3 centres and 6 defenders. Calculate the number of different ways in 


which this can be done. [3] 
b How many different 4 digit numbers greater than 3000 can be formed using the 
six digits 1, 2, 3, 4, 5 and 6 if no digit can be used more than once? [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P2, Qu 6] 
14 A committee of 8 people is to be selected from 7 teachers and 6 students. Find the number 
of different ways in which the committee can be selected if 
(i) there are no restrictions, [2] 


(ii) there are to be more teachers than students on the committee. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P1, Qu 7] 
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While you have used functions in much of your work so far, vou have done so without defining 
specifically what you were talking about. As in many areas of Mathematics, we need a precise 
definition of mathematical objects in order to be absolutely clear. This chapter seeks to do that and 


introduces new notations to aid our study. We also look at reversible processes and a new type of 


function. 


A mapping is a relationship between the members of two sets: a set of objects (or input values) and 
a set of images (or output values). We can generalise them into four types of mapping: 


object image object image object image object image 
— —— ~ 


one - one onc - many many - one many - many 





Notes:1 Many means more than one. 
2 It needs only one of the objects (or images) to have more than one image (or object) to 
qualify as “many”. In most cases there will be more than one such object (or image). 


4.3 Functions 


Á mapping is a function if and only if each object has only one image. 
Thus, both one-one and many - one mappings represent functions. 


Example 4.1 


Which of the following numerical mappings is a function? 


a Multiply by 2 and add 5. b Take the square root of the number. 
Solution: 
|a ‘This isa function because for whatever number you start with, you will always get a single answer. 
b You must choose a positive number, but you will get two answers for each. For example, when 
you take the square root of 4, you get 2 or —2. So, this is not a function. 


4.4 Defining functions 


We must have a a set of object (input) values; 
a rule telling you what to do with the 
object values; 
c some idea of what the image (output) values 
might be; 
d aname for the function. 
The set of object values is called the domain. 
The set of output values we can obtain is called the range. 
Historically, several ways of writing down the definition of a function have been used. 
These are all equivalent: 
Gi) f:x>2x+5;xekR 
(ii) f(x)=2x+5:xeR 
(iii) y=2x+5;xe R 
Since it is possible to get any number out of the function by choosing a suitable input value, the 
range is also IR, the set of all real numbers. 
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4.5 Finding the value of a function 


Example 4.2 

You are given the function f: x — 2x -5; xe RS, -2€«x« 5. 
a Findf(2). 

b Findthe range of the function. 


solution: 

a $2)=2(2)+5=5 

b The graph of f(x) is shown. 
It is linear and x can take any real 
value between —2 and 5. 





The smallest value of f(x) will be 
f(—2) = 1. 

The largest value of f(x) will be 
f(5) = 15. 

Thus 1 < f(x) << 15 


Example 4.3 
Iff:ix—2x-c-5;x€2,—2 = x= 5, find the range of the function. 


Solution: 

The graph of f(x) is shown. 

It is linear but x can take only integer 
values between —2 and 5 (inclusive). 
The range, 

f(x) = (1, 3, 5, 7, 9, 11, 13, 15} 
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Exercise 4.1 


l 


Find the value of the functions for the input values given. 





a f:x—5x—-3;:x-4 b f:x—x--1:x23 
C gprxcs4-x'x-5 d gx xx—35:26 
e h:xio 1a ix22 f Bear owes 


Find the value of the functions for the input values given. 








a f(x)=3x+5;x=2 b f(x)2x'-3;x-4 
c g(x)=81-x;x=4 d gl) =x(2+x)*;x=6 
e E O f TE pes 
X xl 

Find the value of the functions for the input values given. 
a y=2x+4;x=3 b y=xX+x;x=2 
c vax d y=(x-2)(3tx);x=4 
e pto f ES e 

x X—4 


Find the range of these functions. 





a f:x3x-2;xeR b f:ix>3x-2;xeR,-3=x=3 

c g(x)-3x-2;xeZ d g(x)-3x-2;xe 2,3 € x & 3 

e y-x5xelL 3,5} f y-(x-2)843)5xeR,-5zxsz-l 

g ys xe 11,2,3,4,6) h A ed ið 

x = 

i h(x) =4—x;x€{-2,-1,0, 1, 2} j h(x) =(x+2)(x-4) ;xE R,-2 <x <6 
4.6 Composite functions 
A composite function is formed when the output from one 


function is fed into a second function, as shown. 


In this case, the output from function g is fed into the 
function f. The final output is the value f[g(x)]. 


Remember: f[g(x)] means g first, then f. 
We often shorten f[g(x)] by writing fg(x). 








t[g(x)] 
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In order for this composition to be successful, the range of g must be a subset of the domain of f. 





If that is not true, the function fg cannot exist. 


The domain of the composite is the domain of the first (inner) function. 


|! Example 4.4 
The functions f and g are defined as follows: 
Í:x 2x -5;xeR and g:xi-*3x—2;x6€N,2 x25 
a Form the functions (i) fg and (ii) ^ (— ff ) and find the range of each function. 
b Why do the functions (i) gf and (ii) g not exist? 


| Solution: 
a (i) flg(x)] - f[3x - 2] 
=2[3x-2]+5 
f[z(x)) =6x+1;xeR,—25 x55 
(ii) f(x) = t[tG9] 
= f[2x + 5] 
=2[2x+5]+5 
f(x) =4x+ 15:xe R 
b (i gf(l)=g(7) 
7 is not in the domain of g so this composite does 
not exist. 
(ii) g'(3) = g(7) 
As before, 7 is not in the domain of g so this composite 
does not exist. 









GEN Chapter 4 


Exercise 4.2 
The functions f, g and h are defined as follows in the box at the right. 
1 Foreach ofthe following composite functions: 


(i) find the image of the input value given [:xe»3x-2;xeR 


g:x>4-2x;xelR 


(ii) define the functions fully. 





12 
a feix=3 b fx--2 c fh;x=6 herr eR sa 
d ig:x-2 e gf;x=—4 f g'x-—2 
g gh;x-6 h h*:x=4 


2 Show that the composites (i) hf and (ii) hg cannot exist. 
3 Show that (fg) is not the same as ^g": 

a by choosing a specific input value 

b by finding the definition of each function. 


4 Solve the equations: 
a fg(x)=-20 b hl) = IO c g(x)=24 d gh(x)=0 


4.7 Inversefunctions 


An inverse function (or just inverse) is another function that will reverse the effect of the first 
function. The inverse of a function f is written f~. 


Function Domain Range 





Inverse Range Domain 


The inverse of a one-one mapping is another one-one mapping and that is a function. 
However, the inverse of a many-one mapping would be one-many and that is not a function. 


Thus, only one-one functions have inverses. 





In all cases, ff (3) =f f(x) = x. 


Example 4.5 
The function f is defined as follows: 
f:ix>2x+5;x€lR. 
a Find the inverse of the function. 
b Sketch the graph of the function and its inverse. 
Describe the relationship between the graph of the function and the graph of its inverse. 








Solution: 


a ‘The function is 1: 1 and so it has an inverse. 








Its domain is R and so its range is also IR. 
Writing y = 2x + 5 to find the inverse we make x the subject 
of the equation: 


l 
=—(y—5) 
a 
Then we swap the x and y: 


l 
y——íx-—5) 
I aad 





So f^:xe»-(r- 5) xE R. 





c The graph of the inverse is a reflection of the 

graph in the line y — x. 
Note: When you are sketching graphs of functions and 
inverses, always keep the axis scales the same. 
Then the relationship will be clear. 
Always include the line y = x drawn at 45° to aid your 
description. 
This is the same graph with different scales and it does not 
look like a reflection. The line y = x is not at 45°. 





Exercise 4.3 
For each function given below: 
a Find the inverse of the function. 
Sketch the graph of the function and its inverse. 


c Describe the relationship between the graph of the function and the graph of its inverse. 


1] f:xe2x-1;xehR 2 f:x>2x-4;xelR 
3 g:xe»6-2x;xehR 4 grx 4 xx ER 
5 h:ix>2x+1;xeZ 6 h:xe4-oxixeZ 
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7 f:xe2x-1;xeR,0zx-3 8 fixed-cxixe Rl ead 


9 g:xı>3x-2;xeR 10 g:xr3x—2;x€6N,— €-x-3 
ll h:xe3x-2;xe€Z 12 h:x—3x-2;xe£,-3€xx3 
13 y=1+ xe R1 «x«6 14 y=S;xeR,1<x<4 

x x 
15 zx lixeR 16 g:x>4-x;x€lk 

x 


4.8 Many -one functions 


The function y 2 2°; x e R, is not 1 : 1. Hence it does not have an inverse. y 
There are many useful functions like this. How, then, do we make a calculator 
find a square root of a number? 


The answer is to restrict the domain to a section for which the function is 1 : 1. 





Domain Domain Domain 
xeR,lsx=s3 xe Kix = 0 xelixzü0 
This is one possible This is the maximum size Another possibility that 
restriction (but not we can make the domain maintains a maximum 
a very useful one). and still retain a 1 : 1 function. size for the domain. 


This is the one used in a calculator. 


Using the standard restriction, x € IR, x= 0, the graphs of f : x — x? yA y=x 
and its inverse, f~ : x — x are shown on the right. 


Notice that the graph of f intersects the graph of f! when they 
both intersect with y — x (in this particular case, at (0, 0) and (1, 1)). 
This will always happen. 





For completeness, we show | x 
g:xr>x;xeR, x=0 B, y y=x 
olixre—yx;xeRK,x20 

Note that when you are finding the formula for an inverse | X 


involving a square root, you must be careful to choose the correct 8 
root, either positive or negative. 
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Exercise 4.4 
1 a Show that the function f: x — x - Ax -3;xe lS, is not 1 : 1. 
b Find the range of the function f. 
c Thefunctiong:x— x Ax -3;xelR, x aisal:1 function. 
Find the smallest possible value of a for this to be true. 
d For this value of a, sketch the graphs of y = g(x) and y = g'(x) on the same axes. 
e State the relationship between the two graphs sketched in d. 
2 a Show thatthe function f:x > x' - 4:xelR,isnot1: I. 
b Findthe range of the function. 
c ‘The function g:xrex°—4;xeK,x=aisa1:1 function. 
Find the largest possible value of a for this to be true. 
d For this value of a, sketch the graphs of y= g(x) and y = g (x) on the same axes. 
e State the relationship between the two graphs sketched in d. 
3 ‘The functionh: x x—4;xeR,x-0isal:1 function. 
a Find the formula for the inverse function h '. 
b Sketch the graphs of y = h(x) and y= h(x) on the same axes, stating the relationship 
between them. 
4 Thefunctionf:x=>4-x*;xe R,x=0isal:1 function. 
a Find the formula for the inverse function f '. 
b Sketch the graphs of y = f(x) and y = f (x) on the same axes, stating the relationship 
between them. 


4.9 The inverse of a composite function 





Example 4.6 


Functions f and g are defined as 


fixexiixeR,x=0 
poxto2x45;xe€clx--25. 


Find: a fg bol cog d f'g’ e gf 
f (Ped g (g'f))lfg) 


Chapter 4 








Solutions: 
a fg:xeQxt5);xelxz-2.5. 


b f'i:xrevx:xeR, x= 0. 


C gixeol(-5;xeR xm. 

1 
d flg':xi> >) xe R,x O0. 
e gPixe (xs :xeR,x=0. 


Mita 
f (f'gfg:xe ;(Qx*5) -S)xeR, x20. 


g (Sr): „{Vext5) -5);xeR,x>0. 
(oF )lfo) > x 


Notice that since (g 'f !)(fg) : x — x (fg)! =g"f”. 
To find the inverse of a composite: 

1 Find the inverse of each component, 

2 Reverse the order of the components. 
This is illustrated here: 


Function: 





Inverse: 


Example 4.7 
Functions f and g are defined as 
fx x 


HE að an aha, 
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Solution: 


There are three ways you could solve this problem 


(i) Put y= g(x) 
Solve f(y) = 121 
y= 
y=11 
Then solve g(x) = 11 
zx F3—I] 
giving x=4 


(ii) Find a formula for fg(x) 
fg(x) = f(2x + 3) 





= (2x+3) 
Then solve (2x 3)? = 121 
giving = Í 
(iii) Find a formula for [fg(x)] ' 
[fg(3)] = Vx -3 
2 
then find [fg(121)]" DEL 


=4 


Notice that these three approaches all lead to the same calculations. 


Exercise 4.5 
In this exercise, functions are defined as follows: 
f:x>3x-1 g:xc4—2x 
hx: L Ji +3 
2 
Note that the domains of the functions are not specified, 
1 Find (fg) and show that (fg) (fg) : x= x. 
2 a Findyify=jf(1). 
b Find the function jf, expanding the brackets and simplifying it. 
c 
d 





If the domain of f is x € IK, what is the domain of (jf) '? 
By writing (jf)! as F'j*, show that (j£) (y) = 1. 
3 a Inorder to form the composite hf, what is the largest possible domain of f? 
b With this domain, what is the range of the function hf? 


c Find the function (hf) ', stating its domain and range. 
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4 a Whatisthe largest possible domain of the function h? 
b With this domain, what is the range of the function h? 
c What is the range of the function hj? 
d Ifx>0, find the inverse of the function hj. 

5 Ifx> 2, find the inverse of the composite function jh. 

6 a Ifthe domain of gis x= 2, find y if y = jg(2). 
b If the domain of j is x = 0, find g` andj”. 
c Showthatg 'j (y) 2 2. 


4.10 The modulus function 


The function y = |x| is called the YA 
modulus function. 

The graph y= |x — 2| is shown. It has a 
vertex at (2, 0). 

The part of the graph y 2 x- 2 

below the x-axis has been reflected 

in the axis. 





0) 2 


The modulus function is not 1: 1. Hence it has no inverse. 


Example 4.8 
Sketch the function y=|(x + 1)( x — 2)]. 


Solution: Start by drawing the graph of 

y 7 (x * 1)(x — 2) (shown in blue). 

This has x-intercepts of —1 and 2 and the 
y-intercept is —2. 

The modulus function will reflect all parts 
of the graph below the x-axis in the axis. 
All sections of the graph above the x-axis 
remain in the same place. 


This results in the graph shown in orange. 
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Example 4.9 
a Sketch, on the same diagram, the graphs of 


y=x+4 and y=|2x-1| 


b From your sketch determine the number of real roots of the equation 
x=|2x-1|-4 


c Solve the equation x = |2x — 1| - 4 
Solution: 
li) (ii) 


a Start with the graph of y=2x-1 (i) 
Convert it into the graph of y= 2x-1| (ii) 
Finally, add the graph of y=x+4 (iii) 
The equation x= |2x-1|-4 
is equivalent to x+4= [2x- 1| 
The solutions to this equation are represented by the points where the graphs intersect. 
There are 2 real solutions to this equation. 

The positive solution is given by 
x+4=2x-1 
or x=5 
The negative solution is given by 
x+4=-(2x-1) 
x--l 





Exercise 4.6 
| For each of the following functions y = f(x), copy the graph and sketch the graph of y = |f(x)|. 
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2 Sketch the graphs of these functions. 


a f:xepx-4|;xeR b f:xe|x|-2:xeEK 

c f:xe[(x-2)Y(x-3);xeR d f:xr>|4-x|;xeR 
3 Given the functionf: x — x; x € R, sketch the graphs of these functions. 

a y-f(x) b y-[f(x) 

c y-|fo-2 d y-|fc9|-2 


4 Draw the graphs of the functions f: x — |3x —6|; x e R, and g: x > |x|; x e R. 
How many solutions are there to the equation |3x — 6| = |x| ? 


Use your graph to find any solutions. 


Summary 

Definition À function is a mapping in which each input value can generate only one 
output value. 

Domain The set of input values. 

Range The set of output values attained. 


Composite functions fg means “g first, followed by f”. 






The range of g must be a subset 
of the domain of f. 


Inverse function f! exists only iff is 1 : 1. 


Then ff- x)= f! f (x) =x. y | y=x 


The domain of the inverse is the range 
of the function. 
The range of the inverse is the domain 
of the function. 
Graph of the inverse The graphs of the function and its inverse 
are reflections of each other in the line y — x. 


The modulus function |x |=+ yx? 
Makes all values positive. 
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Chapter 4 Summative Exercise 


1 Find the value of the following functions for the input values given. 





a f:xe(x-c2y)-4; x=5 b f:xe3x-2; x=3 
3x+2 l | 

€ Tute -3 d-6 d f:xext—; x--2 
2x —2 x” 


2 Find the range of these functions for the domain of real numbers. 

a f:xe(x-2)-4 b f:xe3x-2 
EZ 
2x2 





| l 
3 You are given the functions EXA and g: xe Xt—. 
x? 


a Which real number cannot be in the domain of each of the functions? 


b Find the range of each function if the domain of each is as large as possible. 


4 You are given the functions f:x>2x-1, gix — x#2 and h:xex-l. 
a Form the composite functions: 
(i) fh (ii) fg (iii) hg (iv) hf 
State the range of each composite function. 


b Explain why the following composites cannot be formed. 


(i) gf (ii) gh 
c Form the composite functions: 
(i) f (ii) bh 


d (i) In order to form the composite function g”, what extra value must be eliminated from 
the domain of g? 
(ii) Form the composite g^ and state its range. 

5 Given the functions f:x—3-—xx*l and g:x'> — xx —2, solve the equations: 

á fe(x)=1 b of(x) =4 | 
6 When can you form the inverse of a function? 
7 Prove that the function f: x — (x + 2) — 1 has no inverse. 
8 The graph shows the function g : x — (x +2} — 3. 

The function f: x => (x +2) -3,x = kisa 1:1 function. 

a What is the smallest possible value of k? 

b For this value of k, find the inverse f~. 


c Sketch the graph of the function and its inverse, describing 
the relationship between them. 
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9 The function h : x => (x + 2) —3, x = k, where kis the value found in question 8. 
a Find the inverse h”*. 
b Sketch the graph of the function and its inverse, describing 
the relationship between them. 
10 On the same axes, sketch the graphs of the following functions: 
a y=|x-3| b y=|2x-3| c y=|2(x-3)| 
11 The diagram shows the graphs of y = |2(x — 1)| -2 and y= |x— 1]. 
a Use the graphs to solve the equation |2(x — 1)| -2 = 4. 
b Use the graphs to solve the inequality |2(x — 1)| -2 < |x — 1|. 
12 a Sketch the graph of the function y= |(x + 2)(x — 4)]. 
b The equation |(x + 2)(x — 4)| = k has four solutions. 





State the range of vaues of k for this to be possible. 
13 Given the function f : x  4J/(2x — 1), x> = 
a find f(13) 
b solve the equation f(x) =7 


c find f™, stating its domain and range. 


Chapter 4 Test 1 hour 


1 The function f is defined by f(x) = 2(x— 3) + 2 for x = 3. 


a Sketch the function f and show that it is 1 : 1. [1] 
b State the range of f. [1] 
c Find an expression for f ~. [3] 


d Add the function f * to your sketch, showing clearly the relationship between 
the two curves. [2] 
2 ‘The functions f and g are defined by 
f(x) 22x-1, forxe R 





g(x) = „forxelR,x#3 
4-3 
a Explain why it is not possible to form the composite gf. [1] 
b Find an expression for the composite fg. [1] 
c Find the range of g. [1] 
d Find an expression for g !, stating its domain and range. [2] 
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3 a Sketch the graph of y =| 4x-2|for-3=x=4. [2] 
On your graph write in the coordinates of the points where the graph meets the axes. 
b On the same diagram, sketch the graph of 2x + y=4. [1] 
c Solve the equation | 4x — 2| = 4 - 2x. [3] 
4 Functions f and g are defined as follows: 


ad 








f: x> exes. 
3-x 
g: x> ax + b, where a and b are constants. 
a Find an expression for f ^. [4] 
> Sketch the graphs of f and f * showing the relationship between them. [3] 
c Given that g(3) = 9 and gf(6) = —11, find the values of a and of b. [3] 
5 a Sketch the graphs of the functions y = |x — 4| and y = |2x — 2]. [3] 
b Use your graphs to solve the inequality |2x — 2| < |x — 4]. [3] 
6 A function fis defined by f: x > — t x%2,xx%a, where the value of a is 
to be found later. =i 
a Find an expression for f?. [2] 
b Find the value of a necessary to enable f? to be formulated. [2] 
c State the range of f?. [2] 
Examination Questions 
1 (i) Sketch on the same diagram the graphs of y = |2x + 3| and y= 1 — x. [3] 
(ii) Find the values of x for which x + [2x + 3| = 1. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P1, Qu 3] 


2 ‘The function f is defined, for x e R, by 
Í:xmnp vetus pr 3. 
xD 
(i) Findf' in terms of x and explain what this implies about the symmetry of the graph 
of y = f(x). [3] 


The function g is defined, for x € IR, by 





x—3 
A e 


2 
(ii) Find the values of x for which f(x) = g '(x). [3] 
(iii) State the value of x for which gf(x) =—2. [1] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P1, Qu 8] 
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3 Given that each of the following functions is defined for the domain —2 = x = 3, 
find the range of 


(i) f:xP»2-3x, [1] 
(ii) g:x |2— 3x, [2] 
(iii) h:x 2- |3x. [2] 
State which of the functions f, g and h has an inverse. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 6] 


4 A function f is defined by f : x > 2x—3|— 4, for -2 € x = 3. 


(i) Sketch the graph of y = f(x). [2] 
(ii) State the range of f. [2] 
(iii) Solve the equation f(x) = —2. (31 


The function g is defined by g : x |2x — 3| — 4, for —2 =x = k. 





(iv) State the largest value of k for which g has an inverse. [1] 
(v) Given that g has an inverse, express g in the form g : x — ax + b, where a and b are 
constants. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P1, Qu 11] 


5 Functions f and g are defined for x e R by 


f:xex, 

g:xixt2. 
Express each of the following as a composite function, using only f, g, f' and/or g *: 
(i) xox-2 [1] 
(ii) xox-2 [1] 


Lad [iem 


(iii) x > (x+2) 


[1] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P2, Qu 1] 
6 Functions f and g are defined for x e R by 


f:x1s3x— 2, 


PA 





g:xr /* 72 wherexs-landaisa positive constant. 
x+]1 
(i) Obtain expressions for f ' and g`. [3] 
(ii) Determine the value of a for which f 'g(4) = 2. [3] 
(iii) Ifa —9, show that there is only one value of x for which g(x) = g ~'(x). [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P2, Qu 10] 
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7 (i) Sketch, on the same diagram, the graphs of y= x — 3 and y = 2x — 9]. [3] 
(ii) Solve the equation [2x — 9| 2 x — 3. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P2, Qu 4] 
8 a Functions f and g are defined for x e R by 
f(x)23—-x, 
X 
| - — —, where x # —2. 

ge) x+2 
(i) Find fg(x). [2] 
(ii) Hence find the value of x for which fg(x) = 10. [2] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P1, Qu 10] 


9 ‘The function f is defined by f(x) 2 2 + Jx—3 for x = 3. Find 
(i) The range off. [1] 


(ii) An expression for f'(x). [2] 

The function g is defined by g(x)= 2; 2 for x > 0. Find 

(iii) gf(12). y [2] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P2, Qu 6] 


Term test 1A (Chapters 1-4) 1 hour 


1 Copy the Venn diagram three times and 
shade the region that represents the set: 











a (A'nB) (1) 

b (A NB?) [1] 

c (AMABA ABS, [1] 
2 Express X in the form a + b4/5, where a and b are integers. [3] 
3 A Prefects committee of 7 students is to be formed from 6 boys and 5 girls. 

Calculate the number of ways this can be done if: 

a there are no restrictions [1] 

b there must be 3 girls and 3 boys plus one other on the committee [3] 

c the Head Girl or the Head Boy, but not both, must be a member. [2] 
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4 Functions f and g are defined, for x € R as follows: 


f(x) 2x'-1 

g(x) 25—2x 
a Find the range of f. [1] 
b Find an expression for the function fg(x). [1] 
c Solve the equation fg(x) = 48. [2] 
d Givea reason why f '(x) does not exist. [1] 
e Findg '(x), the inverse of g. [4] 
f Sketch the functions g and g~, clearly showing the relationship between them. [3] 


5 Inasurvey of preferences about two brands of washing powder, Sudso and Washbrite, 
the following results were obtained: 
A  50shoppers were in the survey. 
B  5shoppers used Sudso only. 
C  35shoppers used Washbrite. 


D  20shoppers had no preference and used either product. 


a Write each of the statements above in set notation, using sets $ and W. [4] 
b Draw a Venn diagram and put the number of elements into each region. [3] 
> te : | j 
6 If9*x 3% x9%*Y=1l and 5! = A find the value of x and the value of y. [4] 


7 An organising committee of 5 students is to be selected from 6 girls and 5 boys. 
Find the number of ways that this can be done if: 


a there are no restrictions [1] 


b there must be more girls than boys on the committee. [4] 
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In your IGCSE Mathematics course, you have already met quadratic expressions, expanding and 
factorising them, and solving quadratic equations. 


This chapter reminds you of these techniques and extends the theory of quadratic functions to cover 
additional useful techniques. 


5.2 Completing the square 

You should know these results: 

(xay =x*+2ax+a? [1] 

(x-a =x" —2ax+a? [2] 

You can use them in a process called completing the square. 


Example 5.1 


Compie the square for the expression x^ +6x+ 8. 


Solution: 


Step 1: Move the 8 out of the way. x 


y 
x 


Step 2: Compare with [1]: (x + a)? = 


Step 3: Complete the square (x! + 6x + 9) -—-9 +8 
and correct for the addition. 


x? + 6x + 8 = (x+3) — 1 
Example 5.2 
Complete the square for the expression 2x*—16x+3. 
solution: 


Step 1: Move the 3 out of the 
way and factorise out the 2. 


Step 2: Compare with [2]: (x — a)? =: 
a=4> a =16 


Step 3: Complete the square and = 2(x* — 8x + 16) - 32 + 3 
correct for the addition. 


2x* — l6x - 3 2 2(x — A)* — 29 
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Exercise 5. 1 


Complete the square for each of the following quadratic expressions: 


| x*+4x+6 2 x'-8x-3 3 x'-6x-7 

4 x -—6x-c2 5 x'—10x-— 15 6 x'—-2x-45 

7 x —4x4+9 8 x'-12x-3 9 x'—1l6x--70 
10 2x - 12x - 9 11 3x? -12x4 15 12 4x! - 16x—-3 
13 2272 — 8x5 14 3x! - 18x +29 15 4x* — 16x + 12 
16 —x^—4x-3 17 —^ 4-2x-2 18 —x—6x-5 

19 —2x? - Ax - 11 20 —3x? + 18x — 20 21 —5x* — 60x — 75 


5.3 Interpreting the expression 


Any quadratic expression can be written in the form a(x + b)" + c. 

The perfect square (x + bY is always greater than zero, i.e. (x+ b)? = 0. 
It is equal to zero when x = —b. 

Thusifa>0,  a(x4by-cczc. 

and if a « 0, a(x *- b) --cxc. 


Example 5.3 
Find the maximum or minimum of the following expressions and state the value of x for which 
the expressions attains this extreme value. 


a X +6x+8 
b 2x°-16x+3 
-3x^ 4 18x 25 
solution: 
a x +6x+8=(x+3) —1hasa minimum value of —1 when x ——3. 
b 2x*-16x+3=2(x-4)'-29 has a minimum value of —29 when x — 4. 


c —3x?+18x+25= -3(x— 3y +52 has a maximum value of 52 when x =3. 
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Exercise 5.2 

For each of these functions (taken from Exercise 5.1) find the maximum or minimum value 
of the function, as appropriate, and state the value of x for which this extreme is obtained. 

In each case x € R. 


1 fíx)=x"+4x+6 2 f(x)=x°+8x-3 3 f(x)2x'-6x-7 

4 fíx=x*-6x+2 5 f(x)2x'—10x- 15 6 f(x)-xX—2x 45 

7 f(xX)j2x-4x-9 8 fl) = +12x +3 9 f(x)-2x?—16x-- 70 
10 f(x) 22:33 + 12x - 9 11 f(x) 2 333 + 12x - 15 12 f(x) - 4x? + 16x —3 
13 f(x) 22x2 - 8x45 14 f(x) = 3x* — 18x +29 15 f(x) =4x*- 16x 12 
16 f(x) == - Ax -3 17 f(x) ="+2x- 2 18 f(x) 2—x'— 6x45 
19 f(x) 2—2x^- 4x - 11 20 f(x) 2 3x + 18x - 20 21 f(x)2—5x'— 60x — 75 


5.4 Sketching the graph of a quadratic function 


An equation in the format y= Px" +Qx+R can be converted 
into the format y 2 a(x-- b) +c. 


Value of P (= a) Vertex | y-intercept 
P>0 Minimum (—b, c) 
P«0 Maximum (—b, c) 


Example 5.4 


Sketch these curves: 
a y-x *6x-8 b y-2x'-16x43 c y--3x *18x-29 


Solution: b c 


Curve (X^ 6x 4 y=2x"-16x+3 y=-3x"+18x-29 
Completed square ys : y=2(x—4) —29 y2-3(x-3) -2 
Vertex ,—1 (4, — 29) (3, —2) 
y-intercept 

Shape 
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Exercise 5.3 


Use your results from Exercise 5.2 to sketch the graphs of these functions: 


Il y=x"+4x+6 2 y=x"+8x-3 3 y-x'-6x-7 

4 y=x"-6x+2 5 y-x' —10x- 15 6 y=x"-2x+5 

7 yx -4x#9 8 y=x+12x+3 9 y=x*-16x+70 
10 y=2x? + 12x - 9 11 y=3x? 4 12x 15 12 y-4x! + 16x-3 
13 y22x?- 8x5 14 y=3x*— 18x * 29 15 y 24x! — 16x 4 12 
16 y=-x"*-4x+3 17 yz-x -2x-2 18 y 2—x^— 6x45 
19 y=-2x*+4x-—1] 20 y=-3x*+18x - 20 21 y=-5x — 60x — 75 


22 The one-one function y = 2x? -- 12x 9 is defined for all x = k where x is real. By completing the 
square, find the minimum value of k and the range of the function. 


23 When a ball is thrown vertically upwards with a speed of 9.8 ms”, the formula for its height, h, 
is given by h = 9.8t — 4.9? where t is the time after release. 


a By completing the square, find the maximum height of the ball and the time it takes to reach 
this maximum height. 


b How long does it take for the ball to land? 
5.5 Solving a quadratic equation 


5.5.1 Solution by factorisation 


Some quadratic equations can be factorised, but the vast majority cannot. The factorisation 
technique will work only if the solutions are simple rational numbers. 


Example 5.5 


Solution: 
Factorise: (x —2)(x— 3) 2 0 
So, either x - 220 


which gives x = 2 Or 





The solution set is x € 12, 3). 
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5.5.2 Solution by completing the square 


Any quadratic equation can be solved by completing the square. 


Example 5.6 
Solve the equation x* — 8x - 9— 0 by completing the square. 


& à Bo Boh BB RR RSBB & à B B BÀ B BOB B à o b BB bob Boh B B b ob B RB B B bo BB bob Bob b B b b RB bob BOR B B b b B RB b B B OR E À OR b BB À à B à à À à à à à À À À M À À à À à À À À à À BÀ À à àÀ À À À b à À b M M 


Solution: 
Complete the square: (x—4) —25=0 


(x-4) 225 
x—4=15 
x45 


which givesx=-1 or x=9 


| Ihe solution setis xe [-1, 9}. 


Example 5.7 
Solve the equation 2x* + 12x + 13 2 0 by completing the square. 
solution: 
Complete the square: 2(x +3) -5=0 
2(x43) 25 
e 


x+3= 


x=31>5 


which gives x 2 —4.58 or x=-1.42 
| The solution set is x € [—4.58, —1.42). 





5.5.3 Solution by formula 


Completing the square leads to a formula that can be used for all quadratic equations. 
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Example 5.8 
Solve the naar ax’ +bx+c=0 by completing the square. 


Solution: , 
Complete the square: a(x + 2 


Example 5.9 


Solve the uberes 3x'- 7x 42-20 Me the quadratic equation formula. 


Solution: 
Comparing with ax*+bx+c=0:a=3,b=7,c=2 


74, (7? -4x3x2) 


2x3 
x=—? or x =—0.33 


Substitute in the formula: x = 





Exercise 5.4 

Solve these quadratic equations by factorisation. 

L x°+7x+12=0 2 x +9x+20=0 3 x'-11x43020 
4 x°+2x-15=0 5 x +4x-12=0 6 x'-2x-8z0 

7 x'—-6xt8-0 8 x-8x+15=0 9 x-9x+20=0 
10 x"-2x-15=0 11 x —5x-6=0 12 x°-4x-12=0 
13 2x°+7x+3=0 14 6x°+7x+2=0 15 3x*+16x+16=0 
16 3x - 13x c 4-0 17 6x - 7x 220 18 5x^- 12x - 4-0 
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Solve these quadratic equations by completing the square: 


19 x°+6x+5=0 20 x°+8x+15=0 21 x°+7x+10=0 
22 x'-3x—10-20 23 x'-x—12-20 24 x'-2x—24-0 
25 x'—7x- 12-0 26 x —6x+5=0 27 x°-9x+18=0 
28 x*-3x-10=0 29 x*—2x-—8=0 30 x*-3x-4=0 
31 3x°+7x+2=0 32 2x°+7x+6=0 33 4x7+5x+1=0 
34 2x! - 7x - 320 35 3x - 10x - 820 36 5x^—-13x—- 6-0 
Solve these quadratic equations by using the quadratic formula: 

37 x°+6x+5=0 38 x°+8x+15=0 39 x°+7x+10=0 
40 x°+3x-—10=0 41 “+x-12=0 42 *+2x-24=0 
43 x*-7x+12=0 44 xX -6x#5=0 45 x'—9x - 18-20 
46 x'—3x— 1020 47 x!-2x—- 8-20 48 x'—3x—- 4-20 
49 3x! - 7x -220 50 2x2 -7x 4620 51 4x°+5x+1=0 
52 2x°-7x+3=0 53 3x^— I0x - 8-0 54 5x*— 13x- 6-0 


5.6 The discriminant 


In the quadratic formula, the expression (b^ — 4ac) is called the discriminant. 
| | | 


Number of real S E | | 
i 2 distinct real roots 2 equal real roots No real roots 
roots 





Exercise 5.5 
For each of these functions, find the discriminant of the quadratic expression and state the number 
of real roots of the equation f(x) = 0. 


1 f()ex!'-4x-6 2 f()-x--2x-1 3 f(x)2x'-8x—-3 
4 f())-2x'-6x-7 5 f(x)=x°-—6x+2 6 fíx)=x*-6x+9 
7 f(x)=x°-8x+16 8 f(x)=x°-10x-15 9 fíx)=x*-2x+5 
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10 f(x) 2x — 4x9 11 f(x) 24x! - Ax 1 12 f(x) 2x' + 12x +3 


13 f(x) =9x° —6x+1 14 f(x) 2x'- 16x-- 70 15 f(x) =2x?+12x-9 

16 f(x) 2 16x - 8x1 17 f(x) 23x! - 12x - 15 18 f(x) 2 Ax? - 16x—3 

19 f(x) 22x 8x5 20 f(x) =4 + 12x - 9 21 f(x) 23x?— 18x - 29 
22 f(x) =4x? — l6x + 12 23 f(x) =-x" —4x+3 24 f(x) 2—x! -2x—2 

25 f(x) 2—-16x^ - 24x - 9 26 f(x) 2—x'—6x-5 27 f(x) =-2x*+4x-—11 
28 f(x) =-3x* + 18x — 20 29 f(x) =-25x*+ 20x +4 30 f(x) =-5x?*—60x-—75 
Summary 

Definition A quadratic function is one in which the highest power of x is 2. 
Completing the square Any quadratic function can be written in completed square format. 


ax^ t bx-c- A(x—- By --C 
One way to find A, B and C is to multiply out the completed square 
format and then compare the coefficients. 





The graph of a y=ax+bx+c 
quadratic function a>0 
(B, C) 
Minimum at (B, C) Maximum at (B, C) 
Solving quadratic 1  Factorising 
equations Create the format (ax + b)(cx + d) = 0 


then, either (ax+b)=0 or (extd)=0 
then solve the two linear equations. 
(Can be used for specially selected equations) 
2 Completing the square 
This leads to: (x +a)? b 
3 Formula 
A —b * J(b^ — 4ac) 
il 2d 
(Can be used in all cases.) 
The discriminant If (b^ — 4ac) > 0, there are 2 distinct real roots. 
0, there are 2 equal real roots. 


0, there are no real roots. 


A^ 
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Chapter 5 Summative Exercise 


1 


Write each of the following in completed square form: a(x + bY + c, where a, b and c are 
real numbers. 


a x—-8x+5 b x+12x+9 c x'—l0x-7 
d 2x -—12x411 e 3x°+18x+8 f 5x'—10x-12 
g 11-12x-2x h 3x°+12x+7 i 4—6x—3x 


Find the extrema of the following quadratric functions, stating whether the extreme represents a 
maximum or a minimum and the value of x at which this extreme is attained. 


a f(x)=x+6x-3 b fíx=6-8x-2x c f(x) -4x'—6x-— 10 
d Mx)=8=383x-3x e f(x)=2x4+9x4+5 f t(x)=3x°= 16x=6 
g f(x)=4x-3-2x h f(x)=5+6x- 3x i f(x)=4x+1- 3x 
Sketch the following quadratic functions, indicating the coordinates of the vertex. 

a fíx)=2x*-12x-5 b f(x)23x'-12x*7 c f(x)25x'— 10x49 
d f(x)=7+4x-x e fíx)=4x-5-3x f f(x)23x'-12x-5 
g f(x)24x-2-2x h f(x)=3x+2x°-5 i fíx)=4+3x-x 


Find the discriminant of the following quadratic functions and state the number of real roots of 
the equation f(x) — 0. 


a f(x)=3x*-5x+1 b f(x23x +6x+3 c fíx)=5x*—9x+4 
d f(x)2164-8x—-x e f(x)=8x-—3-3x f f(x) =2x*-3x+2 
g f(x) =5x-3-2x h fíx)=7x+2x?*-3 i f(x)=4+3x- 5x? 
Solve these quadratic equations by factorisation. 

a x +5x+6=0 b 2x°+9x+9=0 c 3x'*x-10z0 
d 3x'—2x—21-20 e 2x'-3x-5-0 f 2x°-5x+3=0 
g 4x+7x-15=0 h 5x+x-6=0 i 4x°+21x+20=0 
Solve the quadratic equations by completing the square. 

a x -6x+5=0 b 2x-x-6z0 c 3x’?+11x+10=0 
d 6*-7x+2=0 e 4x°+4x-3=0 f 4x°-16x+7=0 
g 9x*-36x+20=0 h 4x*-24x+11=0 i x*+6x+7=0 
Solve the quadratic equations by using the formula. 

a x-4x*1-0 b 3x +2x-5=0 C 3x'-4x-2-20 
d 6x*-4x-1=0 e 5x+4x-4=0 f 2x-16x+5=0 
g 2x?+7x+2=0 h 4%-5x-3=0 i 9x+20x+5=0 


Quadratic functions 





8 ‘The diagram shows the graph of the quadratic function y = ax + bx + c. 
In each of the following, sketch the graph of the quadratic 
function and use your sketch to solve the quadratic inequality. 
a (x#3)(x-2)<0 b x-x-12>0 
c 10+11lx-6x°2=0 d 4c-c-4x—15z0 


9 Á rectangle has sides of length (2x — 3) cm and (x + 4) cm. 
It has an area of 21 cm’. 


Find the dimensions of the rectangle. (2x — 3) cm 





10 Triangle ABC is such that angle BAC = 90? and AC — 5 cm. 
The perpendicular from A to BC meets BC at M. AM = 4 cm, and 
MC = 3 cm. Rectangle PQRS is drawn within the triangle. 


(x +4) cm 


a Ifthe height of the rectangle is x cm: 
25 
(i) show that SR m (4 — x) 


(ii) find the area of the rectangle in terms of x. 





b Complete the square and hence find the maximum area 
of the rectangle and the corresponding value of x. 
11 The diagram shows the graphs of y = 6 + 3x — x? and 
yor -5xt2. 
The line drawn shows the vertical distance between the 
two graphs. 
a Find the length of this line in terms of x. 


b Bycompleting the square, find the maximum value of the length 





of this line and the corresponding value of x. 
12 A farmer has 200 m of fencing from which to build a temporary 
pen, using an existing permanent fence, as shown in the diagram. 
If the pen is a rectangle, of width x m: eem 


Existing permanent fence 


a findthearea of the pen in terms of x 


b complete the square and find the maximum area of the pen and the corresponding value of x. 
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Quadratic functions 


Chapter 5 Test 1 hour 
1 Express 6— 4x — x° in completed square form a — (x + b)", and hence find the range of 
values of the function f: x» 6 — 4x- x^, xe R. [4] 
2 You are given the sets: X= 1x: x - 7x - 122 0] 
Yz-ziy:(y*3(y-2)(y* 1) 20j 
Z={z:27+z+2=0} 
a Find: 
(i)  n(X) [1] 
(ii) n(Y) [1] 
(iii) n(Z) [1] 
b Listthe elements of the sets: 
ü) Y [1] 
(ii) XUY [1] 
c Describe the set Z” in words. [1] 
3 It is given that f(x) = 4x? + 4x — 15. 
a Write the function f(x) in completed square form a(x + bY + c. [3] 
b Sketch the graph of |f(x)| for —4 = x = 4. [4] 
c Find the set of values for which the equation |t(x)|= has four distinct roots. [2] 
4 Find the set of values of k for which the function x^ + (k + 1)x - 2k - 2-20 has no real roots. [4] 
5 ‘The function f is defined asf: x => c CE, 
a Find: Á 
fi) f [1] 
(ii) f~ [2] 
b Solve the equation f*(x) = f'(x). [3] 
6 Find the set of values of k for which the curve y 2 —x^ + kx + k — 2 lies below the x-axis 
for all values of x. [5] 
7 Find the set of values of k for which the function f(x) = 6x^ + kx — k has two distinct 
real roots. [4] 
8 Sets X and Y are such that X= {x : x - 4x20] and Y = ly: y - y - 320]. 
Find: 
a n(X) [1] 
b n(Y) [1] 
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In this chapter we extend the theory of solving simultaneous equations to cover the case where one 
of the equations is quadratic. We use the theory of quadratic equations from Chapter 5 to investigate 
a physical representation of this idea, that of a line intersecting with a curve, or not in some 
circumstances. We also look at what it means to solve quadratic inequalities. 


6.2 Simultaneous linear equations 


You should know how to solve a pair of simultaneous linear 
equations such as 

2x+3y=18 [1] 

3x-y=5 [2] 
[here are two techniques that we use: substitution and elimination, 
shown respectively in Examples 6.1 and 6.2. 


. Example 6.1 


Solve the equations by substitution. 


Solution: 
In [2] 
Substitute for y in [1]: 2x+3(3x—5)=18 
2x-F9x— 152 18 
llx=33 
x=3 
Substitute for x in [2]: y=3x3-5 
y=4 
The solution is (3, 4). 


Example 6.2 


Solve the equations by elimination. 


simultaneous equations and inequalities 








93 





Solution: 


[2] x3 9x—3y215 [3] 
[1] + [3]: ly 33 
NI 
Substitute for x in [2]: 3x3—y-5 
y=4 


The solution is (3, 4). 


If we draw the graphs of the two equations, each 
point on a graph is a solution to that equation. The 
simultaneous solution is where the two graphs 
intersect, that is, at (3, 4). 

The idea that the solution of simultaneous 
equations is where the graphs intersect can 

be used in many other situations. 





6.3 Simultaneous equations: one linear, one non-linear 


We would normally use the substitution technique to solve equations like these. This would give us 
an equation with one variable only, which we then try to solve. Sometimes, this equation is quadratic. 
| Example 6.3 
Solve the equations and sketch the graphs. y=x+5x-9 [1] 
y=2x+l [2] 


2x+1l=x*+5x-9 
Simplify: O=x+3x-10 [3] 
Solve the quadratic: x-2-5 Or 
Find the corresponding values of y: 

y=-9 

Solutions are (—5, —9) and (2, 5). 
Notice the discriminant of the quadratic equation [3] is 49: 
b^ — 4ac = 3° — 4(1)(-10) = 49 
This is greater than 0, so there will be 2 distinct real solutions. 
This also means that there will be 2 distinct points of 
intersection, as shown in the sketch. 
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Example 6.4 
Solve the equations and sketch the graphs. 


24 
———3X — 6 
x 


Simplify: 24 = 3x! — 6x 
0-x'-2x-8 [3] 
Solve the quadratic: x=—2 or xa 
Find the corresponding values of y: 
y--6 y=3 
Solutions are (—2, —6) and (4, 3). 
Notice that the discriminant of the quadratic equation [3] is 36. 
Once again this means that there will be 2 distinct points of intersection as shown in the sketch. 





Example 6.5 
Show that the line y= 6x — 13 [1] is a tangent to the curve y = x + 4x — 12 [2] and find the 
| coordinates of the point at which the line touches the curve. 


Solution: Substitute [1] into [2]. 
6x—132x'*4x—12 
Simplify 0-x'—-2x-1 [3] 
The discriminant of the quadratic equation [3] is 0. 
Thus it has two equal real roots. 
[his means that there is only one point of intersection 
of the line and the curve. 
Thus the line is a tangent to the curve. 
Solve the quadratic x^ — 2x + 1 = 0: ysi 
Find the corresponding value of y: 
y= 





The line touches the curve at the point (1, —7). 
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Example 6.6 
Show that the line x + y= 12 [1] does not intersect the curve y =—x* — 3x + 10 [2]. 
Sketch the graphs. 


Solution: Substitute [1] into [2]. 
12-x-2—x!—-3x- 10 
Simplify 12+2x+2=0 [3] 
The discriminant of the quadratic equation [3] is —4. 
Thus it has no real roots. 
This means that there is no point of intersection 
| of the line and the curve. 





Exercise 6.1 
In questions 1 to 12, 
(i) determine whether or not the given line intersects or touches the curve 
(ii) if there is an intersection, find the coordinates of the points of intersection; 
if a tangent, find the coordinates of the point at which the line touches the curve. 


l y=5x-4 2 y=x+13 3 x+y=3 
y=2-3x #4 y=15+2x-x Y=i+2x+5 

4 y=2x+2 > 2y=x-12 6 /x+y+22=0 
y=x+3x-4 y=2x"+3x-4 y-x-x-6 

7 y-x-2 8 y=7-3x 9 x+y=3 
y=2x-3-3x* y=6-=x-x yz18-3x- x 

10 2x+3y= 20 ll y=2x+5 12 x+y=3 
xy=6 (x—2)(y-3)-8 xy=9 


13 The line x+ y= k intersects the curve y=x*— 5x 9. Find the minimum value of k for this to be true. 


14 The line 4y 2 3x + k does not intersect the curve y= x* + 2x — 2. Find the range of values 
of k for this to be true. 


15 ‘The line y 2x— 6 is a tangent to the curve y 2 x^ + kx — 2 for two values of k. Find these values of k. 


16 Jason is at a window 10 m above the ground; Kamal is on the ground directly below the window, 
holding a tennis ball. Kamal throws the ball vertically upward to Jason. The height of the ball, 
h, is given by h = ut — 4.91 where u is the speed at which Kamal throws the ball (in metres per 
second) and t is the time (in seconds) after which the ball has been thrown. 
a Find the minimum value of u for which Jason can catch the ball. 


b Findthe time of flight if Jason does catch the ball when it is thrown at this speed. 
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17 Faisal and Amrit are cousins. The sum of their ages is 17 and 
the product of their ages is 72. Find their ages. 

18 A rectangle has a perimeter of 50 cm and an area of 144 cm“. 
Find the length of the sides of the rectangle. 








19 The sum of the roots, p and q, of a quadratic equation is 15 and their product is 36. 
a Write down two equations showing the relationship between p and q. 
b Solve your equations to find the values of p and q. 


c What is the quadratic equation whose roots are p and q? 


6.4 The sign diagram 


Provided that an expression can be described as a product and/or quotient of linear factors, we can 
investigate the properties of the expression using a sign diagram. Factorised quadratic expressions 
are the simplest examples of this technique. 


. Example 6.7 


Investigate the sign of the expression (x + 3)(x — 4) for various values of x. 


Solution: 
Step 1: Find the critical valuesof x: x+3=0sox=-3 


Step 2: a Draw up the table. 








b Put in the zeros. 





c Put in the + and — signs. . 








Work out the products of the values of the expression in each section. These go in the 
last row of the table. 

The expression (x + 3)(x — 4) = 0 when x=-3 or x — 4. 

The expression (x + 3)(x —4) > 0 when x< -30or x > 4. 

The expression (x + 3)(x — 4) < 0 when -3 <x «4. 
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Example 6.8 
A | (x4-2)(x—3) 
Investigate the sign of the expression = for various 
(x+4)(5—x) 
values of x. 


AAA ee eee eee ee eee eee eee eee eee eee A AAA eee eee ee ee EE) 


Solution: 

Step 1: Find the critical valuesof x x+4=0sox=-4 
x+2=0s0x=-2 
x-3=0s0x=3 


5=x=0so0x=5 


Draw up the table. 


Put in the zeros. a 
Put in the + and — signs. s 


Notice that these zeros are on the bottom of the fraction. 


The expression = 0 when x = —2 or x= 3. 

The expression < 0 when x «—40r-2«x«3or x» 5. 
The expression > 0 when-4«x «-20r3«x« 5. 

The expression is undefined when x 2 —4 or x — 5. 





6.5 Quadratic inequalities 
6.5.1 Using the sign diagram 


| Example 6.9 
Find the solution set of the inequality (x  2)(1 — x >0. 


Solution: 
Step 1: Find the critical values of xx x+2=0s0x=-2 
1—x-0sox-l 
Step 2: Draw up the table. 
Put in the zeros. 
Put in the and — signs. 
Put in the products. 





The expression (x + 2)(1 — x) > 0 when -2 < x < 1. 
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Example 6.10 
Find the solution set of the ane anty (x+3)(3-—x)=0. 


Solution: 
Step 1: Find the critical values of x. x+3=0sox=-3 


Step 2: Draw up the table. | 
Put in the zeros. ES 





Putin the+and—signs. 4. , 
Put in the products. 








The expression (x + 3)(3 — x) = 0 when x = —3 or x = 3. 








6.5.2 Using the solutions of the equation 


Example 6.11 
Find the solution set of the Teque x —5x+6>0. 


solution: 
Step 1: Find the solutions of the equation. x — 5x+6=0 
x-20rx-35 


Step 2: Sketch the graph of 
yzx —5xt6. 





Choose the solutions. 











Exercise 6.2 
Draw sign diagrams for the following functions. 
| fíx)=x-3 2 fix)zx-2 3 f(x)=4-x 


4 f(x)-(x-2)x-2) 5 t(x)=(x+3)(x-4) 6 f(x) =(x+1)(4—x) 
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7 f(x)-(x-2)(x- 5) 8 f(x)-2(x-3)x- 4) 9 f(x)-(3-—x)Y(6- x) 


e+] (x+ 3)(x —5) (x +3)(x +5) 
Solve these inequalities using a sign diagram. 
13 (x-2)M(x-5)>0 14 (x+5)(x-1)<0 15 (x+6)(x+1)>0 
16 (x 1)(4—x) «0 17 (x -2)(x—-3) #0 18 (2—x)(x-4)—0 
19 6+x=x 20 8+x*>6x 21 x'c- 4x25 
22 0«6x #x—2 23 4x’ +5x = 6 24 5x°>7x+6 
25 6x+4=x 26 x°+5x<4 27 x*+1 26x 
28 Ax -3 «2x? 29 3x! € 9x+4 30 4x°+3< 10x 


31 A gardener is laying out a rectangular lawn. His specifications are that the area must be greater 
than 40 m? but the perimeter must be less than 40 m. 
If the width of the lawn has to be less than its length, find the range of possible values for the 
width of the lawn. 


Summary 
Definition Simultaneous means “at the same time’. Thus, this means to find values of 
the variables that are solutions to both equations at the same time. 
Solving equations Given a linear equation y = f(x) and a quadratic equation y = g(x), 
eliminate the y to get f(x) = g(x). This will be a quadratic equation to solve. 
For a quadratic equation, test the discriminant to find the number of roots. 
The discriminant test When trying to solve a problem involving a line and a curve, there are 
three possibilities: 
(b^ —4ac) » 0 (b^ — 4ac) 20 (b^ — 4ac) « 0 
2 solutions; 2 equal solutions; no solutions; 
line cuts the curve line is a tangent line misses the curve 
Inequalities The rule for solving inequalities is the same as for equations. "Do the same 


thing to both sides - except, do not multiply or divide by zero or a quantity 
whose value you do not know (it might be zero) and, if you multiply or divide 
by a negative quantity, reverse the direction of the inequality (or equation). 
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The sign diagram 


Quadratic inequalities 


whether the function value is positive or negative by using its factors. 


e.g. (x+2)(1—x)>0 





when it is positive and when it is negative. 
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1 


Determine whether or not the line intersects the curve, touches the curve, or does not intersect 


the curve. 

a y=3ix+2s yoxr-8x+5 b y=x-5; y-x*-12x-4 
c 4x+y=18; yz8-8x-3x d y=6x+8; y=3x*+12x+7 
e x+y=5; y=4-3x-x f x4y-1; ENTE 
g x+y=4; xy =8 h 4x+y=16; Xy = 16 

Find the coordinates of the points of intersection of the lines and curves. 

a y=3ix+9; y=3x+6x+3 b x+y=6; y=5x°+4x-4 
c y=4x—13; y-4x — 24x+ 11 d 2x=y+6; y=4x-2-2x 
e y=x+15; y=3x — 2x- 21 f y=5x-16; y=2+7x+2 
g y-x-t35; xy=10 h y=2x-4; xy — 16 

Find the coordinates of the points where the lines touch the curves. 

a 5x47; y-2x-x-5 b 4x+y=9; y-8x-3-3x 
C y-l4x-81; y-3x' —16x—6 d y-5x— 10; 3y=x F5x—25 
e 6x+y=-4; 2y=x-8x-4 f 2x+y=9; yz8-4x- x 
g 3x+4y=24; xy=12 h 5x+4y=-40; xy=20 
Factorise these expressions and use a sign diagram to solve the given inequality. 

a f(x)2x'—x-20; f(x) > 0 b f(x)2x-—-3x-18; f(x) «0 
c f(x)=6x*-x-2; f(x) «0 d f(x)23x'—13x—10; f(x) #0 
e 1x)-:1245x—-2x'; f(x)=0 f f(x)=15+x-2x; f(x) = 0 
g fíx)=7x-5-2x*; f(x)>0 h f(x)216x—-16—3x'; f(x)<0 


simultaneous equations and inequalities 


When an expression has been fully factorised, use a sign diagram to test 


You can use your knowledge of the shape of the function to determine 











12 


13 


14 


15 


Draw a sign diagram for the following functions. 








a fa) 23 b f= °— 
x+2 xl 
f(x) = (x+1)(x = 3) d f(x) = (x * 3)(2— x) 
x+2 x-—1 
3—4 x+1 
(i= —— E 
E (x+3)(x +1) e) (x + 4)(x — 2) 
| | (x - 3(x + 2) an, E332) 
5 R= e Dé) E pm ms 


Find the range of values of the constant c such that the line 2y = 7x - c meets the curve 

2y=x° — 5x +6 at two distinct points. 

Find the coordinates of the points where the line 4y = 7x + 1 intersects the curve 

x!— 2x y! — Ay — 60. 

Find the coordinates of the point where the line 5x — 6y = 0 meets the curve x? — y = 11. 

Find the range of values of p such that the line y = 2px — p intersects the curve y = x. 

Aishya and Suhasini are sisters. Aishya is the eldest. The sum of their ages is 15 and the product 
of their ages is 54. Form two simultaneous equations relating their ages and solve them. 

The perimeter of a rectangle is 38 cm and its area is 84 cm”. Find the dimensions of the sides of 
the rectangle. 

The sum of the roots of a quadratic equation is 2 and the product of the roots is —35. 

a Write down two simultaneous equations connecting the roots, a and b, and solve them. 

b What is the quadratic equation that has these two numbers as roots? 

In order to produce a new ice cream flavour, the manufacturer mixes x kg of mango pulp with 


y kg of kiwi fruit pulp in such a way as to satisfy the following equations. 

x+y=13 and neopets 

a 

a Solve these equations to find corresponding values of x and y. 
b Which solution is not practical? 
A rectangular tile has dimensions x cm and (8 — x) cm. Given that the rectangles area must be at 
least 12 cm”, find the set of possible values of x. 
A gardener is laying out a new rectangular lawn. The specifications given to the gardener are 
as follows: 

e the area must at least 40 m? 

e the perimeter must be 44 m 
What are the minimum and maximum lengths of: 
a theshorter edge of the lawn 


b thelonger edge of the lawn? 
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1 


Find the coordinates of the points of intersection of the curve 4y* — 8y = x^? — 4x + 7 and the 


straight line 3y = 2x — 1. [5] 
Find the coordinates of the points where the line 3x + 4y = 15 intersects the curve 2xy 2 9. — [5] 
Solve the simultaneous equations. 2 + l =] 

x y 

x-2y =6 [5] 


Find the set of values of m for which the line y= mx intersects the curve 
x^ +y — 20x — 10y 100 — 0. [5] 


Find the set of values of m for which the line y = mx does not intersect the curve 

y= 3x* — 12x +3. [5] 
The line 3y = 2x —4 meets the curve x^ — 4x — 2y! + 2y — xy + 9 = 0 at the points A and B. 

Find the coordinates of A and of B. [5] 
The line 3y = 2x — 19 intersects the curve 4x7 + 9y’ — 16x + 54y + 61 =O at the points A and B. 
Find the coordinates of A and of B. [5] 
The line 2x + 3y + 6 = 0 meets the curve xy + 12 = 0 at the points A and B. 

Find the coordinates of A and of B. [5] 


Examination Questions 


i 


Find the values of m for which the line y= mx — 9 is a tangent to the curve x? = 4y. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P1, Qu 2] 


Find the values of k for which the line y = kx — 2 meets the curve y? = 4x — x. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P1, Qu 1] 


Find the solution set of the quadratic inequality 


(i) #-8xt12>0 [3] 
(ii) x3 — 8x « 0. [2] 
Hence find the solution set of the inequality | x? — 8x 6| « 6. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P2, Qu 6] 


Find the values of k for which the line x + 3y = k and the curve y* = 2x + 3 do not intersect. — [4] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P1, Qu 1] 


simultaneous equations and inequalities 
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11 


12 


14 


Find the values of k for which the line y = x +2 meets the curve y + (x+k)?=2. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P2, Qu 4] 


Find the set of values of x for which (x — 6)* » x. [3] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 1] 
Find the values of the constant c for which the line 2y = x + c is a tangent to the curve 
6 
y=2x+-—. [4] 
X 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P1, Qu 3] 
a Find the value of m for which the line y = mx — 3 is a tangent to the curve y 2 x - — 
" 
and find the x-coordinate of the point at which this tangent touches the curve. [5] 
b Find the value of c and of d for which [x : -5 < x < 3} is the solution set of x + cx < d. [2] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P2, Qu 7] 
A triangle has a base of length (13 — 2x) m and a perpendicular height of x m. 
Calculate the range of values of x for which the area of the triangle is greater than 3 m’. [3] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P2, Qu 1] 
The line y= 3x + k is a tangent to the curve x^ + xy + 16=0. 
(i) Find the possible values of k. [3] 


(ii) For each of these values of k find the coordinates of the point of contact 
of the tangent with the curve. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P1, Qu 3] 
Find the coordinates of the points where the straight line y= 2x — 3 intersects the curve 
x+y + xy + x= 30. [5] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P2, Qu 3] 
Find the set of values of x for which (2x + 1)? > 8x 4 9. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P1, Qu 2] 


Find the set of values of m for which the line y= mx + 2 does not meet the curve 
y=x —5x- 18. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P2, Qu 3] 


Find the values of k for which x^ — 2(2k+ 1)x + (k - 2) 2 has two equal roots. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P1, Qu 3] 
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In this chapter, we investigate the expansion ot (a + b)" for positive integer values of n. Later, if you 
study Mathematics at a higher level, you will meet the problems created by asking if the theory can 
be extended to cover negative or rational values of n. For now, we focus on the simpler cases. 

The process leads to a series. Series of different varieties were very important in the days before 
electronic calculation because using them was the only way that many mathematical functions could 
be calculated. Indeed, your calculator uses them without you realising it. 


MS 
| , pm 


7.2 Powers of (a + b) 


We can express powers of (a + b) by expanding the brackets 
as follows: 





(a+ by =(a + b(a + b) =a -2ab b 
(a+ b = (a + b(a + by =a + 3a*b+ 3ab? + b? 


and so on. 
Note how the coefficients in the exapansion are formed. 
2=1+1;3=2+1and3=1+2. 





These are just the sum of two coefficients in the previous 
expansion. 


7.3 Pascal's triangle 


We can extend the process to create this triangle of coefficients. Each rows inner elements are 
formed by adding pairs of numbers in the previous row. Here, 6 + 15 = 21. Each row's outer 
elements are always 1. 


1 
1 | 
l 2 l 
1 3 3 l 
1 4 6 4 l 
l 10 5 l 
1 20 15 6 1 
l 7 EN 21 7 l 





Exercise 7.1 


Expand the following by mutiplying out the brackets and compare the coefficients with the values in 
Pascals triangle. 


1 (a+b) 2 (atb} 3 (a+b) 4 (a+b) 
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7.4 Combinations 


When we are calculating (a + bY = (a + b)(a + b)(a + b), we have to choose one element from each 
bracket and multiply them together. 
We get the following: 


Number of 
ways to choose 


"C Or a (sl) 


°C, or °C, (=3) 
°C. or 'C = 3) 
| €, or °C, (= 1) 





So (a + b =°C, a+ °C, db +°C, ab? + °C, b 


= 2+ 3a’b + 3ab + b 





Exercise 7.2 


Use the C button on your calculator to check that the results are, in fact, the same as those given by 
Pascal's triangle. 


7.5 Expanding binomial expressions 


Example 7.1 
Expand (a + b)*. 


Solution: 
Step 1: Write down the terms. Powers of a reduce from 6 to 0, powers of b increase from 0 to 6. 
(a+b) =| Jæst| lab | Jat «| Jab +| þat #| Jab «| ]b* 
Step 2: Write in the numbers from the correct row of Pascals triangle or the binomial 
coefficients *C . 
(a+bJ=la +64b -15a'b? +20ab? +154b* +6ab” lb“ 
or 
(ab —'C EC GG a rm 


or 


(a+b) - (6 a +$ Jato (5) De «(Se «(5 jet a + © or 


Step 3: Ifyou have used binomial coefficients, work them all out. 
(a+ b) =a" + 6a°b  15a'b* + 20a°b? + 15a? b! + 6ab” + b* 


6D AAA 





The binomial theorem 





Exercise 7.3 

Find the binomial expansion of the following expressions. 

l (a+b) 2 (1+x) 3 (B+x) 4 (Q+x) 
7.6 The binomial theorem for a positive integer index 


(a+b): = 9 Ja" 4t "be no tree (Je 


This is just a formal way of writing down the results we have just derived. 


Wh )- 
e PI r(n-r)! 


Exercise 7.4 


Using the formula for "C , confirm the following results. 














l HE » (5-92 á pu 6x5x4 
h 2) 2 

& | ls 5 (19). E - aa 

af a 

7 (2?) =20 " (20, 20x19 . 2. 20x19x18 
E Z) Y 

10 (t jun 1 (5) - S Ji )- na 2) 
2 2! 
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7.7 More complicated expressions 


You should take care when expanding more complicated expressions. Á good rule is "Do not do too 
much all at once. Take your time!" 
Example 7.2 
Expand (2 — 3x)’. 
| Solution: 
Step 1: Write down the terms. Powers of 2 reduce from 4 to 0, powers of (-3x) increase 
from 0 to 4. 


At this stage, do not work out any coefficients, just get the terms down. 


(23) =| |]2'«| |2(C 33) 4| |]2 C 3x 4| |]2( 3x) 30) 


Step 2: Write in the numbers from the correct row of Pascals triangle — or the binomial 
coefficients 'C . 


(2—3x)21-2*-4-25(-3x) +6 - 2(-3xP #4 - 2(-3xP + L- (-33)' 


Step 3: Calculate the coefficients and the signs. 
(2 — 3x)! 216 — 96x + 216x? — 216x + 81x" 





Example Ls 


Expand (1 — 2x)'* in ascending powers of x as far as the term in x^. 


Solution: 





Step 1: Write down the terms. Powers of 1 reduce from 16 to 13, powers of (-2x) increase 
from 0 to 3. 
At this stage, do not work out any coefficients, just get the terms down. 


(1-2x)52[ ]r'ée[ ]i5( 72: [| 12x) +] AR +... 


Step 2: Write in the binomial coefficients *C. 
16x15 16x15x14 


| 16 — 416 , Spy. i. 
(1-2x) -1*- 16:1" (2x) 5, 7 


[P(e +... 


Step 3: Calculate the coefficients and the signs. 
(1-2x) 21-32x--480x? — 4480x? +... 
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Example 7.4 


Using the result from Example 7.3, find 0.998'* correct to 6 d.p. without using a calculator. 


SO ee ee eee eee ee ee ee ee ee ee ee ee 


Solution: 

(1 — 2x) = 0.998 when x = 0.001 

From Example 7.3, 

(1 -2x)=1 — 32x + 48022 — 4480x? +... 

Substituting x = 0.001 gives 

(0.998)'* = 1 — 0.032 + 0.00048 — 0.00000448 +... 
— 0.968476 (correct to 6 decimal places) 





Example 7.5 


Find the term in x^ in the expansion of (3 — 4x)’. 
| ee ee ee ee ee ee ee ee ee ee ee eee eee eee ee ee eee ee eee eee ee eee eee eee eee eee eee eee ee ee oe 


Solution: 


The term in x* must be TC. (3) C-4xy 


Notes 1: the power of the x term is 3 

2: the powers sum to 7 so the other power is 4 

3: the binomial coefficient is ‘C, 7 from the question, 3 from the power of x. 
The term in x^ is -181 440x. 





Exercise 7.5 
1 Use the binomial theorem to expand each expression. 
a (1-xy b (1-2xy e Qe) d (3-23) 
d ; 5 F "EE 3 3 
e ur) f (2-22) g (243x) h (5 
2$ y 4 | 4 5, 
A ! „3 
i (34x) j (2-3xy k ei | (4-xy 
1 yd 5 „3 i 
m [2-2] n (3132) o um) p (2432) 
2 | 4 y 2 


2 Use the binomial theorem to expand each expression. 


ms Í ; 1 VÀ s 6 
a i-i b (+2) c =| d (x-2) 
X x X, 
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Find the coefficient of the term indicated in the square brackets in the expansion of each 
expression. 

a (3-2xP? [x b (1-2x)? [x] C (2-2) [x] d (1-x)* [x"] 
e (14-2x)? [x!] f Q-xP [x*| g (2-3x)? [x] h (3-2:x)^ [x^] 


4 Expand these series in ascending powers of x as far as the term shown in the square brackets: 

a (1—324)" [x] b (29x)" [pel c (1-3x)" |) d (1+2x)*Ħ [x*] 
1 12 1 16 1 15 

e (142x)" [x] f Cea [x^] g (25% [x] h (1-5x) per 


By choosing a suitable binomial expansion of the form (1 + kx)" and a suitable value of x, find 
each of the following correct to 3 s.f. 


a (1.01) b (0.98)? c (103)' d (0.998) 


Example 7.6 
a Expand (1 +u). 


b By substituting u = x t x^, find the expansion of (1 Txxby. 


Solution: 

a (1+0'=1+3u+3u'+u' 

b (1*x-xy21-43(x4x)-3(xtxy-(xM4xy 
=143(x +27) + 30 + 2x8 + x4) + (8 + 3x* + 326 4 x5) 
lt tó FO Far tx 


Example 7.7 
a Find the first four terms, in ascending powers of x, of the expansion of (3 + x)*. 
b Use the result to find the coefficient of the term in x? in the expansion of (1 — 2x)(3 + x)’. 


Solution: 
a (34x)65235-E6.9x + 15.3152 420.35 +... 
= 729 + 1458x + 1215x? + 540x? +... 
(I—2x)y(3-x) x | 729 14 1215 540% 
5405 
—2430x 
So, the coefficient of x? is - 1890. 
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Example 7.8 


| | NE 
Find the term independent of x in the binomial expansion of | #5) : 
x 


ee ee ee ee a a 
solution: 
2 F 
z = * 12 12-r .,| 
Ihe general term of the expansion is I (3 
x 


12 12-3 
— Cz X F 


The term independent of x is the term in x”. 
So12-3r=0 
r=4 


The term independent of x is "C, 2*=7920 





Exercise 7.6 
1 a Find the expansion, in ascending powers of u, of (1 + u)". 
b By substituting u = x + x’, find the expansion of (1 + x + x°)". 
1 10 
2 Find the term independent of x in the expansion oreet 
3 a  Findthe first four terms in the expansion, in ascending powers of x, of (1 — x)*. 
b Find the coefficient of x? in the expansion of (2 — 3x)(1 — x)’. 


l 


12 
4 Calculate the term independent of x in the binomial expansion ore E) 
| x 


5 Find the coefficient of x^ in the expansion of (2x — 1)(3x+ 1). 
6 a Find the expansion, in ascending powers of u, of (1 — u)’. 
b By substituting u = x — x’, find the expansion of (1 — x 4 x^). 
Ay 
7 a Expand ( x—— i 
| E - 


: | | E E 
b Find the value of k that creates a term of 140 in the expansion of(k— 2x [^ -2 i 
Á , 


8 The binomial expansion of (1 + ax)", where n > 0, in ascending powers of x, is 
] + 20x + 45a"x* + bx t... 


Find the value of n, of a and of b. 
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Summary 


Definition A binomial expression is one that is of the form (a + bx). 
It is another name for a linear expression. It has two terms, hence “binomial”. 
The binomial theorem is concerned with finding (a + bx)" for different 
values of n. 

Expanding (a + b)" The terms in the expansion will be: 
a qb gt db... quU ast p 


The sum of the indices for each term is n. 


Binomial coefficients There are two ways to find these: using Pascals triangle, or the formula for 
combinations. 
Pascal's triangle Suitable for small values of n. 
| 
l l 
1 2 1 
I 3 3 l 
] 4 6 4 | 
l 5 10 10 5 l 

Combinations The values in Pascal's triangle are exactly the same as values of "C. or b ) 


n n! 
tata _ 
A r(n-"r) 





= n n| n(n-1) fn) n(n—1)(n—2) 
Small values of r aJ” 2]^ 3x 3 = 3l 
i i A H H n n=l] n n-2y 2 Es n-313 

Binomial expansion (a+b) =a” + Ja b+ 5 |á b^ + 3 Ja b +... 
Answering questions Remember to write down the expressions first. 


Do not work out any coefficients at this stage. 

Then, in the next line, calculate all the coefficients. 

There are marks in the exam for writing down the expressions. 
Do not lose them by trying to do too much at the same time. 


Approximations Choose a suitable value of x to give you the answer you need. 
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Chapter 7 Summative Exercise 


1 ‘The 9th row of Pascals triangle is 
| 9 36 84 126 126 84 36 9 l 
What is the 10th row? 


2 Expand the following using coefficients from Pascal's triangle. 


a (a+b) b (a+b) c (a+b)" 
3 Expand the following using coefficients from Pascal's triangle. 
a (l+x) b (1-xY c (24x) d (x-2) 
n(n — l)(n- 2) 


4 Write out the following using the formula. Write the answers in the form 
r! 


Að » (3 AÐ Að 


5 Usethe binomial theorem to expand these. 
a (l-x) b (2x-1)' c (3-xy d (2—3x) 


6 Use the binomial theorem to expand these. 


“5 , 4 X6 5 
(no is) [S (e 
x X x^ | x 


7 Find the coefficient of the term indicated in square brackets in the binomial expansion of these. 
a (243x)^ [xl b (1-2x)" [x5] c (3+2x)" [x^ 


d (Qx-1»? [x] e E - : [x*] f C > L) [x] 
E x 


8 Expand (1+ 2x)? as far as the term in x’. 
By letting x = 0.01, find the value of 1.02* correct to 6 d.p. 


12 

Fa A | : 

9 Expand É — - as far as the term in x ^. 
x 


By letting x = 100, find the value of 1.99” correct to 5 d.p. 


10 a Expand (2 — 3x)° as far as the term in x. 
b  Usethe result to find the coefficient of x? in the expansion of (1 + 2x)(2 — 3x)’. 


lla Find the expansion, in ascending powers of x, as far as the term in x, of (1 — 2x)”. 


m 


Use the result to find the coefficient of x^ in the expansion of (2 — 3x)(1 — 2x)*. 
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12 


13 


14 


15 


16 


17 
18 


19 


20 


a Use the binomial theorem to find (1 + 42)* in the form a + b 42. 


Use the binomial theorem to find (1 — J2) in the form a + b V2. 
c Multiply your results together and hence show that (1 Jay and (1 — 2) 
are reciprocals of each other. 
The binomial expansion of (a — x)", where n > 0, in ascending powers of x, is 
531441 —2125764x + 3 897 234° +... 
Find the value of a and the value of n. 


Find the coefficient of x^ in the expansion of (2 — x)' (1 + xY. 


á | E 
Find the term independent of x in the expansion of G — =| 
x 


Find the term independent of x in the expansion of [s + 2) 
" 


In the expansion of (a + x)", the coefficients of x and x are equal. Express n in terms of a. 
The first three terms, in ascending powers of x, of the expansion of (a + bx)(1 — 2x)’ are 
3 — 40x cx“. Find the values of a, b and c. 

The first three terms of the expansion of (a+ b)" are p, q and r. 

a  Findp,qand r in terms of a, b and n. 

b Findnifp=10,q=1Sandr=9. 


The first three terms in the expansion of (1 + ax)" are 1 — 14x + 842°. Find the value of a 
and the value of n. 
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1 


2 


3 


4 


a In ascending powers of x, find the first three terms in the expansion of (1 +2x)”. [3] 

b Hence find the coefficient of x^ in the expansion of (1 + 2x)*(1 + 2x — 3x’). [3] 
1 12 

Find the term independent of x in the expansion of (+ - +] . [3] 

a Expand (2+<x)*+(2 —x)*. [3] 

b Using the substitution u = x’, solve the equation (2 + x)* + (2 — x)*= 626. [3] 


Find, in its simplest form, the coefficient of x' in the expansion of: 
a (1+2x) [2] 


5 * 10 
b E +=] (2] 
X 


The binomial theorem MiG 





5 a In ascending powers of x, find the first three terms in the expansion of (3 + 2x)’. (2 | 


b In the expansion of (3 + 2x) (a + bx)”, the constant term is 1944 and the coefficient 


of x? is —256. Find the value of a and the value of b. [4] 
6 a Find the coefficient of x! in the expansion of (3 — 2x)'. [2] 

Find the coefficient of x* in the expansion of (2 + x)(3 — 2x)’. (3 | 
7 a Given that n is a positive integer, write down the first 3 terms, in ascending powers of x, 

in the expansion of | = > +) [3] 

b ‘The coefficient of x in the expansion of (1 + x) | 1 — A x| is * 
Find the value of n. | |4] 
10 
8 Find the term independent of x in the expansion of f — =| [3] 
" 


Examination Questions 
l Find the first 3 terms in the expansion, in ascending powers of x, of (2 + x)? and hence 
obtain the coefficient of x? in the expansion of (2 + x — x°)‘. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P2, Qu 2] 
2 (i) Find the first 3 terms in the expansion, in ascending powers of x, of (2 — x)’. [3] 


(ii) Hence find the value of the constant k for which the coefficient of x in the expansion 
of (k-- x)(2 — x)? is -8. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P1, Qu 3] 





3 Obtain 
(i) the first 3 terms in the expansion, in descending powers of x, of (3x — 1) [3] 
(ii) the coefficient of x* in the expansion of (3x — 1)(2x 1). [2] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P2, Qu 5] 
| | | pos 
4 a Calculate the term independent of x, in the binomial expansion zi x— AcE j [3] 


b Inthe binomial expansion of (1 + kx)”, where n = 3 and kis a constant, the coefficients 
of x* and x^ are equal. Express k in terms of n. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P1, Qu 9] 
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11 


Given that the expansion of (a + x)(1 — 2x)" in ascending powers of x, is 3 — 41x + bx? +... 
find the values of the constants a, n and b. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P1, Qu 5] 


a (i) Expand (2 + x). [3] 
(ii) Use your answer to part (i) to find the integers a and b for which (2 + J3y 
can be expressed in the form a + b4/3. [3] 
Vr cM 
b Find the coefficient of x in the expansion of |= =] [3] 
X 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P2, Qu 11] 
The binomial expansion of (1 + px)", where n > 0, in ascending powers of x, is 
1-12x--28p x + qx +... 
Find the value of n, of p and of q. [6] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P2, Qu 5] 


(i) In the binomial expansion of +5) , where k is a positive constant, the term 
independent of x is 252. sl 
Evaluate k. | [4] 
y k 8 
(ii) Using your value of k, find the coefficient of x* in the expansion o ] — = | X +] = fB] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P2, Qu 8] 


\6 
Given that the coefficient of x in the expansion of (k+x)| 2- 3 is 84, find the value 
of the constant k. | 


[6] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P1, Qu 6] 
(i) Find the first 3 terms, in ascending powers of u, in the expansion of (2 + u)’. [2] 
(ii) By replacing u with 2x — 54”, find the coefficient of x^ in the expansion of (2 + 2x — 5x'y. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P1, Qu 4] 
(i) Expand (1 +x)’. [1] 
(ii) Hence express (1 J2)5 in the form a + bV2, where a and b are integers. [3] 
(iii) Obtain the corresponding result for (1 — 42) and hence evaluate (1 + V2} + (1 — 42). [2] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P2, Qu 5] 


The binomial theorem 





12 Find the coefficient of x? in the expansion of 
li} (Le3x [2] 
(ii) (1 —4x)(1 + 3xy [3] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P2, Qu 5] 
13 (i) Find, in ascending powers of x, the first 3 terms of the expansion of (2 — 3x). [3] 
The first 3 terms in the expansion of (a + bx)(2 — 3x)” in ascending powers of x are 
64 — 192x + cx’. 
(ii) Find the value of a, and of b and of c. [5] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P1, Qu 9] 


14 Find the coefficient of x* in the expansion of 


(i) (125) [2] 
(ii) [1-= Jaezoy [3] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P2, Qu 4] 

b 
15 (i) Find the first four terms, in ascending powers of x, in the expansion zi 0-2) [4] 
(ii) Find the coefficient of x? in the expansion of (1-- x) | 2— T : [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P2, Qu 2] 
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In the last chapter, you looked at the Binomial theorem. 


It is called “binomial” because the expression (a + bx) has 2 terms. 

Similarly, the expression (a + bx + cx’) is called a trinomial, although, for other reasons, we call it a 

quadratic. 

Extending this idea, we get the term polynomial. “Poly-” comes from the Greek for “many”, without 

specifying exactly how many. 

While the ideas presented here can be extended to polynomials with a large number of terms, the 
por B 

most that you are likely to meet are those extending to x^ or possibly x". 





8.2 Polynomial division 


What do you get when you divide (x! + 3x? +61 + 5x +5) by (xc - x * 1)? 
If x = 10, this would become 13 655 + 111 which you could calculate by long division. 
Compare these two long division problems. 


12 3 x^ -2x +3 
111)13655 x!-xl)x' + 3x, 6x -5x 5 
EI e ce e »* LL d 
13554 2x! + 5x! 5x d 
22354 2x! + 2x? +2x + 
335 ax! #3x 5 

333 ax! +3x +3 

2 Remainder 2  Remainder 


In fact, they are identical when x = 10. 

However, there is an important difference: 

When dividing one integer by another, we say, for example, "How many times does 111 divide into 
136? 5 giving the answer 1. 

When doing the equivalent polynomial division, we say "How many times does x^ divide into x^?', 
giving the answer x“. 

It does not matter about the (+x + 1) nor about what follows x*. Only the first term is important. 
Sometimes when you do polynomial division, there are negative terms and the subtractions give you 
negative results. Don't worry; after a bit of practice, dealing with these will become simple. 


Example 8.1 


Divide 3x? - 2x - x —3 by x * 2. 


Ies mn 8 5 BOB BOB BOB B B B B B B B B B B B BOB B b B BOB B BOR eee eee eee eee LE E 5» & w& "oS BOB Bo BOB B M B B B B B B BOB BR. 5656506046 = = $$ = = 


Solution: 


3x^ — 8x +17 
x + 2)3x° — 2x? 4+ x —3 
3x° x (x + 2): 3x° + 6x! d Ll 1 How many times does x divide into 3x*? 
Subtract -8x +x L 
—8x x (x + 2): — 8x! -16x J 2 How many times does x divide into —8x?? 
Subtract 17x — 3 
17 x (x42): 17x +34 3 How many times does x divide into 17x? 
Subtract — 37 
So the quotient is 3x° — 8x + 17 and the remainder is —37. 
Check: (x + 2)(3x? — 8x + 17) - 37 = (3x2 — 8x? + 17x) + (62° — 16x + 34) — 37 
=3x°-2x°+x-3 
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Exercise 8.1 
Find the quotient and the remainder when the polynomial is divided by the expression 
in square brackets. 





| 2x°4+3x°4+4x4+2 [x+3] 2 3x°4+2x°+4x-3 [x+2] 

3 2x'-3x--4Ax-2 [x+1] 4 x-32-2x-1 [x+4] 

5 x't2x'—-x-2 [x +1] 6 2x°-—3x°+4x4+5 [x42] 

7 2x-3x--4Ax-2 [x+3] 8 3x-2x-4x4+3 [x+4] 

9 2+3+4x+2 [x-1| 10 3x°+2x°+4x-3 [x-—4] 

11 2x -3x'—4x-2 [x-3] 12 x'-3x:'-2x-1 [x-2] 

13 x? -*2xY!—-x-2 [x:— 3] 14 2x°-3x°+4x4+5 [x-4] 

15 220 3x -4x-2 . [x- 1] 16 3x-2x'—-4x-3 [x-2] 

17 2x -33 *4x-2 J|x'x-x-1] 18 3x;—-2x^ —Ax 43  [x* —x— 1] 
19 x'-2x'—-3x-4 [x'—-x-1] 20 2-3 -x-2 [|x-x-ll 
21 20 +3x+4x+2 [x'-*2x- 2] 22 3x°-—2x°-—4x4+3 [x'—3x— 1] 
23 +2x-3x+4 [xi—-2x-1] 24 2x°-3x°-x-2 [x--x-2] 
8.3 The division algorithm 

When you divide 35 by 4, you get 8, remainder 3. 

So = =8, Remainder = 3 ~=Q Remainder = R 


We can also write this as 





35=4x8+3 N=DxQ+R 
When applied to polynomial expressions, you get exactly the same sort of results and the formula 
still applies, but every element is a function of x. 


f(x) = D(x) x Q(x) + R(x) 


However, when we say the remainder must be less than the divisor, what does it mean? 
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We cannot say (from Example 8.1) that —37 < (x + 2) because it might not be true. 
This statement must be changed to: 


The degree of the remainder must be less than the degree 
of the divisor deg(R) < deg(D) 


Thus, if the divisor is linear (degree 1), the remainder must have degree 0. It must be a number. 





Check: Look at your results from Exercise 8.1. 
In questions 1 — 16, the remainders were numbers. 


In questions 17 — 24, the remainders were linear or a number. 


8.4 Theremainder theorem 





f(x) = (x— a) x Q(x) +R 
Furthermore, if we substitute the value x = a, we get 
f(a) 2(a—a)xQ(a) +R 
—R since (a — a) 2 0 
In other words, we have a way of finding the remainder without doing the division. 


This result is important and is called the Remainder Theorem. 


E (=a xOWeR 





Then f(a) = R 


Exercise 8.2 
In each of these questions, taken from Exercise 8.1, identify the value of a from [x — a] and calculate 
f(a). Check that your answers agree with your results from Exercise 8.1. Note: some values of a are 


negative. 

1 f(x)22x' +3x +4x+2 [x+3] 2 f(x)23x'-2x'-4x—-3 [x+2] 
3 f(x)-2x-3x-4x-2 [x+1] 4 f(x)2x-—3x'-2x-1  [x-*4] 
5 f(x) =x°+2x°-x4+2 [x+1] 6 f(x)=2x°-3x7°+4x4+5 [x+2] 
7 f(x22x-—-3x -4x-2 [x+3] 8 f(x)=3x°-2x°-4x4+3 [x+4] 
9 f(x) =2x0°+32x°4+4x4+2 [x-1] 10 f(x)23x'-2x'*4x—3 [x-4] 
1 f(x) =2%4+3x-4x-2 [x-3] 12 f(x) x!'—-3x'-2x-1  |x-2] 
13 f(x)2x'-2x'-x-42 [x — 3] 14 f(x) 22x 3x - Ax -5 [x— 4] 
15 f(x) 22x' - 32 -4Ax-2 . [x— 1] 16 f(x) 23—2x'-4Ax-3 [x-2] 
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Find the remainder when the function f(x) is divided by the expression in brackets: 
17 f(x) 22x'- 3x? #4x—2 [2x-—1|] 18 f(x) 23 —2x'-4Ax--3 [3x-2] 


19 f(x)=x°+2x°-x+2 [2x + 3] 20 f(x) =2x°-3x7+4x+5 [3x41] 


Example 8.2 


When the cubic polynomial f(x) = x^ + ax’ + bx + 3 is divided by (x — 2), the remainder is 7 and 
| when it is divided by (x — 3) the remainder i is 15. Find the values of a and b. 
Solution: 
Using the remainder theorem: f(2) = 8 + 4a - 2b - 3-7 
and f(3) =27+9a+3b4+3=15 
[1] gives 4a+2b=-—4 
[2] gives 9a - 3b — —15 








| Solving the simultaneous equations: a = —3 and b = 4 





Exercise 8.3 


1 When the polynomial f(x) = 2x? + 3x^ + ax + 2 is divided by (x — 1), the remainder is 8. 
Find the value of a. 


2 When the polynomial f(x) = 31" + ax’? + 4x — 3 is divided by (x + 1), the remainder is —5. 
Find the value of a. 


3 When the polynomial f(x) 2 x? — 3x? — 2x + a is divided by (x — 2), the remainder is 1. 
Find the value of a. 


4 When the polynomial f(x) = ax? + bx — 4x + 6is divided by (x — 2), the remainder is —6. 
When it is divided by (x + 1), the remainder is —3. Find the value of a and the value of b. 


5 When the polynomial f(x) = x* + ax” + bx — 2 is divided by (x + 1), the remainder is —4. 
When it is divided by (x — 3), the remainder is — 8. Find the value of a and the value of b. 


6 When the polynomial f(x) = ax? — 3x^ + bx + 2 is divided by (x — 1), the remainder is 5. 
When it is divided by (x + 2), the remainder is —46. Find the remainder when it is divided by (x — 2). 


7 The remainder when the polynomial f(x) = 2x’ + ax — x — 3 is divided by (x + 2) is 3 times the 
remainder when it is divided by (x + 1). Find the remainder when it is divided by (x — 2). 


8 ‘The cubic polynomial 2x? — 3x*+ ax — 4 is divisible by (x — 2). 
Find the value of a. 


9 ‘The quartic polynomial x*+ ax’ + b is divisible by (x + 1)(x — 2). 
Find the value of a and the value of b. 


10 The quartic polynomial x! — 222 + ax? + bx —3 is divisible by (x^ — 1). 
Find the value of a and the value of b. 
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8.5 Thefactor theorem 


You saw in questions 8, 9 and 10 of Exercise 8.3 that it is possible to get a remainder of zero. 
When this happens, f(x) = (x — a)Q(x) +R 
becomes f(x) = (x — a)Q(x) 


and we have factorised f(x). 


This leads to The Factor Theorem. 





You will already know that if the roots of the quadratic equation x^ + px + q = 0 are a and b, 

then the equation can be written as (x — a)(x — b) = 0. 

In the same way, if the roots of the cubic equation x° + px’ + qx + r = 0 are a, b and c, the equation 
can be written as (x — a)(x — b)(x — c) 2 O. 


This result is a consequence of the factor theorem. 


Example 8.3 
a Show that (x — 1) isa factor of f(x) 2 x? — 3x? — 13x + 15. 
b Find the quotient when f(x) is divided by (x — 1). 


C  Factorise f(x). 


Solution: 
a f(D)=1-3-13+15=0 


Hence, by the factor theorem, (x — 1) is a factor of f(x). 


BAA Ge (= 1)) x? — 3x* — 13x +15 

x- x xy i 

Sg 4 

= + ox q 

—15x +15 

—15x +15 

0 
c f(x)2(x-D(x -2x- 15) 

(x? — 2x — 15) factorises to (x — 5)(x +3) so: 


f(x) 2 (x — D)(x— 5)(x + 3) 
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| Example 8.4 


Find the cubic equation whose roots are —2, 2 and 3. 


9 o» & 3» 4» 5&3» 5B o» o» B8 B BB BR B B BOB ÀB B B OR B B bo b RB BOB b B BOB BO B B B BO B B B B B B B B B B B B B B B B EB B d bo B B B 5 Bo b b 5B 5 oP 5B OB B 5 o b 5 P P P OR |o | o 5 8 A B o8 A OH 8 É B oH B B B B B B B B d * 


Solution: 


If the roots are as given, the equation will be of the form: 
(x + 2)x—2)(x—-3)20 

Expanding these brackets gives 

x'—3x'—4x- 12-0 





8.6 Factorising polynomials 





If we find a linear factor, as in Example 8.3, the quotient Q(x) will always be one degree 

less than f(x). We can then repeat the process to find a linear factor of Q(x) (our new f(x)), 

and so on until we have found all the linear factors, or, more likely, until we have reduced 

it to a quadratic factor, from which we can find the remaining factors using the quadratic formula. 


However, remember that not many polynomials can be factorised. Also, not all cubic polynomials 
have three real roots. They must have one real root, but the others may not be real or may not be 
“nice” real numbers (they might be irrational). 


Example 8.5 

a  Factorise the polynomial f(x) = x? — 5x? + 2x + 8. 

b Hence solve the equation f(x) = 0. 

solution: 

a Stepl: Integer search 
f(1)=1—5+2+8=6: no good. 
{(2)=8 —20+4+8=0: found one! 


f(2) =0, hence, by the factor theorem, (x — 2) is a factor of f(x). 


Factorise to find Q(x) 
f(x) = (x — 2)(x° #3x— 4) 


Factorise Q(x) 
f(x) = (x—2)(xX - 3x— 4) 
—(x-2)(x- 1)(x- 4) 
b f(x) =(x-2)(x + 1)(x—4)=0 
e [-1,2, 4] 





Exercise 8.4 

l a Showthat (x— 1) isa factor of f(x) 2 x? — x? — Ax + 4. 
b  Factorise f(x) completely. 
c Solve the equation f(x) = 0. 

2 a Show that (x * 2) isa factor of f(x) = 22° + 11x* — 16x — 60. 
b  Factorise f(x) completely. 
c Solve the equation f(x) = 0. 

3 (i) Factorise each of these expressions completely. 
(ii) Solve the equation f(x) = 0. 
a f(x2ox'-2x —-5x-46 b f(x)2x' -4x'—x-4 f(x) 2 x! + 6x? -3x— 10 
d fíxa)=x?-x-8x+12 e f(x)=x-—2x -—11x+12 f(x) =# + 2x7 -—4x-8 
g  f(x)=x*-5x* — 4x +20 h f(xjsx--8x'c-17x-10 i f(x)2x'—3x'-— 10x +24 
j  f(x)=x*-2x*-9x+18 k  fíx)=x-4x-3x+18 | f(x) =x? — 3x? -— 10x + 24 


= A 


4 (i) Factorise each of these expressions completely. 
(ii) Solve the equation f(x) = 0. 
a f(x) =2x° + 3x°-3x-2 b f(x) =3x* + 10x* — 9x-—4 
d f(x)22x'-9x'-10x-3 e f(x)23x' -7X —7x—3 f(x) 22x? -9x! -13x— 6 
g f(x)22xX3 -7x'—5x—-4 f(x) 2 30 + 4x - 5x— 2 i f(x)-2x'-x'-12x49 
j f(x)22x'-x'—8x—-4 k f(x)y23x-8x +3x+2 Í f(x) =2x° —3x7 -—5x+6 


f(x) =2x° + 3x°-5x-6 


=y 
"^ n 


Summary 


Polynomial division To divide a polynomial by a smaller one, for example, to divide 
Ax? + 3x* — 5x + 4 by x — 3, follow the same rules as with long 
division with numbers: 

4x' —15x— 44 
x—3M4x 43x —5 + 4 


1 4x!'x(x-3)y 4x-12x L y 1 How many times does x divide into 4x^? 
Subtract -15x? + x d 

4 -I59xX —3): — 15x" +45x 2 How many times does x divide into —15x% 
Subtract —44x+ 4 

3 —44x(x-— 3): —44x+ 132 3 How many times does x divide into — 44x? 
Subtract —128 


So the quotient is 4x^ — 15x — 44 and the remainder is (-128). 


The division algorithm f(x) = D(x) x Q(x) + R(x) The degree of the remainder must be less 
than the degree of the divisor. 
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The remainder theorem If f(x) = (x— a) x Q(x) +R, 


then f(a)=R 
‘The remainder when f(x) is divided by (x — a) is f(a). 


The factor theorem For any polynomial, f(x), 


If f(a) =0 
then (x— a) isa factor of f(x) 


and f(x) =(x-—a) x Q(x) 


Factorising polynomials 1 Search fora factor, using the Factor Theorem. 


Try easy numbers, like 1, 2, 3, —1, —2, —3, then larger ones if 
necessary. Remember, there may not be any simple factors. 
Divide out the factor to create a polynomial of smaller degree. 


Repeat the process, or, if possible, factorise the new polynomial. 


Chapter 8 Summative Exercise 


l 


Find the quotient and remainder when the given polynomial is divided by the expression in 
square brackets. 


a x —4x°+5x-6 [x +3] b 2x'*x!'—-7x-9 [x — 4] 
C 3x -—5x' -2x-—4 [x +5] d 4x°4+2x°-5x+3 [x — 2] 
e x'—5x'-r3x'-2x-7 [x41] f 3x'-2x'-4Ax!'-x-3 [x — 3] 
g 3X —5x-4 [x - 2x +3] h 4x'-5x'—6x —7x*4 [x -3x—2] 


Find the remainder when the polynomial f(x) is divided by the expression in square brackets. 


a f(x2x-4x-c-5x-6 [x — 2] b f(x)22x'-x!—-7x-9 [2x — 1] 
c f(x)23x —5x'-2x—4 [x 4 3] d f(x)=4x°4+2x°-5x+3 [2x — 3] 
e f(x)2x!—5x'-3x!'-2x-7 |x+2] f f(x)23x'r2x-A4x'-x-3 [x — 4] 
g f(x) =3x+2°-—5x+4 [x — 1] h f(x)24x'-5x'—6x'—7x-4 [x+1| 


When the cubic polynomial f(x) = 4x° + ax’ + x — 5 is divided by (x — 3), the remainder is 88. 
Find the value of a. 
When the cubic polynomial f(x) = 3x? + 5x^ + ax + 1 is divided by (x + 2), the remainder is 9. 
Find the value of a. 
When the cubic polynomial f(x) = ax? — 6x° + 8x — 3 is divided by (x — 1), the remainder is 1. 


Find the value of a. 


The remainder, when the cubic polynomial f(x) = 4x° ax — 7x + 5 is divided by (x — 2) is 
7 times the remainder when it is divided by (x — 1). 
Find the value of a and the remainder when it is divided by (x 2). 
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10 


11 


12 


13 


14 


Show that (x — 2) is a factor of the cubic polynomial f(x) = x + 3x* — 4x — 12. 


Factorise f(x) completely. 


o TO» 


Solve the equation f(x) = 0. 

a Show that (x + 2) isa factor of the cubic polynomial f(x) = 2x* — 3x? — 11x + 6. 
Factorise f(x) completely. 

c Solve the equation f(x) — 0. 

a Show that (x — 3) is a factor of the cubic polynomial f(x) = 4x? — 12x? — 9x + 27. 

b  Factorise f(x) completely. 

c Solve the equation f(x) =0. 

The cubic polynomial f(x) = 228 + x^ — (a + aà?)x + a? has a factor (x — 1). 

a  Findthe value of a. 

b  Factorise f(x) completely. 

c Solve the equation f(x) = 0. 

f(x) is a cubic polynomial. One of its factors is x. 

f(x) — f(x —3)23x(3x— 5) [1] 

a  Showthat the remainder when f(x) is divided by (x — 3) is 36. 

b By letting x = 0, show that (x + 3) is a factor of f(x). 

c By writing f(x) 2 x(x + 3)(ax + b) and using [1], find the value of a and the value of b. 


[he diagram shows the graph of the function 





y 
y= +ax’+bx+c, where a, b and care integers. 


The coordinates of A, B and C are (—1, 0), (1, 0) and (3, 0) respectively. 
Find the values of a, b and c and the coordinates of the point D, where 
the graph crosses the y-axis. 


Find the coordinates of the point where the line y= 3x — 5 meets the 
curve y — x? — 9x*+26x — 20. 

a Show that x=2 is a root of the equation x^ — 4x* + 3x - 2 — 0. 

b Hence solve the equation completely. 


c What is the sum of the roots of the equation? 
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15 A cubic equation f(x) = 0 has roots œ, Band y. 
a Write the cubic expression f(x) as a product of three linear factors. 
b Expand your expression. 
c Where, in your expansion, does the sum of the roots (œ+ B+ y) appear? 
d Where, in your expansion, does the product of the roots (oy) appear? 
e What is the composition of the other coefficient in the expression for f(x)? 
16 The diagram shows the graphs of the functions y = f(x) = xX — 2x and 
y = glx) =6+ 3x — 2x. 
By factorising the expression f(x) — g(x) and using a sign diagram, 
solve the inequality f(x) > g(x). 





Chapter 8 Test 
l a Show that (3x — 1) isa factor of f(x) 2 3:0 — x! - 3x - I. [1] 
b Hence show that f(x) has only one real root. [3] 


2 ‘The cubic polynomial f(x) = 6x' — 7x — 11x + d has a factor (x — 1). 


a Find the value of d. [2] 

b Find the remainder when the polynomial is divided by (x 2). [1] 
3 The cubic polynomial 3x? + ax“ + bx — 4 has a remainder of 713 when divided by (x 1) 

and a remainder of 20 when divided by (x — 2). Find the value of a and the value of b. [5] 
4 Solve the equation x'(5 + x) 2 2(2x? + 13x — 12). [6] 


5 ‘The cubic polynomial x? — 3x° + ax + b has a factor (x — 2). 
a  Findalinear relationship between a and b. [1] 


b  Findthe remainder when the polynomial is divided by: 


(i) (x — 1) [1] 
(ii) (x — 3) [1] 
c Show that the sum of these remainders is 6. [1] 


6 The cubic polynomial f(x) = x? + ax’ — 8x + b has a factor (x — 2) and also a factor (x + 3). 


a Find the value of a and the value of b. [5] 
b Find the remainder when f(x) is divided by (x + 1). [1] 
c Hence solve the equation f(x) = 0. [2] 





7 ‘The cubic polynomial f(x) = x^ + ax” + bx 40 has a factor (x — 2) and leaves a remainder 
of —8 when divided by (x — 3). 


a  Findthe value of a and the value of b. [5] 
b  Factorise the polynomial completely. (31 
c Hence solve the equation f(x) — 0. [2] 


Examination Questions 
1 ‘The cubic polynomial f(x) is such that the coefficient of x° is —1 and the roots of the equation 
f(x) = 0 are 1, 2 and k. Given that f(x) has a remainder of 8 when divided by x — 3, find 
(i) the value of k, 
(ii) the remainder when f(x) is divided by x 4 3. [6] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P2, Qu 6] 


2 Given that 4x' — 12x° — b^x* — 7bx — 2 is exactly divisible by 2x + b, 
(i) show that 3b°+ 7b? — 4 — 0, [2] 
(ii) find the possible values of b. [5] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P2, Qu 1] 


3 ‘The expression x tax + bx — 3, where a and b are constants, has a factor of x — 3 and 
leaves a remainder of 15 when divided by x + 2. Find the value of a and of b. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P1, Qu 3] 
4 Given that 6x* - 5ax — 12a leaves a remainder of —4 when divided by x — a, find the possible 
values of a. [7] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P2, Qu 7] 
5 The remainder when 2x? + 2x* — 13x + 12 is divided by x +a is three times the 
remainder when it is divided by x — a. 
(i) Show that 2a? + à? — 13a - 6 — 0. [3] 
(ii) Solve this equation completely. [5] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 10] 
6 ‘The function f(x) =x — 6x? + ax + b, where a and b are constants, is exactly divisible 
by x — 3 and leaves a remainder of —55 when divided by x + 2. 
(i) Find the value of a and of b. [4] 
(ii) Solve the equation f(x) = 0. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P2, Qu 9] 
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7 The cubic polynomial f(x) is such that the coefficient of x? is 1 and the roots of the equation 


f(x) = 0 are —2, 1 + 43, and 1 — 43. 


(i) Express f(x) as a cubic polynomial in x with integer coefficients. [3] 
(ii) Find the remainder when f(x) is divided by x — 3. [2] 
(iii) Solve the equation f(—x) = 0. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P1, Qu 6| 
8 The cubic polynomial f(x) is such that the coefficient of x° is 1 and the roots of the equation 
f(x) = 0 are 1, k and k’. It is given that f(x) has a remainder of 7 when divided by x — 2. 
(i) Show that &? — 2k? —2k — 3-0. [3] 


(ii) Hence find a value for k and show that there are no other real values of k which 
satisfy this equation. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P1, Qu 10] 
9 a The remainder when the expression x — 11x^ + kx — 30 is divided by x — 1 is 4 times the 
remainder when this expression is divided by x — 2. Find the value of the constant k. [4] 


b Solve the equation x? — 4x^ — 8x + 8 = 0, expressing non-integer solutions in 
the form a + vb, where a and b are integers. [5| 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P1, Qu 8] 
10 Solve the equation x'(2x + 3) = 17x — 12. [6] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P1, Qu 6] 


11 A function f is such that f(x) = ax’ + bx? + 3x + 4. When f(x) is divided by x — 1, the remainder 
is 3. When f(x) is divided by 2x 1, the remainder is 6. Find the value of a and of b. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P1, Qu 4] 


12 Solve the equation 2x? + 3x? — 32x + 15 — 0. [6] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P1, Qu 6] 


Polynomial factorisation MEJ] 








Term test 2A (Chapters 5-8) 1 hour 
l a Write the function f(x) = 3x? - 12x + 16 in completed square form a(x — b)? +c, 
stating the values of a, b and c. [3] 
b Hence show that the equation f(x) = 0 has no real roots. [1] 
2 A function f is defined asf: x — ax? + bx. 
Given that f(2) 2 10 and f(3) 2 27, find the values of a and of b. [4] 
3 a Inascending powers of x, write down the first four terms of the expansion of (1+2x)*. — [3] 
b Find the coefficient of x? in the expansion of (4 — 3x)(1 + 2x)*. [3] 
4 ‘The cubic polynomial f(x) = 6x? + ax? + bx + 4 has a factor (x 4) and leaves a remainder 
of —10 when divided by (x — 1). 
a Find the value of a and the value of b. [5] 
b  Factorise the polynomial completely. [3] 
c Hence solve the equation f(x) — 0. [2] 
5 Use the substitution x = 2" to find the values of u such that 2" + 32 = 3x 2^" [5] 
6 Find the coordinates of the points A and B where the line y= x +2 meets the curve x"+y"=20, — [5] 
7 a ‘The coefficient of x! in the expansion of (3 + ax) is —3 times the coefficient of x’. 
Find the value of a. [3] 
b ‘The coefficient of x° in the expansion of (3 + ax) is 405 times the coefficient of x’ in the 
expansion of (I = = x), where a is the same value as in part a, and n is a positive integer. 
Find the value of n. [3] 
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In this chapter, we extend your knowledge of straight lines, finding their equations and applving 
simple coordinate geometry to solve problems. Much of this you will already have met. 


a 3 M E = pent | T ph gp * Jur pres g , í = 
1.4 Lines and line segments 


Length | End points Sketching/graphing 





Half line | = | l P 
Line segment | finite | 2 HH 

















3 
1 
| 


These are all straight. You should not talk about a curved line. 
Note that it is very common to use the word “line” when it is 
actually a "line segment" that is being referred to. 


The phrase "the line AB" should, in most cases, be “the line segment AB”. 





9.3 Basic coordinate geometry 


You should already be familiar with the following results. 


9.3.1 The distance between two points 





9.3.2 The mid-point of a line segment 
The mid-point of AB is M = E zin) i 
2 2 


A 


(x), yi) Aa ME Á 





9.3.3 The gradient of a line segment 


The gradient of AB is m= ER 
Xy Xy 





9.3.4 Parallel and perpendicular lines 


lf two lines are parallel, 
they have the same gradient. 
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If two lines are perpendicular: 





| has gradient m, = Z 
" o ; 
L has gradient  m ==> 
A 

"m, X nm. me —1 
Exercise 9.1 


You are given the following collection of points. Questions 1 to 13 all relate to this diagram. 





1 Find the length of each of these line segments. 


a JE b CS c TM d DX e RK 

f OB g GM h LS i WR j FQ 
2 Find the mid-point of each of these line segments. 

a AI b FC c HX d RK e OV 

f WQ g CK h TE E LU j TM 
3 Findthe gradient of each of these line segments. 

a MO b OC c GV d FU e RJ 

f DR g MB h AH i NI j QT 

k SK E PS m HQ n HP o OG 


straight lines 





4 [Identify the line segment from those in question 3 that is parallel to: 


a IQ b GN c LR d VS e BJ 
f EG g NS h HW i GP j CK 
k KN l AC m KO 

5 Identify the line segment from those in question 3 that is perpendicular to: 
a AE b GK c TV d UP e El 
f MU g MN h AG i PR j ST 
k DW 1 JL m SX n AR 


6 Show that EIN/ is a square and find its area. 


7 Show that CFI is a parallelogram and find the coordinates 
of the point of intersection of its diagonals. 

mE EM Altitude: noun. 

8 a Show that triangle FNU is isosceles. 

Geometry: the perpendicular 


b Find the coordinates of the mid-point of its shorter side. 
distance from the vertex of 


c Findthe altitude of the triangle and hence find its area. 


a figure to the side opposite 


9 a Show that triangle RVW is isosceles. the vertex. 


b Findthe coordinates of the mid-point of the side that is 
not one of the equal pair. / altitude’ 
/ FE t n 


c Find the altitude of the triangle and hence find its area. 





10 a Show that triangle BCN is isosceles. 
b Find the coordinates of the mid-point of the side that is 
not one of the equal pair. 
c Findthe altitude of the triangle and hence find its area. 
11 a Find the coordinates of the point Y such that the quadrilateral 
EQVY is a parallelogram. 
b Show that the diagonals of EQVY bisect each other. 
Show that the parallelogram is a square and find its area. 
12 Find the coordinates of the point Y such that YUSV is a rhombus. 


13 Find the coordinates of the points Y and Z such that YNZU is a 
rhombus with sides of length 3410. 


9.4 The equation of a line 
We create an equation of a line by writing down two expressions for the gradient and then 
rearranging the equation. There are three basic forms of the equation. 
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9.4.1 Thegradient-intercept form 


Given a line that intercepts the y-axis at the point Q(0, c), 
with gradient m and a general point, P(x, y) lying on the line: 


y-tc 





The gradient of the line, m = 


X 


Rearranging gives y=mx+c 














9.4.2 The gradient-point form 


Given a line passing through the point Q(a, b), with gradient m á P(x, y) 


y-b 





and a general point, P(x, y) lying on the line: 
y-b 


X—u 





The gradient of the line, m = 


Rearranging gives | (y — b) = m(x — a) 





9.4.3 The double intercept form 


Given a line passing through the intercepts P(0, a) and Q(b, 0): 
Ja a 


x | b 





The gradient of the line, 





Rearranging gives 





Each of these different forms can be converted to one of the 
others by rearranging. They are really different ways of writing 
the same thing. 





Example 9.1 

Find the gradient and the y-intercept of these lines: 
a 3x+4y=12 

b y-3=2(x+4) 


Sr 





Solution: 
a 3x +4y=12 
Rearrange: y=- 3 x+3 
4 
So: gradient = — " y-intercept is (0, 3) 
b y -322(x 4 4) 
Rearrange: y=2x+11 
So: gradient = 2 y-intercept is (0, 11) 
C 4x—2y+9=0 
Rearrange: y=2x+45 
So: gradient = 2 y-intercept is (0, 4.5) 


Example 9.2 

Find the equation of the perpendicular bisector of the line 
segment PQ where P is (4, 2) and Q is (8, —6). 

solution: 

The gradient of PQ is = = =-2 


The gradient of the perpendicular is — 


The mid-point is M(6, —2). 


The equation of the perpendicular bisector is y 2 = (x - 6). 





Example 9.3 
Find the points of intersection, P and Q, of the line y = 2x — 3 and the curve y= x^ — 2x — 8. 
Find an equation of the perpendicular bisector of the line segment PQ in the form 
ax+by+c=0. 
Find the points of intersection, R and S, of this perpendicular bisector with the curve. 





Chapter 9 








Solution: 
a Solve the equations y 22x — 3 
y=x"-2x-8 
Gives P(—1, —5) and Q(5, 7) 
b The gradient of PQ is IT) 2 
541 


The gradient of the perpendicular is therefore — -> 





y 
10 





The mid-point of PQ is M(2, 1). 


The equation of the perpendicular bisector is y — 1 = - (x — 2) 





Rearranging: x + 2y —4—0 
c Solve the equations x +2y—4=0 
y-2x —2x-8 
Gives R(—2.5, 3.25) and S(4, 0) 


Exercise 9.2 

For this exercise, use the collection of points on the diagram below. 

1 Find an equation of the line passing through the given points in the format y = mx + c. 
a SM b LH c XW d TX e QI 
f BI g JR h OQ i TE j Al 


straight lines MEL; 





2 Find an equation of the line passing through the given points in the format ax + by = c. 
a CN b LE c KV d SN e VM 
f KE g LV h CM i EN j KC 


ri 
| 


EMM EB 
A pe 
AAA 








3 Find an equation of the line passing through the given points in the format y — y, 2 m(x — x, ) 
where La, y,) is the first named point. 
a PV b UH c JO d HS e RP 
f BG g IA h PD i OQ j JM 

4 Find an equation of the perpendicular bisector of the line segment given in the format 
y-y,=m (x =% ) where Es i y.) is the mid-point of the line segment. 


a KI b BD c LS d QO e UT 
f HM g EM h QW i GW j RD 
Summary 


Coordinate geometry results A(x, y,) and B(x,, y,) are two points. 


The distance between 





two points 


The mid-point M of the line Me [5 BX. MR 


segment joining two points 
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The gradient m of the "— | gu 4 


line joining two points 


Parallel and Parallel lines have the 
perpendicular lines same gradient. 









y=mx+c, 
Perpendicular lines: 
If the gradients are m, and m, 


! MEE C meom 
then m, x m, = 1 l m xm,=-1 


y=m, x+ c, 

The equations of a line: 
Gradient-intercept form y=mx+c m is the gradient, c is the y-intercept. 
Gradient-point form y-y =m(x-x) m isthe gradient, (x, y,) is a point on the line. 
Double intercept form ax + by = ab has intercepts (b, 0) and (0, a). 
Chapter 9 Summative Exercise 
Exercise 9.3 
1 Find the distance between each pair of points. 

a  A(—3,9) and B(3, 1) b C(4, 4) and D(-1, —8) c  E(—3,—4) and F(5, 11) 
2 Find the mid-point of each line segment. 

a A(-7,5)andB(3,—7) b C(-3,-10) and D(5, 12) c E(5,9) and F(-11, -13) 


3 Find the gradient of each line segment. 
a  A(4,6) and B(—3, —8) b C(8,—5) and D(4, 7) c  E(-2, 10) and F(10, 6) 
For questions 4 to 7, use the points A(—8, 8), B(1, 8), C(6, 7), D(8, —6), E(—6, —6), 
F(0, —3) and G(—6, 4). 
4 a  Finda pair of parallel line segments. 
b Find a pair of perpendicular line segments. 
c Find the point H such that ACHG is a parallelogram. 
5 Find the equations of these lines in the format y = mx + c. 
a FC b BE c AG d BD 


Straight lines 





6 Find the equations of these lines in the format y — y, = m(x — x). 
a GD b AG c CE d BC 
7 Find the equations of these lines in the format ax + by =c. 
a FE b GB c AC d FD 
8 ‘The point A is (22, — 5) and B is (2, —1). 
Find the equation of the perpendicular bisector of the line segment AB. 
9 ‘The point C is (—3, 3) and D is (5, 1). 
Find the equation of the perpendicular bisector of the line segment CD. 
10 Find the equation of the perpendicular bisector of the line segment joining the points 
where the line 2x + y = 5 meets the curve 2y = x — 4x 6. 
11 Find the equation of the perpendicular bisector of the line segment joining the points 
where the line y = 2x + 6 meets the curve xy = 8. 
12 ABCD is a rhombus, where Á is (2, 5), B is (12, p), Cis (4, —1) and D is (q, r). 
a Find the equation of the diagonal AC. 
b Find the equation of the second diagonal BD. 
c Find the values of the constants, p, q and r. 
d Find the area of the rhombus ABCD. 
13 The points, A(-1, 2), B(0, p), C(3, 4) and D(q, r) form a kite 
in which the diagonals meet at M. 
a  Findthe coordinates of M. 
b  Findthe equation of the diagonal BD. 
c Find the value of p. 
The distance MD = 3BM. 
d  Findthe value of q and the value of r. 
e  Findthe area of the kite. 
14 ABCD is an isosceles trapezium in which Á is (—1, —3) and 
B is (7, 3). Also, 2CD — AB. 
a  Findthe equation of the line of symmetry of the trapezium. 
The point M is the mid-point of CD and lies on the y-axis. 
b Find the coordinates of M, C and D. 


c  Findthe area of the trapezium. 
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Chapter g Test 1 hour 


1 Do not solve this question by creating an accurate diagram. 


ya A(3, 12) 


B(-1, 9) Á 


^ E(6, 8) 





O Á 
In the diagram, the points A(3, 12), B(—1, 9), C, D and E(6, 8) are the vertices of a pentagon. 
The line through AP is the perpendicular bisector of BE. M is the mid-point of BEand MP=2AM. 
BCDE is a rectangle. 


a  Findthe equation of the line AP. [4] 

b  Findthe coordinates of the point C and of the point D. [2] 

c Find the area of the pentagon ABCDE. [4] 
2 ‘The line y 2 x — 7 intersects the curve y= x^ — 4x — 7 at the points A and B. 

a  Findthe distance AB. [6] 

b  Findthe equation of the perpendicular bisector of AB. [4] 


3 The points A(0, 8), B(8, 5) and C(4, —1) form a triangle. M is the mid-point of BC, 
N is the mid-point of AC and P is the mid-point of AB. 


a  Findthe coordinates of the points M, N and P. [3] 
b Find the equation of the lines AM and BN. [4] 
c Find the coordinates of the points of intersection of the lines AM and BN. [2] 
d Show that this point also lies on the line CP. [1] 


4 ‘The line 2y = 3x + 6 intersects the curve xy = 12 at points A and B. Find: 


a the coordinates of A and of B [4] 
b the distance AB, expressed in the form ayb, where a and b are integers [2] 
c the equation of the perpendicular bisector of AB. [4] 


straight lines MEE 





Examination Questions 


1 Theline2y 23x — 6 intersects the curve xy = 12 at the points P and Q. 
Find the equation of the perpendicular bisector of PQ. [8] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P1, Qu 9] 


o 4 
2 Find the distance between the points of intersection of the curve y=3+— 
X 
and the line y = 4x + 9. [6] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P1, Qu 5] 


3 Solutions to this question by accurate drawing will not be accepted. 





The diagram, which is not drawn to scale, shows a parallelogram OABC where O is the origin and A 

is the point (2, 6). The equations of OA, OC and CB are y = 3x, y = =x and y = 3x—15 respectively. 
The perpendicular from A to OC meets OC at the point D. Find 

(i) the coordinates of C, B and D. [8] 
(ii) the perimeter of the parallelogram OABC, correct to 1 decimal place. (31 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P1, Qu 11] 





O X 
The diagram shows a trapezium OABC, where O is the origin. The equation of OA is y= 3x and 
the equation of OC is y + 2x — 0. The line through A perpendicular to OA meets the y-axis at B, 
and BC is parallel to AO. Given that the length of OA is 4250 units, calculate the coordinates of 
A, of B and of C. [10] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P2, Qu 11] 
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The equation of a curve C is 2y = x^ + 4. The equation of the line Lis y= 3x — k, where k is an integer. 
(i) Find the largest value of the integer k for which L intersects the curve. [4] 

(ii) In the case where k = —2, show that the line joining the points of intersection of L and C is 
bisected by the line y= 2x + 5. [5] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P2, Qu 8] 


The straight line 5 y + 2x 21 meets the curve xy + 24 = at the points A and B. 
Find the length of AB, correct to one decimal place. [6] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P1, Qu 5] 


Solutions to this question by accurate drawing will not be accepted. 
D 
^ 









B(1, -1) 
In the diagram the points A, B and C have coordinates (-2, 4), (1, —1) and (6, 2) respectively. 
The line AD is parallel to BC and angle ACD = 90°. 


(i) Find the equations of AD and CD. [6] 
(ii) Find the coordinates of D. [2] 
(iii) Show that the triangle ACD is isosceles. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P2, Qu 10] 


The line 4 y = 3x + 1 intersects the curve xy = 28x — 27 y at the point P(1, 1) and at the point Q. 
The perpendicular bisector of PO intersects the line y = 4x at the point R. Calculate the area of 
the triangle PQR. [9] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P1, Qu 11] 


The line x + y = 10 meets the curve y^ = 2x + 4 at the points A and B. Find the coordinates 
of the mid-point of AB. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P2, Qu 2] 


Straight lines 





10 The line y + 4x = 23 intersects the curve xy + x = 20 at two points, Á and B. Find the 
equation of the perpendicular bisector of the line AB. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P1, Qu 2] 


11 The straight line 2x + y —14 intersects the curve 2x^ — y^ = 2xy — 6 at the points A and B. 
Show that the length of AB is 2445 units. [7] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P2, Qu 5] 


12 Solutions to this question by accurate drawing will not be accepted. 





The diagram, which is not drawn to scale, shows a quadrilateral ABCD in which A is (0, 10), 
B is (2, 16) and C is (8, 14). 


(i) Show that the triangle ABC is isosceles. [2] 
The point D lies on the x-axis and is such that AD= CD. Find 

(ii) the coordinates of D [2] 
(iii) the ratio of the area of triangle ABC to the area of triangle ACD. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P1, Qu 10] 


13 The straight line 3x = 2y + 18 intersects the curve 2x^ — 23x + 2y + 50 = 0 at the points Á and B. 
Given that A lies below the x-axis and that the point P lies on AB such that AP: PB=1: 2, 
find the coordinates of P. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P1, Qu 3] 
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14 Solutions to this question by accurate drawing will not be accepted. 
The diagram shows a triangle ABC in which VA 
A is the point (6, —3). The line AC passes through 


the origin O. The line OB is perpendicular to AC. 





(i) Find the equation of OB. [2] 
The area of triangle AOB is 15 units“. 

(ii) Find the coordinates of B. [3] 
The length of AO is 3 times the length of OC. C 

(iii) Find the coordinates of C. O x [2] 
The point D is such that the quadrilateral ABCD is a kite. 

(iv) Find the area of ABCD. [2] 


A(6, —3) 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P2, Qu 11] 


15 Solutions to this question by accurate drawing will not be accepted. 
y 





The diagram shows a line AB passing through the points A(—4, 0) and B(8, 9). The line through 
the point P(1, 10), perpendicular to AB, meets AB at C and the x-axis at Q. Find 

(i) the coordinates of C and of Q [7] 
(ii) the area of triangle ACQ. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P1, Qu 10] 
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The problem that you are going to solve, essentially, is “What do we get when we divide 0 by 0?” 


| ox ; " . q 
We usually say that this is undefined, but we can obtain sensible results by looking at the ratio b 


where the two numbers a and b gradually get smaller and smaller and so create a sequence of values 
which, we hope, will lead somewhere. 
We begin by looking at function diagrams. Similar results can be obtained, as you will see, by looking 


at the graphs of functions. 


10.2 Function diagrams 


Example 10.1 
Draw the function diagram for the function f(x) 2 x +2, x € R. 
Solution: 
Step 1: 





Step 2: Draw the function diagram, connecting the values in the domain with their images. 


Domain [mage set 
- 10 


— 
c 








O m bM US Aa ou HA oo WD 


We will be interested in the effect that the function has on sections of the domain. 
To do this, we take a section of the domain and the equivalent section of the image set. 
We then find the ratio: A á 
object size 
The questions we can ask are: is this ratio constant? 
if not, how does it vary with the size of the object set? 


or, how does it vary with the position of the object set? 





Example 10.2 


You are given the function f(x) = x + 2. 


a With a lower bound of x = 2, find the value of the ratio for an object set of size: 


(i) 1 (ii) 2 (iii) 3 
b With an object set of size 2, find the value of the ratio for an object set with a lower bound ot: 
(i) 1 (ii) 2 (iii) 3 


" E a E 550558SSU8MS NM NW UU S P S E HS MORD WoW P P -W P P P Q P €; Po RÀ d P BOR BOROR OBS BOR BSBSOSRBSSR?SS BB B SESS SS SS 8S 99€ » "9 8€ P € €" P? €o€£& PO! € 4o BPO OR AO 069?9999 


The derived function 





RN 








solution: 
a (i) Domain Image set (ii) Domain [mage set (iii) Domain [mage set 
10 10 10 10 10 10 
9 9 9 9 9 9 
8 8 8 8 8 8 
? 7 E 7 74 7 
6 6 6 6 6 - 6 
2 5 5 3 5 5 
4 4 4 - 3-4 4 4 
a 3 3 3 3 3 
2 2 2 2 2 - 2 
1 1 1 l l - l 
0 0 0 0 0 0 
Ratio — m OS q 7-4] 
0) jc 5—2 
b (i) Domain Image set (ii) Domain Image set (iii) Domain Image set 
10- - 10 10 - 10 10 -10 
9 9 9 9 9 9 
8 8 8 8 8 8 
6 6 6 6 6 6 
5 -5 5- 5 J- 5 
4 4 4 -4 4 4 
3 3 3 3 3 3 
2 2 2- 2 2 - 2 
1. l 1 | 1 | 
0 0 0 0 0 - 0 
Ratio= =1 = = 
3—1 4-2 d 


| . image size 
In each case, the ratio 2228€ Se was equal to 1. 


object size 








Exercise 10.1 


: T . image size . 
For each of these functions, draw a function diagram and calculate the ratio nada aad 


for different 


combinations of (i) lower bound; (ii) size of object set. object size 


1 fx) =xr=3 2 Ix) = 2% 3 f(x) =3x+ 1 
4 f(x) =4x-1 5 f(x) =x 





6 Make a conjecture about the result you will get from each of the functions in questions 1-4. 





10.3 The derived function 


You are going to investigate the derived function. 


This has the formula: 





"Lt SL e) 
hi0 
Although this may look intimidating, it is, in fact, another way of 
writing the ratio that you found in section 10.2, 
We will use a well known problem-solving technique to investigate this formula. 


Investigate specific values of x. 


Generalisation Try to find a pattern. 


Guess a formula. 


Convince Prove the formula you guessed. 


"(oTt pal 


hiù 


We will tackle the formula in stages. 
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Problem 10.1 


Using your calculator, find the smallest value of h that you can add to 2 that displays in full. 
Make a note of this value. 





For my calculator, the smallest value of A that | can add is 0.000000001 (10-9). 
So, 2 + 10? = 2.000000001 
but 2 - 107922 This gives us a stopping point. 
Sometimes, we will not even be able to make / this small. 


qx 
1 T The expression 
f(a-- h)— f(a) 
f(a +h) IN CREE 
m d is the ratio that you 
ugue found in section 10.2. 
um fla) 
al4— 


Problem 10.2 

2 compl is fal ef i La 
Copy and complete this table for the function f(x) = x’. You will already have made a 
table of some of these values 
in Exercise 10.1, question 5. 








Start simply and be systematic. 
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Problem 10.3 
Copy and complete this table. 


You could set this up 
on a spreadsheet and 
save a lot of time. 


Stage 5 





Question: What do you think will happen if we let h = 0? 


This is not possible, but we can extend the table with smaller values of h. 





Question: If we could make h smaller still, what do you think the result would be? 
Problem 10.4 
Repeat the exercise with different values of a. 
Specialise Stage 1: Choose a= 2 
stage 1: Choose a= 3 


Stage 1: Choose a= 4 
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Record your results in a copy of this table: 





> "T ng 
Greneralise 


Can you guess a rule? 


If f(x) =, f'(3) = 


Copy and complete these statements. 


If 


h 
Finally, what happens when h > 0? 


FG) [ tft | 








10.5 Higher indices 


Problem 10.6 
Repeat problems 10.2 to 10.5, but this time use the function f(x) = x’. 





Problem 10.7 
Repeat problems 10.2 to 10.5, but this time use the function f(x) = x*. 





Problem 10.8 


Copy and complete this table showing your results so far: 











Problem 10.9 
Can you guess a rule? 
If f(x) = x’; f(x) = 
Copy and complete these statements: 


El) =x" 


f(t h) =| 222 | 


Expand this using the binomial theorem as far as the term in x^. 
fh) f(x) = 
Esthi i T 
a 

Finally, what happens when h — 0? 


What happens to the terms in the series that you have not written down? 
"(x)= 


The project you have just completed, using powers of x, follows the pattern that we have to use for 





any function. You will meet more of them later. 


You have found the derived function, also called the derivative, and the process of finding this for 
more complicated functions is called differentiation. You will meet these words a lot from now on. 


Exercise 10.2 
Write down the derived function in each of the following cases: 
p f(x) =x 2 fix)=x 3 fs 4 fx)ex*" 5 fa) =x 


10.6 More complicated functions 


Question: What can we do to make functions more complicated? 
‘There are various things that we can do but, for now, we will be interested in two ways: 
1 Multiplying a function by a constant 


2 Adding (or subtracting) one function to (from) another. 


10.6.1 Multiplying by a constant: g(x) = k x f(x) 


From the definition of the derivative: 


hi0 
But g(x) — k x f(x) 
50 g(x h)-kxf(x-h) 
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and g(x th) — g(x) = kx f(x th) — k x f(x) 
= k [f(x + h) -f(x)] 


yoq [cto] 


hed L 





g'G)-k[ f Id = f(x | 


h0 





Example 10.3 
Find the derivative of the following functions: 
f(x) = 3x b g(x | h(x) = 8x 


a f(x) 23x 3xx 
f(x) =3 x (2x) = 6x 
g(x)27x'-7xx 
g'(x) 27 x (Gx) = 21x" 
h(x) =8=8 xx 
h'(x) = 8 x (5x4) = 40x* 





10.6.2 Adding one function to another: m(x) = f(x) + g(x) 


From the definition of the derivative: 


mo ra AMR) 
"ucl | h | 
But m(x) = f(x) + g(x) 
So m(x th) = f(x h) + g(x 4 h) 


and m(x +h) — m(x) = [f(x - h) + g(x +h)] — [f(x) + g(x)] 
= [f(x + h) -f(x)] + [g(x + h) — g(x)] 
miðli A 


hl) 
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We can split the limit. 


m’(x)=Lt eee Lt fa 


hed hi0 h 
The expression in blue is just the definition of f'(x). 


The expression in magenta is just the definition of g'(x). 


Similarly, if m(x) = f(x) — g(x) 


then m'(x) = f(x) — g (x) 





Example 10.4 


Find the derivative ot the following functions: 


a fix)=x+x X)-x-—»x = h(x)2 2x7 + Ax? 


f(x) =x +x 
f(x)22x-F3x 


g(x) 2x = Á 
gíx)25x*— 74 

h(x) = 217 + Ax? 
h'(x) 2 2 x (3x^) +4 x (2x) 
h'(x) = 6x? + 8x 


10.7 Other powers of x 


We proved our results for positive integer powers of x using 
the binomial theorem. In fact, the binomial theorem also 
applies to other powers of x such as negative or rational ones. 
The binomial theorem for these cases is beyond the scope of 
this syllabus but the results hold once we make adjustments. 
As a consequence, we can find the derivative of any function 
made up of powers of x using the sum/difference rule and the 
constant multiplier rule. 
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Example 10.5 


Find the derivative of the following functions: 


b g(x)=2x+44/x c h(x) =ax+Vx? 


d 


f(x) =2x+ (2) x^ 
f(x) =2x- 2 
x 


g(x) = 2x8 + ave 
Write as powers: g(x) = 25 + re 2 


ER 
So g(x)22x(3x)-4x D 2 | 


slóða T 


h(x) = fx - x? 


Write as powers: h(x) — x3.x2 

ims E 
So h'(x)2—x 3+=x? 
3 a 


h’(x)= 1 E 3 x 
ES 





Exercise 10.5 
1 Differentiate: 
a 1 (Hint write l as 1x’) b 4 (Hint: write 4 as 4x") 


2 Differentiate each of the following functions: 





a e(x)=x b f(x)= xX c gíx)-x d h(x)=x" 
e e(x)= $ f fix)= ES g glx)= E h h(x)- = 
x x x x 
i e(x) =x j fx)=Yx k = 4x | h(9e3Xx 
m e(x)= de n f(x)o4x o = a p h(x)= da 
| ] 1 
= —— : fi I) I —— y = | h = = 
q elx) T r f(x) yx s g(x) " = t h(x) Te 
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3 Differentiate each of the following functions: 











a f()osx4x b gG)-x'-Jx c h()sAx-«4lx 
d f(xy4x —3x e g(x)= 34 x +4x f hx) = 5x3 x? 
l J 3 4 5 4 
f(x) = —-— b s(x)-—r-— i his) > + 
5 (x) ^ EE gl ) x^ x (x) x x? 
cui AS es 2 Ç 2 | a 10 8 
j = JI WE k  g(x)= qe we I h(x)= Já "ys 


10.8 The gradient function 


We can give another interpretation of the definition of the derivative which uses graphs. 
Given is the graph of the function y = f(x) 
and a point A (x, f(x)). 
We choose a value for h and find the point 
P (x +h, f(x + h)). 
Draw the line through A and P. 
(This called a secant line). 
From the triangle AQP, the gradient of AP is given by 
f(x +h)— f(x) 
h 


This is exactly the same formula that we used for the derived function. 





Notice that as A is fixed (as before) and we reduce the value of h, the point P will move down the 
curve and eventually end up at the point A. 


The secant line AP will eventually become the tangent line, shown in red. 
This means that the derived function will give us a formula for the gradient function. 


However, when we do this we usually use a different notation. 


Derived function | Gradient Function | Interpret as 


| dx 


differentiate y with 


Note that as  — 0, both ôx and dy also — 0. 


We say that Lt | = E 
L| eae 





respect to x 


hi0 
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Example 10.6 
Find the derivative of the following: 
a f(xx--4^x 


Solution: 
a f(x) 2x -x 
f(x) = 2x + 3x7 


Pex +x 


dy = 2x + 3x? 





+x 
(x? x) = 2x + 340 


Example 10.7 
Find the pnis of the curve y = x — 3x + 2 at the point where x = 5. 


haa nbnHd9nBSSSDERBENEBSOSRBESSRBSBSSSSSDBSSSSUSMSSSDESESBSSONBBSERESDOSSARSRSSBSMBSSSSINBBSPBSSOBBBBSSOSBDSDSBSBBSBBSDSBSEBBSSBSSBBBBSGOOSSBSESBSSEBSSBSESSBSSSSS5S55 oe | 


Solution: 
The gradient of the curve is given by e 
Hence we differentiate the function. 
y=x—3x+2 
“a =2x-—3 


Substitute the value x= 5: v- =2x5-3=/ 


Also, when x= 5, y=25-1542= 12 
So, at the point (5, 12), the curve has a gradient of 7. 
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Example 10.8 
Find the coordinates of the points on the curve y = x? — 3x° — 12x 7 where the gradient is 12. 


olution: 
The gradient of the curve is given by me 
Hence we differentiate the function. 
y=x -3x -12x-t7 


dy 
=f = 352. 6¢ — 13 
X X 


Solve the equation: 3x'—6x— 12= 12 

giving 3x? —6x—24-0 

or x—2x-8=0 

whose solutions are x=—2 0rx=4 
The corresponding y-coordinates are y= 11 and y =-25 
Hence the points are (—2, 11) and (4, —25). 


Example 10.9 
At the point where x = 2, the function y = 2x" + kx* — 8x + 4 has a gradient of 28. 
Find a the value of the constant k 


b the coordinates of the point. 


Solution: 

a 

Th ro LA dy 
he gradient of the curve is given by —. 

Hence we differentiate the function. — 


y=2x +kx?-8x+4 


SY — 62 2br-8 
dx 


Substitue the value x= 2: rà —24--4k—8 


Solve the equation: 16 + 4k — 28 

giving k=3 

b 

The y-coordinate is yz16-12-— 16-44 
= 10 


So, the coordinates of the point are (2, 16). 
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Example 10.10 

A curve has equation y = 2x? + ax? bx— 6, where a and b are constants. The gradient of the curve 
at the point (2, 6) is 16. Find 

a thevalue of a and of b. 

b the coordinates of the other point on the curve where the gradient is 16. 


| Solution: 
a 
We have two unknown constants and so we need to solve 2 simultaneous equations. 


The first we can obtain from the point on the curve 


When x 2 2, y= 6. 6-2x(2P»c-axQy-c-bx(2)-6 
giving 4a 4 2b —-—4 
Or 2a+b=-2 [1] 


We can obtain the second equation from the gradient. 

The gradient of the curve is given by o 

Hence we differentiate the function. — 
y=2+ax*+bx-6 


d 
id =6x* + 2ax + b 
dx 


Substitue the value x = 2 2 =24+4a+b=16 
giving 4a+b=-8 [2] 
Finally, we solve the simultaneous equations [1] and [2]. 
to give a — —3 and b=4. 
b 
Substituting the values for a and b gives 
dy 


—— =6x*-—6x +4 


Hence we need to solve the equation 





l6=6x*—6x+4 
or x—x-2=0 
from which x=-—1l or x=2 
When x=-1, y=-15 
So the other point is (—1, —15) 
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Exercise 10.4 


l 


10 


Differentiate the following functions. 


k xx b f(x) = 3x! + 4x C y = 22 + 4x* — 6x* 
4 | | 4 
gd a y= e ds E 2% f y-4x — T 
Á | xx x 
6 | 3 6 8 
2x? — — h h(x)2 ——— i = 6y x += 
j g^ (x) x x“ y=6vx Jx 
j 9x —4./x k k(x)=12/x? +44 x l yiii d S. 
x 


The function f(x) = ax“ + 3. It is known that f (4) = 16. Find the value of a. 


If y = 3x? + 4x, find the value of x for which E 22. 


Find the gradient of the curve y = x* — 2x^ + 3x — 2 at the point where x= 2. 
Find the points on the curve y = x? where the gradient is 12. 
ii sk dy sci 
]yz2x"- — and — = 14 when x = 1, find the value of k. 
X dx 
The gradient of the curve y 2 x? — ax — 3x + 2 at the point, A, where x= 2 is — 7. 
Find the value of a and the y coordinate of the point A. 
Find the coordinates of the two points on the curve y = 2x' — 3x* — 32x + 6 where the gradient is 4. 
A curve has equation y = ax’ + bx? — 24x + 6, where a and b are constants. The gradient of the 
curve at the point (6, —30) is 48. Find 
a the value of a and of b. 


b the coordinates of the other point on the curve where the gradient is 48. 


A curve has equation y — ax? + r where a and b are constants. The curve passes through the point 
(1, 1). The gradient when x = -lis 15. 

Find 

a the value of a and of b. 


b the coordinates of the other points on the curve where the gradient is 15. 


10.9 Athird interpretation of the derivative 


We have been finding the instantaneous ratio of the change in the function value relative to a 
change in the input value. If the input values were measuring time, we could describe this as a "rate 
of change. 


In fact, we use the same phrase when the input values are not time. 


H d " * 
Thus represents a rate of change of y with respect to x. 


The derived function MIS 








If the rate of change is positive then the value of the function is increasing at that point. 


If the rate of change 


| is negative then the value of the function is decreasing at that point. 





10.10 The second derivative 


One application is given above in which we can find a rate of change and then find how fast that rate 
of change is changing. 

Mathematically, the process is simple. We just keep differentiating. 

Differentiating a function produces another function - the derivative. 

When we differentiate this new function we get the second derivative. 


This has several uses and the notation we use is: 








Function Ist Derivative 2nd Derivative 


Example 1 0.1 1 
If f(x) = 42° — 3x -2x— 5, ind a f'(x), b f^ (x). 
solution: 
a fía)=4-3x+2x-5 
f'(x) 212x2 - 6x +2 


b f'"(x)224x-6 
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Example 10.12 
(a Iff(x) 2 4x? — 6x? + 8x — 9, find f^ (x). 


b Ify= 2 an s, find 52. 
E 


Solution: 
^a f(x) = 4x? - 6x? + 8x — 9 


Differentiate once: f(x) 212x? - 12x - 8 


Differentiate again: — f'"(x)—24x — 12 


b 


Differentiate once: 


| Differentiate again: 





Exercise 10.5 


I 


Find the second derivative of each of the following functions. 
o Me b f(x) =2x5 + 3x!- 4x c y=3 - 2x6 + 5x 
l 3 2 8 
d 2x°-— e g(x)2— -— ÍÉ — A 
x g(x) x^ ox? 7 Le 
2 2 1 3 
4x —y h  h(x)= “45 i y-l24x4—— 
5 y? (x) "AAT y Jx T 


j 18/x-8/x k k(x)=164x° -84x | yemi 
= 


10.11 Tangents and normals 


We have seen that the derivative can be used to find the gradient of a curve. We can use this 
information to find the equation of the tangent and of the normal to the curve at that point. 


Remember that tangents and normals are perpendicular to each other, so once you know the 
gradient of one of them, it is easy to find the gradient of the other using mm =-1. 
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Example 10.13 

a Find the gradient of the curve y= 2x? — 3x — 5 at the point where x = 3. 
b Hence find the equation of the tangent to the curve at this point. 
Solution: 


a 


So 


When x = 3, 


Also, when x= 3, y = 4. 
The equation of the tangent is 
y-4z9(x-— 3) 


Example 10.14 


a Find the equation of the normal to the curve y = x^ at the point where x= 1. 


b Find the coordinates of the point where this normal cuts the curve again. 


d 


So 


When x= 1, 


Also, when x= 1, 
The gradient of the normal is 
The equation of the normal is i 
y-1z E (x— 1) 
Or 2y=3-x 
The normal intersects the curve when 
3— x= 2x" 
27+x-3=0 
(x—1)(2x+3)=0 


3 
x=lorx=—— 
2 


So, the normal cuts the curve again at C 
| cow X 
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| Example 10.15 


d 


Find the equation of the tangent to the curve y= x? — 2x? — 5x + 6 at the point where x ^ —1. 


b Find the coordinates of the point where this tangent cuts the curve again. 


Solution: — | 
a == 2x- 5x +6 
So OY andes 
When x=-1, > 
dx 
Also, when x=-—1, y=8 


The equation of the tangent is 
y-8=2(x+1) 
or y=2x+10 
The tangent intersects the curve when 
2H 10= —2x —5x +6 
Or x — 2x*-7x-4=0 
We need to solve this cubic equation. 


However, we already know two of the roots. 





So x? — 2x? — 7x —4=(x + 1)(x + D(x- a) 

By inspection, a=4 

Check! (x + 1)(x+ 1)(x- 4) 
= (47+ 2x+1)(x—4) 
=x —2x —7x—4 

When x = 4, y=18 


So, the tangent cuts the curve again at (4, 18). 


Exercise 10.6 


1 


b 


Find the equation of the tangent to the curve y = x^ — 3x -- A at the point where 


= 


x-—-l 


2 Find the equation of the tangent to the curve y = 8 — 2x — x^ at the point where 
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3 You are given the curve y = 6 + Ax + x' — x^. 

(i) Find the equation of the tangent to the curve. 

(ii) Find the coordinates of the point where the tangent cuts the curve again for each of the 

points where 

a x-l 

b x=-1 
4  Youare given the curve xy — 12. 

a  Findthe equation of the tangent to the curve at the point where x — 2. 

b Find the equation of the normal to the curve at this point. 

c  Findthe coordinates of the point where this normal cuts the curve again. 
5 Acurve has the equation y = x^ + =. 

a  Findthe equation of the tangent to the curve at the point where x= 1. 

b Find the coordinates of the point where this tangent cuts the curve again. 
6 A curve has the equation y = 4 — 3x + 4x — x. 

a Find the equation of the tangent to the curve at the point where x= 3. 

b  Findthe coordinates of the point where this tangent cuts the curve again. 
7 You are given the curve xy = 12. 

a Find the equation of the tangent to the curve at the point where x= 4. 

b Find the coordinates of the point where this tangent cuts the curve again. 


c Find the equation of the normal to the curve at the point where x = 4. 
8 A curve has the equation y 2 2-- x — 8. 
x 


a Find the equation of the tangent to the curve at the point where x= 2. 

b Find the equation of the normal to the curve at the same point. 

c Find the coordinates of the point where this normal cuts the curve again. 
9 A curve has the equation y = 2x — =. 

a Find the equation of the normal to the curve at the point where x = 2. 


b Find the coordinates of the point where this normal cuts the curve again. 
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Summary 
The derived function (or derivative) is what we get when we diflerentiate a function. 


dy 


— means "differentiate y with respect to x” 








zi f( x -h)- f(x 
The definition of the derivative Eee Lt Heth Ex) 
hi0 h 
Differentiating powers of x If f(x) = x" Then Haos mwem 
More complicated functions Constant multiplier rule: If f(x) = k x g(x) 


Then f(x)=kxg (x) 

Sum (difference) rule: If f(x) = g(x) + h(x) 

Then f'(x) = g'(x) + h'(x) 
The gradient function Algebraically, this is identical to the derived function. 

Thus we can use derivatives to investigate gradients 
Higher derivatives We can continue to differentiate as much as we like. 

| | d^y 

2nd derivative qx? 





3 
3rd derivative S 


and so on. 

Some functions eventually become zero if you differentiate far 

enough. 

Others get more complicated. 

Tangents and normals To find the equation of the tangent at the point where x = a. 

a Differentiate the function and find f'(a). 
The gradient of the curve is the same as the gradient of the 
tangent. 

b Findb-f(a). 
The equation of the tangent is (y — b) = f'(a) x (x — a). 





d ‘The equation of the normal is (y — b) = x (x — a). 


—] 
f'(a) 
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Chapter 10 Summative Exercise 


1 Differentiate each of the following functions: 


a Hx) b f= c fix! d fiX)—x' 
l ] l ] 
2 Differentiate each of the following functions: 
a g(x)-x-—x b g(x)- x! - 4x? C g(x)9 Vx +Yx 
3 x 7 6 8 10 


d y= + O. É te 
PUR de e JS AE Fx 3k 


3 Find the gradient of the curve y = 2x? + 3x? — 8x — 3 at the point where x = 3. 
| l 
4 Find the gradient of the curve y 2 x* + — at the point where x= 2. 
X 
5 Find the x-coordinates of the points on the curve y = x? — 3x° — 18x + 2 where the gradient is 3. 
6 Find the points on the curve y= 2 — — where the gradient is 2. 
X 


7 An aluminium food container is constructed as a cylinder so that 
its height, h, is 3 times its radius, r. 
a Find the surface area, S, of the can in terms of r, the radius of 
the cylinder. 
b Find daS 
dr 


| 4 
8 ‘The volume of a sphere is given by the formula V = FLUE 


dV 
Find —. 
dr 
9 Atriangular prism, whose cross section is an equilateral triangle of 
side x cm, and whose length is 20 cm, has a volume given by V = 54/3x?. 
dV 
Find —. 





10 A curve has equation y = 4x^ — 6x — 8. 
a  Findthe equation of the tangent of the curve at the point where x — 2. 
b  Findthe equation of the normal of the curve at the same point. 
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11 


12 


13 


14 


A curve, C, has equation 8y = x^ + 16. 


| 16 
A second curve, C., has equation y = —. 
: X 


a  Findthe point of intersection of the two curves. 

b Find the equation of the tangent of C, and of C, at their point 
of intersection. 

c Show that, at the point of intersection, the two curves 
are perpendicular to each other. 





A curve has equation y= 6x^ + ax’ + bx — 12. 

It passes through the point (1, —4). 

At the point where it crosses the y-axis, its gradient is —8. 

a  Findthe value of a and the value of b. 

b Find the coordinates of the other point where its gradient is —8. 


The tangents to the curve y = 15 — 2x — x at the points where x =—3 and x = 2 meet at the point P 
a  Findthe coordinates of the point P. 

The normals to the curve at these same points meet at the point Q. 

b Find the coordinates of the point Q. 

A curve has equation y = 2x? — 6x? — 4x + 10. 


a Find the equation of the tangent to the curve at the point where x= 2. 











b Find the coordinates of the point where this tangent cuts the curve again. 
c Find the equation of the normal to the curve at the point where x= 2. 
d Find the area bounded by the normal, the x-axis and the y-axis. 
Chapter 10 Test 1 hour 
z d 
y=vVx t 
find the value of en when x — 4. [3] 
dx 
bas — 3 
2 a Showthat es | 3 can be written as 2x — —. [1] 
x x 
b Ify-2* — find: 
X? 
dy 
W = [2] 
de 
duo ay 
(ii) T [2] 
dx“ 
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3 ‘The equation ofa curve is y =x —7x+6. 


a  Findthe gradient of the curve where it cuts the y-axis. [2] 
b  Findthe coordinates of the points where it cuts the x-axis. [3] 
c Find the gradient of the curve at the points where it cuts the x-axis. [1] 


4 a Find the equation of the tangent to the curve y= x + 2x°—4x + 1 


at the point, A, where x — —1. [4] 
b Find the coordinates of the point, B, where the tangent intersects the curve again. [4] 
c Find the equation of the perpendicular bisector of AB. [4] 


5 A function, f, is such that f(x) = x? + ax’ + bx — 9. 
It is given that (x + 3) is a factor of both f(x) and f'(x). 
a Find the value of a and the value of b. [5] 
b  Findthe remainder when f(x) is divided by (x — 3). [2] 
6 a Sketch the curve y= (3x + 2)(3 — 4x) for -2 = x = 2, stating the coordinates of the points 
where the graph cuts the axes. [3] 
b By expanding the brackets, find the equation of the tangent to the curve 
at the point where x is the positive root of (3x + 2)(3 — 4x) = 0. [4] 
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In this chapter you extend your knowledge and use of trigonometric 
functions. In order to do so, we have to re-define them so that we can 
talk about angles greater than 90°. In fact, we can talk about angles of 
any size, positive of negative. 





11.2 Trigonometric ratios 


You will already be familiar with the following ratios: 


sin 9 = SPP A 


dj opposite 
cos 8 Pari Al 





adjacent 


tan 0 = ZPE 
adj 


These, along with Pythagoras theorem, allow us to solve problems 
involving right-angled triangles. 





One difficulty is that these definitions apply only to angles less 
than 90? (8 « 909). 

In order to move forward and consider angles of any size, we must 
change the definition while still allowing the ratios above to work. 


Example 11.1 

Given a right-angled triangle ABC where angle B is 90? and the 
lengths of AB, BC, and AC are p, q and r respectively, and angle 
C = 0, what are the lengths of the similar triangle formed by 
dilating the triangle using a scale factor of =? 


I PI ERE EN VEEIWER KEV Ver Vw VER « 
solution: 

Let the dilated triangle be A'B'C : | Dilation is the process of 

(C is a common vertex in both triangles) E "changing the size of ob 

Let CH =x : | usina a scale factor 

and A'B' 2 y x | | | fou have probably u 


en arc ement” but that is 
| m ot really suitable if you are 
If the scale factor is — xallv suitable if vo 

r 


then A’C=1 
1 | 
and x==xq=1=cos0 
r 


r 


1 
y= p=] sn 
r F 





So, if the hypotenuse of a triangle is 1, the other lengths will be cos 0 and sin 0. 


This provides us with an alternative definition of sine and cosine. 


| Chapter 11 





11.3 Defining sine and cosine 


Problem 11.1 


1 Onalarge sheet of graph paper, draw a quadrant 
of a circle as shown opposite. 


The centre of the circle should be at the origin. 


Use a grid scale that will allow as much paper to be 
used as possible, while the scale goes from 0 to 1. 


Draw radii on your graph every 10° and also at 45°. 
Copy and complete the table of x- and y-coordinates 
of the points where the radii touch the circle. 


Measure these correct to 2 decimal places. 


When your table is complete, use your calculator to find the 
sine and cosine of the angles you measured in your table. 


How accurate were your measurements? 





We can now define sine and cosine as follows: 






Notice that with this definition, we do not have to stop at 90°. 
We could go on forever. 

We could even go in the opposite direction to investigate 
negative angles. 


Remember: x-coordinate = cosine; ^ y-coordinate = sine 


Angle xOP is formed from the line 
segment OP and the positive x axis. 
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11.4 Symmetries of the unit circle 


Any diameter of a circle is a line of symmetry. 
However, for our purposes, we will be 

interested in 

1 the x-axis (y = 0) 

2 the y-axis (x 2 0) 

3 theliney=x 

4 thelinexty=0(y=-x) 

The circle also has rotational symmetry of infinite 
order but we will be interested only in rotations of 
+90° and 180°. 

From the single point, P (cos 0, sin @) where angle 
xPO = 0, we can generate the seven other points Q, 
R, S, T, U, V, and W by reflection in the four lines 
mentioned, or by rotation. 





By symmetry, the coordinates of these points will all 
consist of the same values, but not necessarily in the 
same order, and some will be negative values. 


Angle made with the 
— x-axis (Ó) 
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Example 11.2 


State two positive angles and two negative angles which will give 
identical radii in the unit circle as an angle ot: 


a ‘The point P where angle xOP= 125° is as shown. 


Other angles which give an identical radius OP are found 


by adding or subtracting multiples of 360° to/from this. 
Giving: 4857, 845^,....0r -235 , —595 ,... 


The point P, where angle xOP = 255° is as shown. 

Other angles which give an identical radius OP are found 
by adding or subtracting multiples of 360° to/from this. 
Giving: 615°, 975?, ... or —105°, 465", .... 
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Example 11.3 


Express each of the following as the same function of an acute angle: 


a cosll5“ b sin 190? c cos 290° 
Solution: 
a AnglexOP=115° 
0 =180* -115° 
=09- 


Reflecting OP in the y-axis gives OQ. 
By symmetry, 
angle xOQ = 65° 


Hence cos 115° 2 —cos 65° 


b Angle xOP = 190° 
8 = 190° — 180° 
= 10° 
Rotating OP through 180° about the origin gives OQ. 
By symmetry, 
angle xOQ = 10° 
Hence sin 190° =—sin 10° 


c AnglexOP = 290° (the reflex angle) 


@ = 360° — 290° 
= 70° 
Reflecting OP in the x-axis gives OQ. 
By symmetry, 


angle xOQ=70° 


Hence cos 290° = cos 70° 
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11.5 Graphs ofthe trigonometric functions 
We use the unit circle to show how we get the graphs of sin 0 and cos 0. 


11.5.1 The graph of sin 8 


Below is a unit circle next to the coordinate axes. 

As the point P moves positively (anticlockwise) around the circle, 
we can transfer the y-coordinate which is the measurement for 
sin O across to the graph. This produces the following result. 








—]! 


11.5.2 The graph of cos 0 


The measurement of cosine is the x-coordinate. In order to graph this in the same way, we would 
need to go down the page instead of across, like we did with sin 0. To avoid this, we will turn the unit 
circle around. 

As the point P moves positively around the circle, we can transfer the x-coordinate which is the 
measurement for cos 0 down to the graph. This produces the following result. 


+= 
= 
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11.6 The tangent function and its graph 


The third trigonometric function you have used is the tangent function. 


yx | 
p phy 
TCG 
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The results of Problem 11.3 are: 
w=] 
y = tang 


c=- 


We can accommodate this in our unit circle diagram as follows: 
The tangent measurement is made from the x-axis along a line 
that is a tangent to the unit circle at (1, 0). We measure to the 
point where the radius OP (extended) crosses the line. 

The coordinates of the point T are (1, tan 0). 


In fact, this is why we call it a tangent. 








Note that, for an obtuse angle, the radius OP has to be extended 
beyond O, not P, in order to cross the tangent line. 

Such a line would cross at a negative value. 

As the point P moves around the circle, the point T, giving the 
tangent value, will move up the line to infinity when 0 = 90°. 
When 08 — 91“, tan O is very negative and, as O approaches 180°, 
the value of tan 0 will gradually rise to zero before the process is 
repeated as O increases from 180° to 360°. 





Thus, we get the following graph of tan 0. 
y 


450° 540° 6300/7200 " 











be 90° 180° 270° 360° 
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11.7 Properties ofthe trigonometric functions 


Extending the domains of the functions, we get the following graphs, extending in both directions: 





The sine and cosine graphs are the same shape but not in the same place. 
(They are offset from one another.) 


Exercise 11.1 
1 For each angle, state two other positive angles and two negative angles which will give 
the same x and y coordinates in the unit circle. 


a 30% b 80° c 120" d 150? e 180* 
f 210? g 255° h 270° i 310° j 340° 
k 420° | 530° m 630° n 710° o 1050* 

2 Express each of the following as the same function of an acute angle. 
a cos 120° b sin110* c tan 135° d cos 160° e sin 150° 
f tan 210° g cos 225° h sin 240° i tan 255° j cos 260° 
k sin 280° | tan 300° m cos 310° n sin 325° o tan 330° 


3 Express each of the following as the same function of an acute angle. 
a cos(-15?) b sin (—40°) c tan(-65') d cos (-709) e sin (—85°) 
f tan(-115?) g cos(-130%) h sin(-160*) i tan(-165) j cos(—-170^) 
k sin(-210?) | tan (—240°) m cos(—300°) n sin(-320?) o tan (—350?) 


4 Express each of the following as the sine of an acute angle. 


a cos 120° b cos 135° c cos 150° d cos 160° e cos 210° 
f cos225° g cos 240° h cos 255° i cos 260° j cos 280° 
k cos 300° Í cos315° m cos 350° n cos 430° o cos 650° 
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5 As stated, the functions y = cos x, y = sin x and y = tan x are not 1 : 1. 
a In each case suggest a restricted domain, as large as possible, 
that is 1: 1. 
b sit possible to have the same domain restriction in all cases? 
There are many possible answers to part a. Which do you 
think are most useful and why? 


11.8 Inverse trigonometric functions 


From question 5 of Exercise 11.1, you will realise that we have 
some difficulty with the inverse trigonometric functions. If we 
want to solve an equation such as sin 0— 0.3, we will need an 
inverse function. This is often written as sin? x. 


The domain of the function y = sin x is a set of angles. 


The range is a set of numbers. 


etimes arcsin X IS usec 





Restricted 09 82180? | -90° = 090? | —90° < 0 < 90° 
domain [09, 180°] [—90*, 90°] (—90^, 90?) 





The graphs of the inverse functions are: 


* 





y=cosx y-sin X y-tanx 


y=<08 x y=sin™ x y-tan x 


Note that the range of the inverse functions are often called the principal values. 
11.9 The periodic properties of trigonometric functions 
You can see from the graphs of trigonometric functions that they are periodic. 


The graphs are waves and so different angles give identical cosines, sines and tangents. 
The basic graphs are repeated every 360°. 
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The reason for this is demonstrated by the unit circle. 
The point P, whose radius from O makes an angle 0 with 
the x-axis has: R 
the same cosine as point Q, 
the same sine as point R, 
the same tangent as point S. mail 
Furthermore, the angle 0 is not the only angle that would 
leave the point P in that position. 
If we increase or decrease 0 by 360°, or any multiple of 360°, 
the point P will travel completely around the circle a number 
of times and end up in exactly the same place, so it will have 
exactly the same cosine, sine and tangent as it has now. 
The same applies also to the points Q, R and S. 


We can use this property when solving trigonometric equations. 


Example 11.4 
Find two positive and two negative angles that have 
a the same cosine as 70° 


b the same tangent as —50°. 





ee ee ee O E E E EEEE EEEE E E E E EE E E AAA 


Solution: 

a Ifthe radius OP makes an angle of 70° with the x-axis, then 
other angles that will place the point in the same position 
are 430°, 790°, 1150°, . . . and —290°, —650°, —1010°,... 
Point P has the same cosine as any angle that places the point 
in the same position as point Q. 

These angles are —70°, —430°, —790°,... and 290°, 

al 1010... 

If the radius OP makes an angle of —50* with the x-axis, 

then other angles that will place the point in the same position 
are 310°, 670°, 1030°,..... and —410°, -770°, -1130^,... 

Point P has the same tangent as any angle that places the 

point in the same position as point Q. 

These angles are 130°, 490°, 850°, . . . and —230°, 

—590°, -9505,... 
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11.10 Solving trigonometric equations 


Example 11.5 

Solve each of the following equations for 0° < 0 = 360°. 

a cos@=0.3 b sin @=-0.7 c tan@=-—2.5 
Solution: 

a cos 0 — 0.3 


is equivalent to 0 — cos” 0.3 


Step 1: Draw the line x = 0.3 





This intersects the unit circle at two points P 
Step2: Find the principal value from your calculator. 
C= 72.549 
Step 3: Find the alternative values for 0 at both P and Q. 
P: 1..., 1007.46, —647.46?, —287.46?, 72.54°, 432.54°, 792.54°, 1152.549, ...] 
Q: {..., -1152.54°, -792.542, —432.54°, -72.54°, 287.46°, 647.469, 1007.46°, ...} 
Step 4: Select the ones needed to satisfy the question. 
0 e {72.54°, 287.46°} 
b sin 0— —0.7 
is equivalent to 0 = sin ' (-0.7) 
Step 1: Draw the line y = —0.7 
This intersects the unit circle at two points P and Q. / 





Step 2: Find the principal value from your calculator. 
0 = —44.43? 
Step3: Find the alternative values for 0 at both P and Q. 
P: [..., -1124.43?, —764.43?, —404.43°, —44.43°, 315.57°, 675.579, 1035.57^, ...] 
Q: {..., —855.57?, —495.57°, —135.57°, 224,439, 584.439, 944,439, 1304.43°,...} 
Step 4: Select the ones needed to satisfy the question. 
c tan Q=—2.5 
is equivalent to 0 = tan ' (-2.5) yy 


Step 1: Draw the line from the —2.5 measurement 


through the origin. ZEN 


[his intersects the unit circle at two points P and Q. ey 






Step 2: Find the principal value from your calculator. 
0 = —68.20? 
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Step 3: Find the alternative values for 0 at both P and Q. 

P: {..., -1148.20°, —788.20?, —428.20°, —68.20°, 291.80°, 651.80°, 1011.80^, ...] 
Q: {..., —968.20?, —608.20°, —248.20°, 111.80°, 471.80°, 831.80°, 1191.80°,...} 
Select the ones needed to satisfy the question. 

6 €{111.80°, 291.80°} 


Example 11.6 
Solve the equation cos (38 — 60°) = 0.3 for —180° < 0 = 180° giving solutions correct to 1 d.p. 


Solution: 
We follow exactly the same steps 1-3 as in Example 11.5a. 
This gives us the following values for (39 — 609): 
(30— 60°) = 1..., -1007.46°, —647.46?, —287.46°, 72,54%, 432.54°, 792,54”, 1152.54, ...) 
Or (30— 60°) = [..., —1152.54*, —792.54?, —432.54°, —72.54°, 287.46°, 647.46°, 1007.46^, ...] 
adding 60* to both sides: 
30-2 |..., —947.46?, —587.46°, —227.46°, 132.54°, 492,549, 852.54°, 1212.54^, ...] 
Or 30 = {..., —1092.54^, —732.54°, —372.54°, —12.54°, 347.467, 707.46”, 1067.46^, ...] 
dividing both sides by 3: 
0— 1..., 315.827, —195.82*, —75.82°, 44.18°, 164.18”, 284.18°, 404.18^, ...] 
= 1..., —364.18?, —244.18?, —124.18?, —4.18°, 115.82?, 235.829, 355.82^, ...] 
Step 4: Select the solutions needed to satisfy the question. 
0 € (—124.18?, —75.82?, —4.18°, 44.18°, 115.829, 164.189) 


Example 11.7 
Solve the equation 4 sin x cos x — sin x, for 0° = x = 360°. 
Solution: 
4 sin x cos x = sin x 
4 sin x cos x —sinx=0 

sin x (4 cos x-—1) =0 
giving sinx=0 or cosx=0.25 

x='0°, 180°, 360° x= 755°, 284.5" 

x = 0", 75.59, 180. 20435, 360° 
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Exercise 11.2 
Answers to questions in this exercise should either be exact or, 
if approximate, given to 1 decimal place. 


1 Solve each equation for -180? = 0 = 180°. 





a cos @=0.25 b sin@=0.4 c tan@=0.7 d cos 0-0.9 
e sin 0—0.85 f tan @=0.2 g cos0--0.3 h sin @=-0.5 
i tan@=-2.0 j cos @=-0.75 k sin @=-0.9 | tan @=—4.5 
m cos 0-0 n sin0--l o tanĝ=6 

2 Solve each equation for 0? = 0 = 360°. 
a cos20=0.4 b sin30=0.7 c tan40-3.5 d cos30=0.25 
e sin40—0.45 f tan20=0.2 g cos40=—0.6 h sin2@=—0.8 
i tan3@=-3.0 j cos =0./5 k sin K = 0,7 l tan o — —(.5 


m cos(-6)=02 n sin(-8)--02 o tan(-0)=3 


3 Solve each equation for 0? = 0 = 360°. 





a cos (20+ 30?)-2 0.25 b sin (30— 40°) =0.2 c tan (40-50%)=1.5 

d cos(30—60?)2 —0.5 e sin(40-- 100%) 2 —0.4 f tan (20+20%)=-1.6 

g cos (20-20) =0.3 h sin (45° - 20) =-0.5 i tan [6v — >) mE 
4 Solve each equation for 180? = 0 = 180°. 

a 2cos*@+cos 0-0 b  3sin? O=sin 0 c tan’ 0—2tan 0-0 

d 6cos?0—cos0—2-20 e 2sin’@+ sin @—1=0 f 6tan* 8— l3tan0+6=0 
Summary 
Definitions As a point moves around a unit circle 


in an anticlockwise direction starting 
from (1, 0), the coordinates of the 
point P, for an angle of rotation 0, 
are (cos O, sin 0). 

The coordinates of the point T, where 
the radius, extended, crosses the 
tangent at (1, 0) are (1, tan 0). 


It does not matter how large the angle 0 
is. It could even be negative. 
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Inverse trigonometric Trigonometric functions are not 1 : 1, so in 





functions order to find angles, we have to restrict the domain. 
y =sin x -180° € x « 180? 
y=cosx 0" =x = 180° 
y=tanx —180° < x < 180? 
Graphs of 
trigonometric functions 
YA 
a : - 
y=cos 8 y=sin 0 y-tan 8 
Amplitude The distance between the axis of the graph and the maximum points. 


For the standard sine and cosine functions, the amplitude is 1. 

Note that, athough periodic, the amplitude of the tangent function is infinite. 
Period The angle between consecutive identical points on the graph. 

For the standard functions, the period is 360*. 


Solving trigonometric You can use the unit circle to find equivalent angles with the same sine, 
equations cosine or tangent values. Make sure that you find all the solutions to an 
equation. 


Chapter 11 Summative Exercise 


1 Inthe diagram, the angle xOP = 130°. 
a Write down two positive angles such that sin x = sin 130°. 
b Write down two negative angles such that sin x = sin 130“. 
Write down two positive angles such that cos x = cos 130°. 
Write down two negative angles such that cos x = cos 130“. 


Write down two positive angles such that tan x = tan 130°. 


|^ aa 


f Write down two negative angles such that tan x = tan 130°. 





2 Express each of these as the same function of an acute angle. 


a cos 160° b sin 110? c tan 140? 
d cos 250? e sin 220° f tan 260? 
g cos 320° h sin 310° i tan 340° 
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3 Solve each equation for 0? = x = 360°. 
a cosx=0,3 b sinx=0.4 € tanxv=I15 
d cosx=-0.2 e sinx=-0.3 f tanx=-0.9 


4 Solve each equation for 2180? < x = 180°. 
a cos2x- 0.6 b sin3x=0.8 c tan2x=0.9 
d cos3x=-—0.8 e sin2x=-—0.9 f tan3x=-2.5 
5 ‘The diagram at right shows the graph of the function f(x) = sin x 
and the one below it shows the graph of the function f(x) = cos x, 
both for the domain —720° = x = 720°. 
a The standard restriction of the domain (called the principal 
values) to create a 1 : 1 function is -90? = x = 90°. 
Choose another domain for which the function is 1 : 1 and 
which contains the value x = —180*. 
b  Forthe cosine function, state the standard restricted domain 
of the function and choose another domain for which the 
function is 1 : 1 and which contains the value x = —450*. 


6 Solve each equation for 0? = x = 360°. 





a sin2x- cos 36? b 1+2sin2x=0 
| l 
c sin (2x — 60%) = E d 5tan(x+40°)=6 
7 Solve each equation for -180? < x = 180°. 
a Msinx— cos x)= 2(sin x + cos x) b 2(sinx+cosx)=3cosx 
c 3sin x+ cosx) 2 2cos x d 4(cos x —2 sin x) 2 3(cos x — 3 sin x) 


8 Solve each equation for 0? = x = 360°. 
a sin’x+2 sin xcosx -— 3 cosx=0 b 12sin"x-sinx—-6-20 
c 20cosx-7cosx—-3-20 d 2tanx-7tanx—4-0 
9 Solve each equation for 2180? < x = 180°. 
a 2sinxcosx=cosx b sinx+3sinxcosx=0 
c 4tanx cos x—tanx=0 d 3sinxtanx+3sinx—tanx—1=0 
e 2cosxtanx—4cosx+tanx—2=0 
10 Angles A and B both lie in the range 0° = x = 360°. 
Both sin A and cos B are negative. Find the possible range of values of: 
a A+B b A-B 
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Answer questions 11 to 13 without using a calculator. 


Instead, use the diagram on the right and Pythagoras theorem. 


11 In the triangle, cos x = =. 
a  Theangle yis obtuse and cos y = —cos x. Find sin y. ^ ds 
b ‘The angle z isa reflex angle and cos z = —cos x. Find tan z. A b E 
12 a ‘The angle xis obtuse and 12 tan x=—5. Find sin x. 
b The angle y lies between 270° and 360° and 17 cos y=8. Find sin y. 
13 a ‘The angle xis reflex and 25 cos x =—7. Find sin x. 
b ‘The angle y lies between 270° and 360° and 41 sin y — —9. Find cos x. 
Chapter 11 Test 1 hour 
| Solve these equations for 0? = x = 360°. 
a sin2x=-—0.2 [2] 
b sinx=3cosx [2] 
c 1+2cos2x=0 [2] 


2 a Onthesame diagram, sketch the curves y= sin x and y= sin 2x — 1 for 0° = x= 360°. [4] 
b Hence state the number of solutions of the equation sin 2x — sin x= 1 in this range. [2] 


3 Find all angles in the range 0° = x = 360° which satisfy these equations: 


a 2sin(x+20%)=1 [3] 

b 2(sinx+cosx)=3 sinx [3] 

c 6cosx-cosx-120 [4] 
4 C 
X 





A 


2x B 
ABC is a right-angled triangle, with AB = 2x and BC = x. 


a Find an expression for sin 6. [3] 
b  Findan expression for sec 6, [2] 
c Find the value of 0 correct to 1 d.p. [2] 
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5 a The cubic polynomial f(x) = 6x* +x — 11x — 6 has a factor (x + 1). 


Solve the equation f(x) = 0. [5] 
b Hence find solutions to the equation 6(sin’@ — 1) = sin 0 (11 — sin 0) for values of 0 
in the range 0? = 0 = 360°. [6] 
Term test 3A (Chapters 9-11) 1 hour 
1 Find the distance between the points where the line y = 5x — 11 cuts the curve 
y-2x!- 5x - 3. 6] 
2 
2 a Show that ‘2% —9) can be written as 2x? — A [1] 
X X 
E dy | 
b Hence, ifxy=2x — 6, find —. [2] 
dx 
3 Solve these equations. 
a 3sinx+4cosx=0,for0° = x = 360? [3] 
b 2cos(x— 10°)=-1, for 0° =x = 360° [3] 





D 
The points A(—2, 4) and C(4, 8) are vertices of the kite ABCD. 
M is the mid-point of AC. The vertex B of the kite has coordinates (k, 9). The length MD = 4BM. 


a  Findthe equation of the perpendicular bisector of AC. | 

b Find the value of k. [1] 

c  Findthe coordinates of D. [1] 
| 


3] 
l 
d Find the area of the kite. [3] 
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5 Differentiate with respect to x: 


a (2—-xy [2] 
b xy-2-x [2] 

2 | 
e fo) Vx [2] 

6 Find all angles x, 0° = x = 360°, which satisfy these equations. 

a 4sin2x-3c0s2x=0 [4] 
b 3(cosx-sin x) 2 5(cos x+ sin x) [4] 
c 3sin(x—40?)-2 [3] 
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Circular measure 


* solve problems involving the arc length and sector area of a circle, including knowledge and 
use of radian measure 





12.1 Measuring an angle 


The simplest measure of rotation is the revolution. 

However, we need to measure angles smaller than a one complete revolution. 
The oldest of these systems is the use of degrees. 

There are 360° in one revolution. 

However, it turns out that degrees are not very useful when doing advanced 
mathematics, and so a different system is usually used. 

We measure angles using radians. 

Try this problem and you will see why. 





Problem 12.1 


Step 1: Check your calculator and make sure that you know how to change the angle 
measurement system from degrees (usually Deg) to radians (usually Rad). 


sinh 
Step 2: We are going to investigate the limit Lt h | You will see why in a later chapter. 


Copy and complete the following table: 


sinh 


h 


h degrees radians | 
0.1 0.01745 | 0.99833 | 
0.01 - 


0.001 


9,9091 0000) Keep going until your 
E] results have converged. 


Step 3: What were your final results? 





Which of these results would you rather use later? 





12.2 Mensuration of the circle 


You should know how to calculate the circumference C and area A of a circle. 





C=2ar Á =nr? 


From these, we can calculate the length of an arc or the area ot a sector. 
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12.2.1 Length of an arc (using degrees) 


We use ratios to find the length of the arc AB. 





— 
C 360? 

c= P, x2mr 
60° 






12.2.2 Area of a sector (using degrees) 


similarly, we use ratios to find the area of the sector OA B. 











a 8 

A 360? 
Gg; 

a= — X JT 
360? 


12.3 Theradian 


Radians are defined so that the angle made at the centre of a 

circle of radius 1 unit is the same size as the length of the arc. 

The arc length AB = 0 when the radius = 1. 

So the angle representing 1 revolution = circumference 





If we dilate the circle by scale factor r (the new radius of the circle), 
the arc length becomes r6. 
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We can find the area of the sector, a, in the same way as we did 
using degree measurement. All that changes is the angle 
representing 1 revolution: 





| 
sector area = > r 





12.4 Equivalent angle measurements 


Revolutions sición Radians C 
(decimals) 


1.570796 





0.785400 


0.523599 





Exercise 12.1 

| Convert these angles from degree measure to radian measure, expressing them as a rational 
multiple of 7: 
a 10° b 20* C 22,5? d 30* e 75" f 105° g 120° 
h 135“ i 1509 j 210“ k 225? | 240? m 270* n 300° 
o 315° p 330“ q 450° r 540“ s 630° t 720° u 1080° 


Circular measure 





2 Convert these angles from radian measure to degree measure, giving the answer to 
one decimal place: 
a 0.01745 b 0.08727 c 0.26818 d 0.4363 e 0.8727 f 1.2217 g 1.7453 
h 1919 i 2.8798 j 3.4034 k 44506 1 4.9742 m 5.58531 n 6.0214 
o 6.5 p 7.0 q 7.5 r 80 s 85 t 9.0 u 10.0 


3 Find (i) the length, /, of the arc 


and (ii) the area of the sector 


in the following cases (all lengths in cm). 





TE TT 
6 3 
c r=10; = d ið mm = 
12 2 
T TT 
e r=30; 0-— f r=50; 0-— 
3 6 


4 Find (i) theangle subtended at the centre 
and (ii) the area of the sector in the following cases 
(l= arc length, and all lengths in cm): 


a pum Fea b r=» f= 15 
c r=4 1=20 d r=20; Í=45 
e r=30; 1=30 f r=50: [— 120 


5 Find (i) the angle subtended at the centre (correct to 2 d.p.) 
and (ii) the length of the arc (correct to 2 d.p.) in the following cases 


(a — area, and all lengths in cm): 


a fb 43-10 b r=8 @=15 
C r=4; a=20 d r=20 2245 
e r=30; 4-30 f r=50% 4-120 


6 Find (i) theradius of the circle (correct to 3 s.f.) 
and (ii) the area of the sector (correct to 3 s.f.) in the following cases 


(all lengths in cm): 


d ly paz b f= 12: ia 
6 3 
IT 37 
c 1-20; 8-27 d Fa 
12 2 
e 1-224; B= E f 1-250; AE 
3 6 
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12.5 Circle geometry 


Find the area of the pue shaded segment (ABC) of the circle. 


e P2 559259928 959 55 2525225232593255555s3s35255975MH4l£8»€72]BE.BMB82dgBgS |.s 6 BB 5 B D D D P D BD D b P5055 5 555559994995 5596958589499995785085523^858u8s0 880800 B0H70080099585 


| Solution: 


Area of segment ABC = Area of sector OACB — Area of 
triangle OAB 
27 


1 
Area of sector OACB => x6 x — : 





1 j: 
Area of triangle OAB = 3 x 6° x sin( = 


l 2 2 
Area of segment -—Xx6 X| si | 
2 3 307] 
ZE S 
30 


-12z—943 


Example 12.2 


Inthe triangle ABC, AB = 6 and angle BAC = 2 
BD is the arc of a circle, centre A, and BC isa - 

| tangent to the circle. 

Find the area of the shaded region BCD. 





Solution: 
Angle ABC is a right angle. 


BC- tn [5 E 643 
Area ABC=—x6x6V3 = 183 


1 - 
Area sector ABD = 5 x 6° x - = 670 





Shaded area = 6(3V3 — 17) 





Circular measure MEF 








12.6 Solving equations 


As you have seen, radians are just an alternative angle measuring system which turns out to be more 
useful from a mathematical point of view, even if, in real life, degrees are used by more people. 
Ás in Chapter 11, we can solve trigonometric equations using either system. However, there are some 
things you need to note: 
1 Which system to use? 
This is usually indicated in questions by a phrase such as: for 0° = x = 360° or for 0 = x = 27. 
Keep an eye out for these indicators. Using the wrong system will cost you marks. 
2 Howto change from one to the other. 
Your calculator is equipped to use both systems, usually selected by a function mode key. 
You must find out how to change the mode of your calculator. They are not all the same. 
3 Special angles 
You must be aware of the special angles (usually rational multiples of 7). 
Most calculators cannot provide answers in this format but they are preferable to decimal 
answers since they will be irrational numbers. 


Example 12.3 


Solve the following equations for 0 = x= 27. 


a simx=0.7 b cosx=0.5 


a sin x — 0.7 
The diagram shows two positions, P and Q, where sin x = 0.7. 
Your calculator will give the solution for P as x = 0.775. 
To find the value for Q: x 2z— 0.775 
x = 2.366 
So, the solution setis: xe 10.775, 2.366} 
cos x — 0.5 
The diagram shows two positions, P and Q, where cos x = 0.5. 
Your calculator will give the solution for P as x = 1.075. 


However, this is a special value that you should recognise. 
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To find the value for Q: 


| So, the solution set is: 








Exercise 12.2 

In this exercise, all lengths and areas should be found accurately. (CN 

Surds and z should be left in the answers. | 

1 ‘The diagram shows three identical circles, each 
of radius 10 cm. Each circle touches the other two. 
Find the area of the shaded region in the centre of 
the diagram. 





2 ‘the three circles from question 1 represent water 
pipes (end view). They are fastened together using 
a rubber band. 
Assuming the rubber band is taut and there is no 
overlap of material, find the length of the rubber band. 
3 ‘The diagram on the right shows a large circle of radius 
30 cm touching a small circle of radius 10 cm. 
The two circles are held together by a band passing 
around their edges. 
a Find the length of the band. 
b Find the area shaded in the diagram. 
4 ‘The diagram on the right shows two circles, each of 
radius 10 cm. Each circle passes through the centre 
of the other one. 





a Find the perimeter of the shaded region. 


b Find the area of the shaded region. 


Circular measure 









5 The diagram on the right shows a kite, ABCD. 
The arc BD is part of a circle, centre A. 


Angle BAD — s rad; angle BCA — E rad. 


AB = 20 cm. 


a Find the perimeter of the shaded region. 
b Find the area of the shaded region. 


Summary 


Definitions 


Equivalences 


Formulae 
Solving trigonometric 
equations 


Remember 
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One radian is the angle swept through that generates 


an arc at the circumference equal to the radius. 





Alternatively, if the radius is 1 unit, the angle, in 


radians is equal to the arc length. 





If the radius is 1 unit, 
the circumference = 27 
so 1 revolution (360°) =27 radians 


180? = zt radians 


it " 
90? = * radians 
and so on. 
Fractions of z are preferable to decimals if they are "nice" fractions. 


The length of an arc = r8 
The area of a sector = E ria 
A 


Make sure your calculator is set to radian mode before you solve an 
equation in radians. Try to get used to working in radians rather than 
finding answers in degrees and then converting them. 


Later, when we are doing calculus, we must always work in radians. 


Chapter 12 Summative Exercise 


1 


Convert these angles from degree measure to radian measure, leaving your answers as rational 
multiples of 7. 





a 15 b 30° c 40° d 75° e 90° 
f 120° g 135° h 210° i 225 j 300? 
Convert these angles from radian measure to degree measure. 
: . RW ST 
12 6 4 3 12 
47 177 3 137 157 
f — g — h — iI — j = 
3 12 10 18 9 
In the following cases, find: 
(i) the length of AB 
(ii) the area of the sector AOB. 
Express your answers as a rational multiple of 7. 
TT DIC | N 
a r=6;0= — b rz10;02 — c r=18;0= — 
4 12 6 
37 37 ST 
d r-24;0- — e r-32;0- — f r-15;0- — 
4 ð 5 
In the following cases, find: 
(i) the angle subtended at the centre 
(ii) the area of the sector AOB. 
Express your answers as a rational multiple of 7. 
ST 
a pes E PS b pi T c y=bul=37 
2 


d r-=18:=157 e r=16;[=127 f r=6:f=38 
In the following cases, where a is the area of the sector, find: 

(i) the radius of the circle 

(ii) the length of the arc AB. 


Express your answers as a rational multiple of 7. 





LIU 57 37 4510 2 
a a=37:6= — b 4m. ao mE c a= — ; 0= — 
3 8 4 2 9 
20 OF 40m . 5x ST 
d 43010;0—- — é d2——;02-— f = — 
2 3 12 6 


Circular measure MAI 





| TT 
6 Inthe diagram, angle ABC is 3 Find: 


D 
a  theangle BAC in radians, correct to 1 d.p. : á 
b the perimeter of the shaded part l 
c the area of the shaded part. 
Á 4 5 


7  Thearc AB is part of a circle, centre O, radius 10 cm. 
The chord AB has length 12 cm. Find: 
a theangle 0, in radians, correct to 1 d.p. 
b the length of the arc AB 


c thearea of the shaded region. 


8 A piece of wire of length 20 cm is bent to form a sector of a 
circle, centre O as shown. Given that the radius of the circle 
is r cm, express: 

a  ÜOinterms ofr 


b thearea A of the sector, in terms of r. 





9 AB and CD are arcs of concentric circles, centre O. 
OA = 1 mand OD-6 m. 
If the perimeter of the shaded area is 24 m, find: 
a  theangle 0 in radians 


b thearea of the shaded region. 


10 A cone has a base radius of 5 cm and a height of 12 cm. 
The curved surface of the cone is cut and flattened to form 
a sector of a circle. Find: 
a  theangle of the sector, in radians 


b the area of the curved surface ot the cone. 
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Chapter 12 Test 1 hour 


1 Find all angles x, 0 = x = 27, which satisfy the equation: 


a cos(3—-x)=0.6 [4] 
b 3tan(2x+1)=-2 [4] 
c ó6sinx-sinx-1-0. [4] 


2 Inthe figure, OAB is the sector of a circle, centre O. 
OCA is a right-angled triangle, with OC = 8 cm and CA = 6 cm. 
Find: 


a  theangle O in radians, correct to 3 s.f. [2] 

b the perimeter of the shaded region [4] 

c the area of the shaded region. [3] 
3 The triangle OAB is equilateral and OAB is a sector of 

the circle, centre O, radius 6 cm. 

a  Findthe perimeter of the shaded segment of the circle. [2] 

b  Findthe area of the shaded segment of the circle. [5] 





4 "The figure shows a circle, radius 5 units. 
Lines XA and XB are tangents to the circle 
at the points Á and B. 


Angle AOB = 2n radians. 
3 


a  Findthe perimeter of the shaded region. 





b Find the area of the shaded region. 


5 a Sketch, on the same diagram, the graphs of y= | 2 cos x | and y = = forO x x= 27. [4] 
b State, for the range 0 = x = 27, the number of solutions of: 

(i)  |3zcosx| 22x [3] 

(ii) 3mcosx=2x [3] 


Circular measure 





Examination Questions 


l 





E B 


In the diagram, OAB is a sector of a circle, centre O and radius 16 cm, and the length of 
the arc AB is 19.2 cm. The mid-point of OA is C and the line through C parallel to OB 
meets the arc AB at D. The perpendicular from D to OB meets OB at E. 


(i) Find the angle OAB in radians. [2] 
(ii) Find the length of DE. [2] 
(iii) Show that the angle DOE is approximately 0.485 radians. [2] 
(iv) Find the area of the shaded region. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P2, Qu 10) 


20 cm 





D B 


The diagram shows an isosceles triangle ABC in which BC = AC = 20 cm, 

and angle BAC = 0.7 radians. DC is an arc of a circle, centre A. 

Find, correct to 1 decimal place: 

(i) the area of the shaded region, [4] 


(ii) the perimeter of the shaded region. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P1, Qu 10] 
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D 





7 cm 


| 4 
The diagram shows a sector COD of a circle, centre O, in which angle COD = 3 radians. 
The points A and B lie on OD and OC respectively, and AB is an arc of a circle, centre O, 
of radius 7 cm. Given that the area of the shaded region ABCD is 48 cm’, find the 
perimeter of this shaded region. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P1, Qu 4] 





O B 


The diagram shows a sector OACB of a circle, centre O, in which angle AOB = 2.5 radians. 
The line AC is parallel to OB. 


(i) Show that the angle AOC = (5 — 7) radians. [3] 
Given that the radius of the circle is 12 cm, find 

(ii) the area of the shaded region, [3] 
(iii) the perimeter of the shaded region. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P2, Qu 11] 


Circular measure 








8m B 
The diagram shows an isosceles triangle ACB in which AB = 8 m, BC= CA =5 m. 


ABDA is a sector of the circle, centre A and radius 8 m. CBEC is a sector of the circle, 
centre C and radius 5 m. 


(i) Show that the angle BCE = 1.287 radians correct to 3 decimal places. [2] 
(ii) Find the perimeter of the shaded region. [4] 
(iii) Find the area of the shaded region. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P1, Qu 10] 








10 cm 


The diagram shows a sector ABC of a circle, centre A and radius 10 cm, in which the angle 
BAC = 0.8 radians. The arc CD of a circle has centre B and the point D lies on AB. 


(i) Show that the length of the straight line BC is 7.79 cm, correct to 2 decimal places. [2] 
(ii) Find the perimeter of the shaded region. [4] 
(ii) Find the area of the shaded region. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P1, Qu 10) 


Chapter 12 








a B C 

The diagram shows a sector OAB of a circle, centre O and radius 4 cm. The tangent to the circle 
at A meets the line OB extended at C. Given that the area of the sector OAB is 10 cm’, calculate 
(i) the angle AOB in radians, [2] 


(ii) the perimeter of the shaded region. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P1, Qu 7] 





8 
E 15 em B 
The diagram shows a sector AOB of a circle, centre O, radius 15 cm. The length of 
the arc AB is 12 cm. 
(i) Find, in radians, the angle AOB. [2] 
(ii) Find the area of the sector AOB. [2] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P1, Qu 1] 
9 Solve the equation 3 sin (ž- l | =] for0 < x< 6z radians. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P2, Qu 2] 


a 


Circular measure BIF 
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In Chapter 10 you met the derived function and the first simple application of it. 
In this chapter, we look at further applications of the derived function and introduce an extension to 
the theory so that we can deal with functions that are a little more complicated than series made up 


of powers of x. 


(75 Chap; al 

, 7 = L. dd ur) het ota tae tl td = 
E F ME 1 nn. if I 1 IT 6 

=, a p B ds a JJ LL X | LJ i E c i y |J LJ | E Fe) 


When sketching a graph, it is often helpful to know where the significant points on the graph are. 
Some significant points are: 

e points where the graph cuts the axes 

* points where the tangent is horizontal 


e points to which the graph is heading as it goes towards its extremes. 


Of these, we find the first by solving the simultaneous equations 
y=f(x), and one of x Z0 or y — 0. 
The third we find by investigating what happens as x or y approaches infinity. 


The second is what we are interested in here. 





We solve the problem by finding 2 and then solving the equation a = 
| x 


These points are called stationary points because at these points 





; statio Many points Aare disc 
the value of y is instantaneously at rest. called turnina points 


Example 13.1 
Find the stationary points of the following graphs: 
y=x—4x+7 


Solution: 


d 


Solving for ywhenx=2 gives — y-3 
So there is one stationary point at (2, 3). 
b y=x*-3x"-9x+4 
dy "n 
———— e Bao 
dx 
We need 2 =p) 0=3x"-6x-9 
x 
0= 3(x° NÓ 3) 


Solve the quadratic: x=-1,3 
Solving for y when x = -1 or 3 gives: y= 9, —23 


So there are two stationary points at (—1, 9) and (3, —23). 





Applications of the derivative 








13.3 Thenature of stationary points 


There are three types of stationary point: 


Maximum Minimum 


ou change the 


 directiont 





Notice that “maximum” really means "local maximum”. 





Some curves have more than one maximum: for other curves, 
parts of the curve rise above a local maximum. 





13.4 Identifying the nature of stationary points 


There are two techniques that you can use, both based on the 
gradient of the curve on either side of the stationary point. 


Chapter 13 


13.4.1 The maximum 


At the maximum, the gradient is zero. (Thats how we find them.) 
To the left of the maximum, the gradient is positive. 

To the right of the maximum, the gradient is negative. 

If we draw the graph of the gradient of the curve [y = f'(x)], 

it must cross the x-axis at the stationary value, being positive 

to the left of that value, and negative to the right. 


The gradient of the gradient graph [(f'(x))' = f"(x)] must be negative. 





13.4.2 The minimum 


At the minimum, the gradient is zero. 

To the left of the minimum, the gradient is negative. 

To the right of the minimum, the gradient is positive. 

If we draw the graph of the gradient of the curve [y = f'(x)], 

it must cross the x-axis at the stationary value, being negative 

to the left of that value, and positive to the right. 

The gradient of the gradient graph [(f'(x))' 2 f"(x) ] must be positive. 





13.4.3 A stationary point of inflexion 


At a stationary point of inflexion the gradient is 
zero, but the gradient is either positive on both 
sides or negative on both sides of the stationary 
point. 

If we draw the graph of the gradient of the curve 
[y = f'(x)], it must touch the x-axis at the 
stationary value. 

The graph will have either a maximum or a 
minimum at this point. 

The gradient of the gradient graph 

(E Y = f"(x)] must be zero. 





Applications of the derivative 





13.4.4 Identification techniques 


Technique 1: We could find the value of the gradient to the left and 
right of the stationary point. 


Example 13.2 
Find the nature of the stationary points of the following graph: 
y=x -— 30 —9x +4 


Solution: 
Step 1: Find the stationary points. 


The gradient function is: 


dy 5 
2 = 3x7- 6x-9 
X X 


Test the gradient for values of x close to the stationary points: 














Example 13.3 
Find the nature of the stationary points of the following graph: 
ymx' = 3x — 9x44 


Solution: 
Step 1: Find the stationary points. 
These are (—1, 9) and (3, — 23) 
The gradient function is 
dy 2 
—=3x —6x—9 
dx 
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Step 2: Find the second derivative. 


When x 2-1: 2 — 12 (negative > Maximum) 


When x 23: "s = 12 (positive + Minimum) 


So (—1, 9) is a maximum and (3, —23) is a minimum. 





To summarise: 





Exercise 13.1 
1 Find the coordinates of the points on each of the following curves at which the gradient 
is zero. 
a y=x-5x+4 b yzx-4x€3 c y=4-x 
d y=2-3x+x+ e y=5-4x-x f y-20—12x—3x 
g y=3x-x h y=x-6x i y=2x-—6x-18x +2 
j y=8x-x k y=32x-x' | y=3x*— 8x" -30x + 72x 


2 Find the coordinates of the stationary points on each of the following curves and determine 
their nature. 


a y-8-2x-x b y=x-6x+9 c y=7+4x-x 

d y=x%+10x+5 e y-ó6x'-x-1 f y-10x'-3x-1 

g y=4x-3x h yzxi-3x i y=x-12x+2 

j y=8x-x k pe 2ix— 2 | yz3x'-4c-—1]x45 


3 Find the coordinates ot the stationary points on each of the following curves and determine 
their nature. 





l 16 ' 
a y=4x+- b y-x-— c y=15vVx* - 15N x? +6 
X X 
4 4 yx? 
d y=x+= e yz274x += f ye T 
x x x 


Applications of the derivative 





13.5 Smallincrements 





From the gradient function, y = oy 
dx ôx 


We can transform this to become 





Remember that óx is “a small change in x” and Oy is “a small change in y”. 
We can use this to approximately calculate values of functions that 
are close to ones we do know. 


Example 13.4 
Given that 2*= 8, calculate an approximate value for 2.001”. 


KR AAA AAA AAA AAA AAA AAA AAA AAA AAA LR 56565. ¡CEDIDA 


Solution: 
We start with the function yx 


Differentiate it: 
Put 
and 


Then 


— 12x 0.001 
= 0.012 

2.001 «2^ + 0.012 
— 8.012 





Example 13.5 
You are given the function f(x) = x! — 3x + 6x - 8x +5. 
The value of the function when x= 1 is 1. 


Find an approximate value when x = 1.01. 


| & B Bo S Bo B D X DP PB oPB DO BO B B 5 B5 558 SPR PEPPER RRR ag SCC RCC SCC CCP ssosuuuduugugugdgdgddadg 0009530855058 SGa@G@G@2 2 BCP PPP PPS SS Se eot 
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Solution: 


We start with the function f(x) = 3x + 6x —8x+5 
Differentiate it: f(x) = 4x3 — 9x? + 12x-8 

Put £=1 

and óx=0.01 

Then f'(1)- 40 -F «12()-8 


=-] 
dy 
Oy == XO 
a eR 
=—1x 0.01 
=— 0.01 


so f(1,01)=1— 0.01 
= 0.99 








í Example 13.6 
The volume of a cone is given by V = : arh. 


Approximately how much does the volume change if we 
increase the radius by an amount p, if the shape of the cone 
remains the same? 


* & B OB B BOB B B B B BOB Bob B B B B B B B À BO B b B B b B b B B b B b B B b B b b B OR B B b B b B BOR B b DB B P B E D B E oO D B 5 b 5 b RB 5 b B B B B à à à b à M M M À B M M M M MR M BR B S 5 3 55555945 


Solution: 


If the shape remains the same: 
50 
and 


Differentiate this with respect to +: 


Increase in volume = z prh 





Applications of the derivative 





Exercise 13.2 
| Ify= Vx, estimate the value of 
a 01 b 482 c 4626 
2 Ify= Vx , estimate the value of 
a 001 b 3/126 c 4/3370 
3 If f(x) = 3x — x’, estimate the value of 
a f(2.01) b (3.001) c f(-3.9) 
4 Estimate the value of f(2.1) if 
a fl)=#-6ð b f()ex'- 3x +2x c f(x)-6x + 


5 The volume ofa cube is 1000 cm“. Estimate the reduction in 
surface area if the length of each side is reduced by 0.1 cm. 


13.6 Thechainrule 


You have seen that dy "T 
dx ôx 
Since dy and óx are measurable quantities (even if they are minute), 
we can write o a oy ou 
Ox Ou Ox 
or, with a longer chain, Oy Wo Ou ov 
dx du n icm 





Then, as each of these quantities shrinks to zero, 


we get dy dy ., „du 
dx B s dx 

or, with a longer chain, dy _ dy du du. dv 
dx "du dy dx 


13.7 Connected rates of change 


A rate of change is a measure of how much one thing is changing 
when a related measurement changes. Often the related measurement 
is time but it does not have to be. 

dx 


d, measures the rate at which x is changing with time. 


and 77 measures the rate at which y is changing with x. 


d 
dy 
dx 
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We can use the chain rule to find one rate of change from another. 
dy d du dv 
dx du dv dx 
We will also need one more result which can be derived from the chain rule. 


The reciprocal rule: 


dx l 
dy dy 
dx 


Example 13.7 

A conical container with its vertex at the bottom and semi-vertical 
angle 30° is being filled with water at a rate of 3 litres min”, 

How fast is the water level rising when it is 10 cm deep? 





Solution: 

If the depth of the water is h cm and the radius of the water surface is r cm, 
r=h tan 30 

EÐ h=ry3 [1] 

The surface area is A = rr 


and the volume of water is y = Ln 
3 


gr [2] 





The rate at the water level is rising is = 
| 11 


The rate at which the volume is increasing is 
AV S000) 4. 
— = cm s 
dt 60 
=50cm's (31 





Create a suitable chain dh _ dh - dr x dV 
dt dr dV dt 


dh 
Find the derivatives: [1]: % =4/3 


[2]: pM = J3nr! 
dr 


Applications of the derivative 








Complete the chain dh dh ; dr. dV 
dt dr dV di 


When h = 10 


10 


ÍR 


and dh 50x3 


dt 1007 





Exercise 13.3 


l 


10 


de 1 
Use the chain rule to prove that ^ = qy 
dx 


The side of a square is increasing at a rate of 5 cm s '. Find the rate of 
increase of the area of the square when the side is 50 cm. 


The area of a square is increasing at a rate of 20 cm“ s?. Find the rate 
of increase of the side of the square when the area is 100 cm“. 


The radius of a circle is increasing at a rate of 2 cm s™'. Find the rate 
of increase of the area of the circle when the radius is 10 cm. 

The area of a circle is increasing at a rate of 5 cm“ s^. Find the rate of 
increase of the radius of the circle when the radius is 10 cm. 


The volume of a sphere is increasing at a rate of 4077 cm? s™'. Find the rate 
of increase of the radius of the sphere when it is 10 cm. 


The radius of a sphere is increasing at a rate of 5 cm s''. Find the rate of 
increase of the surface area of the sphere when the radius is 15 cm. 


The volume of a sphere is increasing at a rate of 20 cm“ s^. Find the rate 
of increase of the surface area of the sphere when the radius is 40 cm. 


Oil is dripping from the engine of a car to form a circular puddle under 
the car. The area of the puddle is increasing at a rate of 2 cm s~. Find the 
rate of increase of the radius of the puddle when the area is 50 cm”. 


The surface area of a cube is increasing at a rate of 60 em“ s~. Find the 
rate of increase of the length of an edge of the cube when it is 10 cm. 
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A spherical balloon is being blown up by a mechanical pump which 
pumps 720077 cm? s * of air into the balloon. Find the rate of increase 
of the radius of the balloon when its volume is 3600077 cm“. 


Á container of water in the shape of an inverted cone with a semi-vertical 

angle of 30° is initially full of water. The water drips out of the cone 

through a hole in the vertex at a rate of 2 cm? s”, 

a Find the rate at which the depth of water is changing when the radius of 
the water surface is 5 cm. 

b Find the rate at which the radius of the water surface is changing 
when the depth of the water is 10 cm. 


The surface area of a cube is increasing at a rate of 6 cm s~'. 
Find the rate of increase of the length of an edge of the cube 
when it is 10 cm. 


A drinking trough is in the shape of a triangular jp cm 
prism. The length of the trough is 3 m and the 2d 
top is rectangular with a width of 20 cm. The 
ends of the trough are equilateral triangles. 
Water is flowing into it at a rate of 15 cm’ s''. 
Find the rate of increase of the depth of the 
water when the surface area is 2000 cm“. 





13.8 Composite functions 


Forming composite functions is the third way that we can create 


more complicated functions out of simple ones. 


In order to differentiate these functions, we need the chain rule: 


dy _ dy. du 
dx du . dx 


Example 13.8 


d 


If y = (4x? — 3x — 5Y, 


Solution: 


d 


y= (4 -3x— 5) 
Separate the functions: 
y=u where u 2 4x! - 3x- 5 
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| 


Differentiate each one 


Using the chain rule: 


= 3u" x (8x — 3) 
Substitute for u = 3(4x* — 3x — 5) (8x — 3) 


b 


Separate the functions: 


Differentiate each one 


Using the chain rule: 


dy dy, du 
dx du dx 


== x(2x—4) 
4—2x 
Substitute for u S ae 
(x°—4x) 


An alternative expression for the derivative of a composite function comes from using the function 
notation. 


If y= f(g(x)) 
We can write y= f(u) where u-g(x) 
Differentiating as before Y —f'(u) and eu =g (x) 
Then, using the chain rule m. dy du 
dx du dx 
S NE dy _ p " 
which gives £ [= fig) qub 
E "iab )xg (x) 
Elimi i | dy Pp ' T 
Eliminating u ^ =Plela)) xe (x) 
rm 
Alternatively, [f(g(x))]' = f'(g(x)) x g(x) 
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The process is rather like peeling an onion. 
Step 1: Differentiate the outside function first, leaving the inner function alone. 
Step 2: Differentiate the inner function and multiply the two together. 


Note that for more complicated composites, you have a longer chain but the process is just the same. 





Exercise 13.4 
1 Differentiate each of the following functions: 
a yc-íxt3) b yz(x'-2xy c yz(x'-2x-3Yy 
d y=(1-—5x)” e y=(1-2x+3x) f y-((4x—3)—2xy 
l 3 2 
5 7 dn à JT Gxey A) 
j y=v2+3x k y-*l1-2x | 





l 3 

n = ===> O A Ó: 
V4x+1 M 2X +1 j x^ +3x 
2 Find the second derivative of each of the following functions: 


l 
a (4x+1) b „3x-2 c 


l 9 | l 


V4x+1 2x +1 AX 2x+1 


3 a Given that y 2 (3? + 2x)’, find - 





m y= 


d 











b Expand (x  * 2x) using the binomial theorem. 


c Differentiate your answer from part b and show that it is equivalent to your answer from a. 





4 Find the gradient of the curve y= at the point where x= 4. 


(x-3) 





l 
5 Find the point on the curve y= TES where the gradient is 2. 
X disihi 


6 A curve has the equation y 2 24- ————. 
(2) 

a Find the equation of the tangent to the curve at the point where it crosses the y-axis. 
b Find the equation of the normal to the curve at the same point. 


c Find the coordinates of the point where this normal cuts the curve again. 


Applications of the derivative 





13.9 Maximising and minimising 


With the exception of quadratic functions (where we can complete 
the square) and trigonometric functions that can be simplified, 
the standard technique to find a maximum or a minimum is to 
find a formula for the quantity that you are interested in and then 
differentiate it with respect to the variable. 

So far, we have differentiated polynomial expressions only. 
However, all continuous functions can be differentiated (although 
it is possible to create functions that cause trouble). Later, we will 
look at trigonometric and exponential functions. 


Example 13.9 

A farmer wants to create a temporary pen for his sheep. 

He has 100 m of fencing and a stone wall available. 

He decides that the shape of his pen will be an isosceles triangle. 
How far from the wall should the vertex of the triangle be in 


order to create the maximum area inside the pen? 


BSS AAA 


Solution: 

Let the distance of the vertex from the wall be h and let the fence join the wall at two points, 
distance 2a apart. 

Area of pen A — ha 

But h*+a*=50' 


So A- hd50? — i? 


We can write this as A= SO ji 


Differentiate both sides 
with respect to h. 


1. (5000h— 4h") 


€. -_ 
„/50?h? — h“ 


0 = 5000h — 4h* 


We need ga = 
dh 


So h=0 or h?=1250 
h=35.36 
dA 


When h = 35, — = 
dh 


1.4 
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When h = 36, 


When h = -0.1, 


When h = 0.1, 


—().1 0.1 
Thus, the maximum area is when h = 35.36 m and the area is 1250 m“. 





Exercise 13.5 


1 A farmer wants to create a temporary pen for his sheep. wall 


He has 100 m of fencing and a stone wall available. He decides 
that the shape of his pen will be a rectangle. Find the x ï 
dimensions of the pen so that the area inside is a maximum. 
2 Asheep pen is constructed in the open field. It is rectangular 
in shape with one pair of edges of length x m. The perimeter — * * 


of the pen is 100 m. Show that, in order to make the area a 
maximum, the pen must be square. 


3 ‘The farmer needs to pen his ram seperately from his ewes. L| 
Oo 


In order to do this, he makes two square pens from his 
100 m of fencing. 

If the larger pen has sides of x m, 

a find the dimensions of the smaller pen 

b findthe value of x in order to create the minimum 


total area. 


4 An open box is made from a square of board of x 





side 30 cm. The corners of the square are removed 
and the edges are folded up to create the box. If 
each corner square cut out has side x cm, find the 





dimensions of the box that will create a maximum 
volume. 





Applications of the derivative 





5 A closed box is constructed to hold muesli. It must have a 
volume of 3000 cm“. The base of the box is a rectangle with 
one edge twice as long as another. In order to reduce costs, the 
surface area must be as small as possible. Find the dimensions 
of the box in order to do this. 





6 A metal can to hold baked beans is in the shape of a cylinder 
and is constructed to have a volume of 200 cm“. The base 
radius is r cm and the height is h cm. For environmental 
reasons, the amount of metal used in making the can must 





be minimised. 

a Find the dimensions of the can in order to do this. 

b What is the relationship between h and r? 

c Ifyou wanted to make a can with twice the volume, what 
should the dimensions be? 

d In practice, is this what happens? (You should visit your 
local store to investigate this.) 


7 A container is made in the shape of a triangular prism with a 
length of | cm. 
The cross section is an equilateral triangle of edge 2x cm. 
The volume of the container is to be 500 cm". 
Find the dimensions of the container in order to minimise 
its surface area. 


8 ABC isan isosceles triangle whose equal sides, AB = AC = 20 cm. 
A rectangle is drawn inside the triangle as shown so that one edge 
lies along the edge BC of the triangle. The height of the rectangle 
is x cm. Find the value of x in order to maximise the area of the 
rectangle. 

9 Aright circular cone of base radius 5 cm and height 15 cm 
has, within it, a cylinder of base radius x cm so that the axis 
of the cylinder is also the axis of the cone. 

a Show that the volume of the cylinder is given by 
Val5me-3mx. 





b Find the maximum value of V and the corresponding 
value of x. 
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Summary 


Stationary points Stationary means that the value of the function is not changing, even for a 
very short period of time. 


The gradient at a stationary point is zero. 


d i 
So 1 find sy 
dx 
d 
2 solve 2=0 

dx 
Types of stationary There are three types of stationary point: 
point 


Maximum Minimum Stationary point of inflexion 





T? da 


“Maximum” means local maximum” “Minimum” means "local minimum” 


Identifying stationary | Investigate the value of the gradient either side (but close to) the 
points stationary point. 
2 In most cases the better option is to find the value of the second 
derivative at the stationary point. 


—ve gives a maximum; ve gives a minimum. 


Small Increments dy = dy Sy 
dx 
The chain rule dy E dy " du 


dx du dx 
dV dv | da db 


Connected rates The chain rule —— 


x — x — 
dt da db dt 








of change 


Composite functions 


If y 7 f(gG9)) 
Where y=f(u) and u=glx) 


Applications of the derivative 





Then, using the chain rule ay = e x a 


dx du dx 
Alternatively, [f(g(x))]" = f'(g(x)) x g' (x) 
Maximising and | Find a formula for the variable you are trying to maximise (minimise). 
minimising 2 Differentiate and put the derivative = 0. 


3 Check the second derivative to confirm either maximum or minimum. 


Chapter 13 Summative Exercise 


| Find the stationary values of the following functions and determine their nature. 
a y-2x'-3x'—- 12x45 
b y26x—12x* - 30x! - 72x —5 


4 
E y=xe—+2 
x 
à / 
d y=16/x+%,x>0 
| x 
2 Á water trough is in the shape of a triangular prism. 


The dimensions are shown in the diagram. 
The volume of the trough is 900 units“. 





a Show that the total surface area of the trough (no lid), 
A = 24x? + 10xh. 
b Write the surface area A in terms of x alone. 
c Find — and find the value of x that produces a stationary value of A, 
d Find this stationary value of A and determine its nature. 
3 Given 10*= 1000, use the function y = x? to find an approximate value of 10.001*. 
4 Given f(x) 2 (1 + 2x) and f(0) = 1, find an approximate value of f(0.001). 
5 ‘The circumference of a circle is increasing at a rate of 4 cm s^. Find the rate of increase of: 
a  theradius of the circle 
b  thearea of the circle when the radius is 10 cm. 
6 Find the approximate value of f(3.01) if: 


a f(x)y2x -4x +3x 
18 


2 





b f(x)=4x°- 
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A solid cylinder has a radius of r cm and a height of 4r cm. 

a Write down expressions for (i) the volume V and (ii) the total surface area A of the cylinder. 

b Find an approximate increase in (i) the volume V and (ii) the total surface area A of the 
cylinder if r increases by a small amount p, from 4 to (4 + p). 

A wire, of length 16 cm is bent to form a sector of a circle, centre O and 

radius r. 

a Express O in terms ofr. 


b Find the rate of change of the angle 0 if the radius is increasing at a rate 
of 0.5 cm min * when r= 2cm. 


c  Findthe rate of increase of the area of the sector if the radius is 





increasing at a rate of 0.5 cm min ! when r= 2 cm. 


A block of ice in the shape of a cuboid with a square cross-section of side x, 
and length 4x, is left outside and is gradually melting. 4x x 





a Find, in terms of x: 

(i) the volume of the block of ice 

(ii) the total surface area of the block of ice. 
The ice is melting in such a way that the surface area is shrinking at a rate of 6 m^ min”. 
b Find the rate of change of the volume of the block when x 2 3 m. 
sarah has received a birthday present contained in a box tied up with red ribbon. 


The ribbon passes all around the box in the manner shown and has a total 
length of 240 cm. The box has a square base of side x cm, and a height of y cm. 





a  Findan expression for the total length of ribbon. 

b Find the value of x for which the volume has a stationary value and determine the nature of 
this stationary value. 

In the right-angled triangle ABC, AB = 8 cm and AC = 17 cm. The rectangle BRST is drawn so 

that S lies on AC, T lies on AB and R lies on BC. 


Given that BR — x cm and BT = y cm, find a relationship between x 
and y. Find the area of the rectangle in terms of x and hence calculate 





the maximum value of the area as x varies. 


Applications of the derivative 





Chapter 13 Test 1 hour 


1 A piece of wire of length 150 cm is formed into a 
rectangle as shown. The length of one side is x cm. 
a Show that the area, A cm”, of the rectangle can 
be written as A = 75x — x“. A [2] 
b Given that x can vary, find the stationary value of A 
and determine the nature of this stationary value. [4] 





2 A curve has equation y — 4x + 


d q? x-4 
a Find and adig [4] 
b Find the coordinates of the stationary points on the curve. [4] 
Determine the nature of each of the stationary points. [2] 
"Hem s 3 3 dy ! 
3 a Given y=4/(2x +1)’, find az [2] 


b The value of x is increased by a small amount, p, from 4 to 4 + p. 
Find the approximate corresponding increase in the value of y. [2] 
4 When a hemispherical bowl, of radius r cm, contains water to 
a depth of h cm, the volume of water in the bowl is given 
by V = (3rh' —h’). 
a Show that the radius of the water surface, R, is given by 
R=N2rh- h? 


b Water is being poured into the bowl at a constant rate of 400 cm? min”, 





Find, in terms of r, the rate of increase of the water surface area when 2h =r. [4] 


3 


| 4 
5 ‘The surface area, S, and volume, V, of a sphere are given by S=4zr and V = % nr. 


If r is increasing at a rate of 0.2 cm s^ when r — 3, find the corresponding rate 
of increase of 


a the surface area, 5 [4] 

b the volume, V. [4] 

6 a Find the coordinates of the stationary points on the curve y = x^ + —. [4] 
x 

b Determine the nature of the stationary points. [2] 
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Examination Questions 


I 


4 


8 
A curve has the equation y = ——. 
Zx—1 


d: 
(i) Find an expression for ce (31 
(ii) Given that y is increasing at a rate of 0.2 units per second when x = —0.5, find the 
corresponding rate of change of x. [2] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P2, Qu 1] 


A cuboid has a total surface area of 120 cm“. Its base measures x cm by 2x cm and its height 
is h cm. 





(i) Obtain an expression for h in terms of x. [2] 
Given that the volume of the cuboid is V cm’, 

(ii) dowtiay=0 [1] 
Given that x can vary, : 

(iii) show that V has a stationary value when h = =. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P2, Qu 9] 


9 
A curve has the equation y = yx + dx 
xX 


(i) Find expressions for cy and e [4] 
dx dx“ 

(ii) Show that the curve has a stationary value when x= 9. [1] 

(iii) Find the nature of this stationary value. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P1, Qu 5] 
: 1m 34 
Two variables, x and y, are related by the equation y = 6x^ +—. 
x: 
! ' dy 
(i) Obtain an expression for FG [2] 
x 


(ii) Use your expression to find the approximate change in the value of 
y when x increases from 2 to 2.04. (31 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P2, Qu 5] 


Applications of the derivative 


229 








o" X 





| l 4/2 
The diagram shows part of the curve y = ——. The point P(x, y) lies on this curve. 
x 


(i) Write down an expression, in terms of x, for (OP). [1] 
(ii) Denoting (OP) by S, find an expression for = [2] 


(iii) Find the value of x for which S has a stationary value and the corresponding value of OP. 


(3) 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P2, Qu 7] 






pa x 
t units 


The diagram shows part of the curve y = 27 — x. The points P and S lie on this curve. The points 
Q and R lie on the x-axis and PQRS is a rectangle. The length of OQ is t units. 
(i) Find the length of PQ in terms of t and hence show that the area, A square units, 


of PQRS is given by A = 54t— 20. [2] 
(ii) Given that t can vary, find the value of t for which A has a stationary value. [3] 
(iii) Find this stationary value of A and determine its nature. [3] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P2, Qu 8] 
7 The equation ofa curve is y= — 
(3x—4) 
(i) Find the gradient of the curve where x = 2. [3] 


(ii) Find the approximate change in y when x increases from 2 to 2 + p, where pis small. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P1, Qu 3] 
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This is another topic that you have met before. In this chapter, we extend your knowledge of the use 
of matrices in solving problems. 


We begin with a reminder of the rules for combining matrices and finding the inverse. We then move 
on to the use of the inverse in solving problems such as finding the solution of simultaneous equations. 
Although you can already do this for simple equations, the ultimate aim is to find a way of solving 
large systems of simultaneous equations. This is usually done by computers using matrix techniques. 


Example 14.1 


A survey of the price of fruit produced the following results: 


HA 


Dragon Fruit 


apayas l 


Boa 


Watermelon 


Provided that we can remember what each row represents and what each column represents, 
all we really need are the values from the table. 

This is particularly true if the data is going to be fed into a computer database. The computer 
will not forget what the rows mean. 


We can create this matrix from the data: 





14.2 Notation 


We describe matrices by their shape. The matrix in Example 14.1 
is a (7 by 2) matrix. 





That is, 7 rows and 2 columns. We call this the order 
of the matrix. 


Matrices are written within rounded brackets (...) 
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We use bold, upper case letters as names of matrices: A, B, C, ... 
The numbers in a matrix are called the elements or entries. 

A matrix with only one row is called a row matrix: 

(2 4 7 3)isa(1 by 4) matrix. 





5 
Similarly, we have a column matrix: E is a (3 by 1) matrix. 
3 


We do not use separators (commas) between the elements. 





14.3 Matrix algebra 


14.3.1 Equality 
Two matrices are equal if: 
1 they have the same order 


2 each pair of corresponding elements are equal. 


14.3.2 Addition and subtraction 


Two matrices can be added or subtracted if: 
1 they have the same order 


2 corresponding elements represent the same sort of thing. 





To perform the addition, corresponding elements are added together. 


| Example 14.2 


solution: 


d 


At B= 





Matrices 








14.3.3 Scalar multiplication 
From the previous example, 


A 3) (| 4 8 6 





2 4 3 
A+A=|-1 5 1 f+ 5 1 |=| 2 10 2 
6 -2 3 2 -3 12 -4 $ 


In ordinary algebra, we would usually write A -- A — 2A. 
We do the same here: A+A=2A 
Notice, however, that while A is bold, 2 is not. 

2 is a number (scalar) and not a matrix. 


Thus we have found a sensible interpretation of “multiplying a matrix by a scalar” 


Every element in the matrix has been multiplied by 2. 





14.3.4 The zero matrix 


Technically, zero is the identity for addition. 
In other words, when you add zero to something, it does not change. 


In the same way, we can have a zero matrix. 





000 
0=| 0 0 0 
0 0 0 


Example 14.3 - 


Find the values of the variables a, b, c and d in the matrix equation: 


solution: 

Adding the matrices gives us four equations: a +3 = 5 
4+b=10 
l+c=4 
5+2=d 





| from which a=2,b=6,c=3andd=7 
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Exercise 14.1 


Use matrices A to F for questions 1 to 3. 


a=|" 4 B=(4 -2 -3) G= 
2 -1 
$ 142 
»-| : | Bel % Lo F= 
-1 2 3 


1 Whatare the orders of the matrices A to F? 
2 Can you find B + E? Explain. 


3 Calculate the following: 


a 2A b 4B c 3C 
e C-F f 2D-A g 2F+3C 
4 Find the values of the variables a, b, c and d in this matrix equation. 
i 4 3 22. 4 ar+b+d. 
-i 5 1 |=|-1 b 
c 2 3 6 —2 —3 


5 Find the values of the variables a, b, c and d in this matrix equation. 
a 3) (2 s)[2 b-c | 
I: m p -l 5 acd | 


14.3.5 Matrix multiplication 


What does it mean to multiply matrices? 


We must find a sensible use of matrices that looks like multiplication. 


Example 14.4 
Aisyah wanted to buy some fruit for the family. 


Her shopping list was: 


l 4 2 
2 3 1 
—] A 5 
2 5 -3 

0 — 4 
-1 0 O0 

d A+D 

h A-A 





Matrices 





Solution: 
We can create a matrix for her order: 
(2 3 4 6) 
The cost of her shopping at Supermarket A would be 
2x6+3x4+4x10+6x5=594 
We choose to write this calculation using matrices in this format: 


(2 3 4 6) 6 





2x54+3x5+44x9+6x4=5$85 
We choose to write this calculation using matrices in this format: 
(2 3 4 6) 5 








Notice how the calculation is done: 

1 Each quantity is multiplied by the price of that fruit and the 
total cost is found by addition. 

2 ‘The first matrix is written as a row matrix and the second is 
written as a column matrix. 


We could combine these calculations into one like this: 
(2 3 4 6) 6 5 


* 9 | (94 85) 
10 9 
5 


Now, each calculation is a row multiplied by a column. 








In order for this to work, the number of elements in 
the row must be the same as the number in the column for them to be compatible. 
We call this process matrix multiplication. 


We can extend the idea to include more fruit order rows, or more Supermarket price columns. 
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| Example 14.5 


Multiply the following two matrices. 


^45 39 42 
31.33 26 
36 46 44 





When we multiply: 
(m by n) X (n by q) = (m by q) 


| same | | 





You should always check that the matrices you are multiplying together are compatible and that each 
calculation is sensible. 


Example 14.6 


The table below shows the current state of the inter-house netball league. 


| Amethyst 
Diamond 
Saphire 
Topaz 


A win scores 3 points, a draw scores | point and a loss scores 0 points. 
a Write down 2 matrices from which to calculate the total score of each team. 


b Multiply your matrices together to find the current total scores for each team. 


Solution: 


a The matrix for games results is: The matrix for points per game is: 


þm Ul c au 








b Check for compatibility and work out the order of the result: 
(4 by 3) x (3 by 1) = (4 by 1) 
Calculate the result: 


The current totals for each team are: Amethyst 8, Diamond 20, Saphire 9, Topaz 5. 





Exercise 14.2 


1 A manufacturer sells chocolate bars for the following prices (prices in $): 


a [|s [a[l 










At festival time it packages them in Festival boxes to make them more attractive. 
Each box contains the following number of bars of chocolate: 


The bars are not all the same size. The mass of each, in grams, is as follows: 


00 





a Write down two matrices whose product will give the total cost of the Festival Box. 
b Use your matrices to calculate the total cost of a Festival Box. 
c Write down two matrices whose product will give the total mass of the Festival Box. 


d Use your matrices to calculate the total mass of a Festival Box. 


2 A DIY store sells collections of screws as follows: 


sisse 
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a Write down two matrices whose product will give the total number of screws 
in each type of pack. 
b Use your matrices to calculate the total number of screws in each type of pack. 
c Write down two matrices whose product will give the total cost of each 
type of pack. 
d Use your matrices to calculate the total cost of each type of pack. 


A fruit stall has orders for the following: 





a Write down two matrices whose product will give the total cost for each customer. 
Use your matrices to calculate the total cost for each customer. 
Write down two matrices whose product will give the total orders for each 
type of fruit. 

d Use your matrices to calculate the total orders for each type of fruit. 

e Write down a product of three matrices that will give the total value of all the orders. 


f Use your matrices to calculate this total value. 


Á manufacturer assembles machinery from different components as follows: 
Price ($) | Tax ($) 
each each 


7 
os 
sinn MEDIEN 


The government charges tax on microchips and circuit boards at the rate shown. It is necessary 





to show the tax charged seperately from the price. The final price will be the manufacturing 
price plus the tax. 


Matrices 





a Write down two matrices whose product will give the manufacturing price and, seperately, 
the tax charged for each item as a matrix. 

b Calculate the product of your matrices. 
Write down a matrix which, when multiplied by your answer to b will give the total price 
of each item. 

d Calculate the total price for each item. 

e Write down a product of three matrices that will produce the same result. 

f Use your matrices to calculate this total value. 

5 A bus company has three types of bus: Bus, Coach and Express. ‘They are all the same model but 

have different numbers of seats allowing different levels of comfort: 
Bus 60 Coach 50 Express 36 

Over a busy holiday period, on its major route, it sends 4 Buses, 8 Coaches and 3 Expresses. 

It charges $20 for a Bus seat, $30 for a Coach seat and $50 for a seat on an Express. 

If all the buses are full: 


a Explain what the following matrix product will produce: 


A B E 

(4 8 3) ^60 0 0 20 
0 50 0 30 
0 0 36 50 


b Calculate the product. 
c The matrix product could be written as (AB)C, or as A(BC). 
What difference does it make to the final answer if you change the order of the calculations? 
d What information would the product (i) AB, (ii) BC give you? 
What information would the product AC give you? 
6 <A wholesaler sells rice in four grades, all in 5 kg bags. Economy costs $4, Brown costs $8, 
Jasmine $11 and Basmati costs $20. They supply four customers whose orders (number of 5 kg 
bags) are shown in the table. 


Grade | T 
Economy | Brown | Jasmine | Basmati 
| Customer | | 


E 
C 











BB 
Fn 
LR 


a Use matrices to calculate the total cost to each customer. 


b Use matrices to calculate the total mass of each type of rice sold. 
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14.4 More matrix algebra 


14.4.1 The associative law 


Matrix multiplication is associative. 


(AB)C = A(BC) 





You can move the brackets to make the calculation easier. 


14.4.2 The commutative law 


Matrix multiplication is NOT commutative. 
AB z BA 











You cannot change the order of the matrices in a multiplication. 


14.4.3 Thedistributive law 


Matrix multiplication is distributive. 


(A+ B)C=AC+BC 
and A(B+C)=AB+AC 





You can expand the brackets or factorise expressions. 
14.5 The algebra of (2 by 2) matrices 
14.5.1 Compatibility 


If we multiply two (2 by 2) matrices, the result will 
also be a (2 by 2) matrix. 
(2 by 2) x (2 by 2) = (2 by 2) 


14.5.2 The identity matrix (I) 


An identity matrix is one which has no effect when 
we multiply another matrix by it. 
| same 1 


(n by n) x (n by q) = (n by q) 
Must be square 


If the matrix is to have no effect, it must be a square matrix. 
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The (2 by 2) identity matrix is I, | , i | 


For any (2 by 2) matrix A: ÍA =AT=A 








14.5.3 Inverse matrices 


An inverse matrix is one which reverses the effect of a matrix. 


Solution: 


IE AE © aen] sel 
gs | NP oe 


we have 4 simultaneous equations: 
pa+rb=1 [1] petrd=0 
qa +sb=0 [3] qc sd-l1 

[1] xc pac rbc-c 

[2] x a pca + rda — 0 


from which 


similarly 
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| From [3] and [4], we get 


Similarly 


So, 








14.5.4 The determinant of a matrix 


The quantity ad — bc is called the determinant of the matrix. 


We use the notation det(A) or just det A. 





. Example 14.8 

| ER a=| : j ) find the area of the image of the unit square OIK] where 

O is (0, 0), Tis (1, 0), K is (1, 1) and J is (0, 1). 

SOS a in dd dtes Stn Min degli ptite DI e 
o r K 


The image after the transformation will be a parallellogram. 
The area is (a + c)(b + d) — ab — cd — 2cb = ad — bc 


The area of the object (unit) square = 1. 





Thus ad — bc is the area scale factor for the transformation. 


14.5.5 Forming the inverse of a matrix 


Step 1 Find the determinant of the matrix. ad — bc 
Step 2 Swap the elements in the leading diagonal a and d 
Step3 Multiply the elements in the other diagonal by -1. cand b 
Step 4 Divide each element by the determinant. 
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Solution: 
Step 1: Find the determinant det(A)=4x3-2x5=2 


| 3 
Step 2: Swap the elements in the leading diagonal | Ny 


3 
Step 3: Mulitply the other two elements by —1 | 5 


Divide each element by the determinant 


ta|tn bo | w 





14.5.6 Singular matrices 


A matrix whose determinant is zero is called singular. 
The consequences of this are: 


1 We cannot find its inverse; the matrix does not have an inverse. 





2 The transformed unit square has area = 0. 
| Example 14.10 


Find the determinant of the matrix A = | E : | 
and show that all os on the i e de of the unit ue lie on a line. 
Solution: 

Step 1: Find the determinant: det(A) 24x 3—2x6-0 


The images of the unit square are 


BE 


The points (0, 0), (4, 6), (6, 9) and (2, 3) all lie on the line 2y = 3x. 
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14.6 Solving matrix equations 


To solve an equation, you must do the same thing to both sides. This is a universal rule. 


We can manipulate the equation AB=C 





by multiplying both sides by a matrix D. 


Following the rule above, we could get DAB = DC 








or, we could get ABD = CD 











WARNING 
But, we cannot get DAB = CD 
ABD = DC 
ADB= DC 
To solve the matrix equation AX=B 
we pre-multiply by A“' AC (AX) = AB 
But multiplication is associative: (A A)X = A"'B 
IX = A"! B 
So X= A'B 
When X is a column matrix (usually written x), then so is B (usually written b). 
To solve the matrix equation Ax=b 
we pre-multiply by A7 A^"! (Ax) = A“'b 
But multiplcation is associative: (A“A)x= A“'b 
Ix - A7'b 
So x=A™b 


Example 14.11 
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Solution: 
We need to find the inverse of A. 
det (A) = (2) x (1) — (-4) x (C1) 


=-2 

z I FE d 

So ‘== 
1 4 2 | 

AX=B 
gives X= AB 
so xc poc It is easier to leave the 
| 21 2 5 4 fraction till the end. 


14.7 Solving simultaneous equations 


You already know how to solve simultaneous equations with two unknowns. 
This is an alternative method. 


Problem 14.1 

a Show that the pair of simultaneous equations 
2x+3y=16 
3x—4y=7 


S 2 3 Ae ins 
can be written as | 3:04 | y | from another problem: 


“What object point is transformed 


ee onto (16, 7) by the matrix?" 
Writing a=| 3 bj 


Find A”. 
Pre-multiply both sides of the matrix equation by A™ to 
solve the equations. 
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$i ; i; y l d —c 
Note: it is often easier to write AT! as 

ad—bc\ —b ü 
rather than include the determinant within the matrix. 
The determinant may not be a nice value and you can 
divide by it at the end. 


Solve the pair of simultaneous equations: 


Solution: 
Write the equations in matrix form 


GEHE) 


Find the inverse of the coefficient matrix 


Al 9 5 
381 9 4 


. Pre-multiply both sides by the inverse matrix 


Mo V3 413 als 213) 





Exercise 14.3 | 

1 ‘The matrices A and B are given by A = | f- | and B «| dis | 
Find matrices P and Q such that 
a P=A*-2B 
b Q=A(B") 
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The matrices Á and B are given by A = Á | and B = | p | 
Find the values of p and q such that 

a A'-7I-pA 

b B*+8l=qB 


The matrices A and B are given by A = | L - | and B -| ; : | 
Show that | | | 
a 5A'=5I-A 

b 2B'-6I- B 


Given that A — | 3 | and that A + A^! = KI, where m and k are constants 
"n J 
and I is the identity matrix, evaluate m and k. 
. 20 i d Ve ! 5 
Given that A = x 5 and B = E: find the matrices X, Y and Z such that 


a X=B*+2A 
b AY=B 
c ZA=B 


Given that B | H ) find ( B*)". 


Use matrices to solve the pairs of simultaneous equations: 


a  2x-5y=24 b  3x-y=11 c  4x-2y=22 
4x —3y — 20 X—y-7 3x -2y —6 
d 5x-2y=13 e 2x+y=?7 f x—3y=4 
2x — 6y = 26 x+y=3 dAx—3y=-2 
g 2x- y=5 h 2x-3y=9 i 3X — Y 211 
3x —2y=11 x+y=2 9x—2y=28 
j x+y=5 k  2x-3y=9 l Ax —7y —2—5 
4x+3y=19 4x-y=13 3x+2y=18 
m  2x-3y=5 n 3x-2y=/7 O 3x töy= 22 
3x -4y=7 2x+3y=-4 2x+12y=8 
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Summary 


Definitions Á matrix is a data structure that can be used for many purposes. It looks a bit 
like a table in which the position of each element is important. You cannot 
move the element around without changing the matrix. 

The order ofa matrix ‘The order of a matrix is given by the number of rows and columns of the 
matrix. Remember rows first, then columns. So (2 by 3) would have 2 rows 
and 3 columns. 

Matrix algebra We can perform many operations on a matrix, usually using appropriate 
well-known algebraic operation symbols. 

Addition/subtraction | We add/subtract equivalent elements. This means that the matrices must have the 
same order. Also, corresponding elements must represent the same sort of thing. 

Scalar multiplication Inthe matrix KA, each element of Á is multiplied by the scalar k. 

The zero matrix Every element of the zero matrix is 0. 


Matrix multiplication Matrices can be multiplied by each other only if they are compatible. 


(m byn) x  (nbyq) = (m by q) 


J Salle | 





6 
Remember, you multiply a row by a column: | 12 3 | 5 | = (28) 
+ 
p x q (pg 
row column element 
(2 by 2) Matrices Square matrices can be multiplied by each other if they are the same size, 
to produce another matrix of the same size. 
Determinant The determinant det (A) = ad — bc. 
If det (A) = 0, the matrix is singular. 
Commutativity Matrix multiplication is not commutative: AB # BA. 
Associativity Matrix multiplication is associative: A(BC) = (AB)C. 
The identity matrix The matrix that has no effect when you multiply another matrix by it. 
1 0 
0 1 
Inverse Matrix M~“ M = MM” =1 
Forming M^ l: Swap the elements in the leading diagonal. 


2: Make the other two elements negative. 
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3: Divide by the determinant. Singular matrices do not have an inverse. 





- E j sme — | | d Á 
M= (bd me ad—bc| -b a 
Solving matrix If AX = B If YA = B 
equations then X = AB then Y = BA” 
You must multiply on the correct side. 
Solving Write themas Ax = b 
simultaneous 
equations then x = AMD 


Chapter 14 Summative Exercise 


For questions 1 to 3, use the following matrices: 


y i 2 : 
OE x p 3 —1 4 " - Xx 3 
A= ^ “lo 53 “| 5-3 
£ { 3 
a 4 -5 g A A | 2 € e 
| et 39 | 8 5 p=] X o 
3 T 0 





1 Write down the order of matrices A to F. 


2 Calculate: 


a 2A-3F b 3B+2E c 4C-D 
3 Calculate: 

a BA b EF c CD 

d CB e AF f DE 


4 ‘The enrolment in a secondary school is shown in this table. 


| Boys 50 
| Girls | 40 


Students are attached to houses in the following proportions: 





Boys Girls 
Red 
Yellow 
Blue 





Chapter 14 





a Write down two compatible matrices that, when ¥r9 YriO Yell 


multiplied together, give the numbers of students from Req Xx X X 
each year attached to each house, in the format shown Sica X X X 
at right: Blue X X X 


b Finda column matrix which, when post-multiplied by your answer to a will produce a list of 
the total number of students attached to each house. 


5 A tourist attraction charges the following entry fees for different categories of visitor: 





Write the entry fee numbers as a column matrix, C. 


a 
b Write the visitor numbers as a matrix called V. 


r 


By calculating the product VC, find the total income on each day for the attraction. 


c. 


Multiply this product by a suitable matrix T to produce the total income over the weekend. 
If you were to multiply your matrix T by the matrix V, what information would the product 
provide? 
6 a Whena (2 by 2) matrix is used to transform shapes, what information does the determinant 
of the matrix provide? 
b When does a (2 by 2) matrix not have an inverse? 


For questions 7 to 11, use the matrices at the start of this Summative Exercise. 


7 Find the determinant of the matrix a C b D. 


8 Find the inverse of the matrix a C b D. 
9 a Find (i C'D (ii) DC” 
b Which of your answers is the solution of the equation (i) XC-D (ii) CX-D? 
10 Solvetheequations (i) DY-C (ii) YD=C 
11 Use the matrices C and D to solve the pairs of simultaneous equations: 
a 2x—3y-12 b 4x—5y--24 
ox — 8y — 3l ax — 3y=-14 
12 Solve the pairs of simultaneous equations: 
a 4x+5y=19 b 3y-2x=-25 
6x — 7y 2 —73 5x + 2y--4 


Matrices B3 
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2 —] | 6 2 
1 Giventhat A = and B= , hind: 
—4 3 10 4 


a 2B-3A 
b A! 
c the matrix X such that XB” = A 
d the matrix Y such that YA - B. 
7 —5 | | 
2 if A= | x | and A=B+4I, where Iis the identity matrix, find B^. 
| || 7 -—6 | | 5 —3 
3 Giventhat M = and N= „find: 
—8 7 2z Q 


a M” 
b the matrix C such that CM =N 
c the matrix D such that MD = N. 


4 Given the matrix A = | a | „find: 
-* cá 

a A? | | 

b 3A — 21, where Iis the identity matrix 

c AT 

d Use your results to solve the simultaneous equations: 
3x+y=9 
x+ 2y=-—2 


5 Matrices A, B are such that 


a | 2 aR ^ | 4 3b | 
| 3a 5b | | 4a -2b 


a Find A"! 
b Find the matrix X such that AX = B. 
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Examination Questions 


I 


A company produces 4 types of central heating radiator, known as types A, B, C and D. 
A builder buys radiators for all the houses on a new estate. There are 20 small houses, 
30 medium-sized houses and 15 large houses. 


A small house needs 3 radiators of type A, 2 of type B and 2 of type C. 
Á medium-sized house needs 2 radiators of type A, 3 of type C and 3 of type D. 
A large house needs 1 radiator of type B, 6 of type C and 3 of type D. 


The costs of the radiators are $30 for type A, $40 for type B, $50 for type C and $80 for type D. 


Using matrix multiplication twice, find the total cost to the builder of all the radiators 
for the estate. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P1, Qu 5] 


Given that A | . : | and B = | a : } write down the inverse of A and of B. [3] 
Hence find | 

(i) the matrix C such that 2A *+C=B, [2] 
(ii) the matrix D such that BD = A. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P2, Qu 7] 


A flower show is held over a three day period — Thursday, Friday and Saturday. 
The table below shows the entry price per day for an adult and for a child, and the number of 
adults and children attending each day. 


Thursday, Friday | Saturday 
Price ($) - Child HEARE 
Number UT 40 EUN 


(i) Write down two matrices such that their product will give the amount of entry money 
paid on Thursday and hence calculate this product. [2] 















(ii) Write down two matrices such that the elements of their product will give the amount 
of entry money paid for each of Friday and Saturday and hence calculate this product. — [2] 


(iii) Calculate the total amount of entry money paid over the three day period. [1] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P2, Qu 2] 
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4 The matrices Á and B are given by Á = | = E | and B = | : a } 


Find matrices P and Q such that 

(i) P-B-2A [3] 

(ii) Q=B(A") [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P1, Qu 5] 


5 “The table shows the number of games played and the results of the five teams in a football league. 


Parrots 
| Quails 
Robins 
Swallows 


Terns 





Á win earns 3 points, a draw 1 point and a loss 0 points. Write down two matrices which upon 
multiplication display in their product the total number of points earned by each team 
and hence calculate these totals. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P2, Qu 2] 


$ 
6 Itisgiven that A= | T | and that A A ' = KI, where p and k are constants and I is the 


identity matrix. Evaluate p and K. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P2, Qu 6] 
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7 A large airline has a fleet of aircraft consisting of 5 aircraft of type A, 8 of type B, 4 of type C and 10 
of type D. The aircraft have 3 classes of seat known as Economy, Business and First. The table below 
shows the number of these seats available in each of the four types of aircraft. 


Put Class 
^. of seat |Economy Business | First 
Type of aircraft ~ 


ft al 





(i) Write down two matrices whose product shows the total number of seats in each class. 

(ii) Evaluate the product of the matrices. 

On a particular day, each aircraft made one flight. 596 of the Economy seats were empty, 1096 of 

the Business seats were empty and 2096 of the First seats were empty. 

(iii) Write down a matrix whose product with the matrix found in part (ii) will give the total 
number of empty seats on that day. 


(iv) Evaluate the total. [6] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P1, Qu 5] 


8 Given that A — | ; E ) use the inverse matrix of A to 


(i) solve the simultaneous equations 


y-4x+8=0 
2y-3x+1=0 
—2 3 
(ii) find the matrix B such that BA = i 
E, [8] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P2, Qu 8] 
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9 


10 


11 


12 





Given that À — | : | and B -| ; ^ | find the matrices X and Y such that 


(i) X=A*+2B [3] 
(ii) YA=B [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P2, Qu 7] 


Given that A — | : ie } find the values of each of the constants m and n for which 
| A’+mA=nl 
where I is the identity matrix. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P1, Qu 1] 


A cycle shop sells three models of racing cycles, A, B and C. The table below shows the numbers 
of each model sold over a four week period and the cost of each model in $. 


Due . Model 
Week ic 
l 
2 
3 
4 


Cost ($) 





In the first two weeks the shop banked 30% of all money received, but in the last two weeks the 

shop only banked 20% of all money received. 

(i) Write down three matrices such that matrix multiplication will give the total amount of 
money banked over the four-week period. [2] 

(ii) Hence evaluate this amount. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P2, Qu 4] 


Given that A-| * ! , B= 3 = „and C=| : , calculate 

| 2 3 | 0 2 | | l 
(i) AB, [2] 
(ii) BC, [2] 
(iii) the matrix X such that AX = B. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P2, Qu 9] 
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sir : 13 6 - me 
13 Given that A d S o ) find the inverse matrix A^! and hence solve the simultaneous 
equations 


13x *-6y — 41 
7x+4y= 24 [4] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P2, Qu 1] 


14 Given that A | á : } find A~ and hence solve the simultaneous equations 


7x +6y=17 
3x +4y=3 i4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P2, Qu 2] 








The table shows the results achieved by four teams in twelve events of an athletics match. 
In each event, 1st place scores 5 points, 2nd place scores 3 points, 3rd places scores 2 points 
and 4th place scores 1 point. 
(i) Write down two matrices whose product shows the total number of points scored 
by each team. [2] 
(ii) Evaluate this product of matrices. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P1, Qu 2] 


16 tis given that A =| A. )s-| te: E c= : þina 


4 3 2 0 
(i) AB, [2] 
(ii) BC, [2] 
(iii) A ', and hence find the matrix X such that AX = B. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P2, Qu 8] 
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15.1 Introduction 





Integration is the inverse process of differentiation. However, the process of creating the derived 
function is many-to-one. ‘This means that we have to be careful when we try to reverse the process. 
Every continuous function can be differentiated. Most functions cannot be integrated. However, 
functions made up of powers of x can be integrated, so we start with those. 





15.2 The integration process 


The process is really an iterative one. You get closer to the answer as you work through it. 
When you become really experienced, you can jump to the correct answer at an earlier stage. 





You may feel that this is a little unsatisfactory. 


You do need to realise that you can only integrate a function that you can obtain by differentiating 
another function. The problem sometimes is to find the correct function, if there is one. 


15.3 Integral notation 


= P i s d ce = . = FF 
When we differentiate, we use the notation xU -) to mean “differentiate (...) with respsect to x”. 


In a similar way, we use the notation [dx to mean “integrate (...) with respect to x”. 





15.4 Rules of integration 


The simple rules follow from the equivalent rules for differentiating. 
15.4.1 Theconstant multiplication rule 
If a function is multiplied by a constant, set aside the constant and concentrate on the function. 
sO [kf(x)dx = k[f(x)dx 
15.4.2 Addition/subtraction rule 
If two simple functions are added or subtracted, treat each one individually. 
so [f(x) t g(x)dx = [f(x)d« +| g(x)dx 
or | £(x) — g(x)dx = [t(x)dx- [g(x)dx 
Integration 








15.5 Integrating polynomial functions 


We know that when we differentiate a power of x, that power is reduced by 1. 








When we integrate one of the functions on the right, we get the one on the left. 


| Example 15.1 
Find a [x dx 
b ju: 12x? dx 


Solution: 

a 

Step 1: Try f(x) =x" 

Step 2: f(x) =d 

Step 3: Not quite right. Correct power, wrong constant. 


Step4: Try f(x)-— 


Dux Correct! 


| dx= "d 


[12x? dx =12| x! dx 


=12{ £3" 
4, 


= 3x" 
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15.6 Problems that we often encounter 


15.6.1 Zero! 


When we differentiate a function such as f(x) 2 x° — 2x^ - 2x +3 
the result is fíx)23x!— 4x 240 
We do not usually write the zero but you must remember that it is 
there and you must include it when you are integrating, even 

if it not there in the question. 





Example 15.2 
a Given that f(x) 2 4x? — 9x^ + 2x — 3, find f(x). 


b You are given that when x = 1, f(x) = 6. 
Find the value of the arbitrary constant in a. 
solution: 
a Include the zero! flx)=4x -9x^ -2x -340 


Ignore the constants and integrate each term individually: 


f(x) = {ir ) — (is | + | —3x+c 
Á 3 2 


Notice that we do not know where the zero came from so we include a general constant c. 
Finally, tidy up the terms f(x) 2x' -3x' txt —-3x «c isis called the general solution. 
Putting x = 1 f(1)=1-3+1-3+c 

=6 
thus c=10 
and f(x) = x'-3x° +x -—3x+4+10 





Integration 








15.6.2 x^ 


You should have noticed that x* does not appear in the list of derivatives of powers of x. 
(See the table in section 15.5.) 


It can be integrated, but the result is not a power of x and so it is excluded from this section of the syllabus. 
15.7 Looking at the gradient function 
The gradient function shows that the differential equation " = f(x) represents the gradient of a curve. 


However, there are many curves with the same gradient function. 


Example 15.3 
dy 


a Identify the curves whose gradient function is — = 2x. 


b Findthe equation of the curve with the gradient function in a which has a Um I (0, 4). 


Solution: \\\\ y 


Integrating, y=x tc 6 


This represents a family of 
parallel curves. 
The curve passes through (0, 4). 
4=0+c 
Thus y=x +4 
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15.8 The arbitrary constant (constant of integration) 





Every time we integrate something, we must include the zero and this will generate an arbitrary 
constant. The solution we get which includes the arbitrary constant is called the general solution. 
Sometimes, as in Examples 15.2 and 15.3, we have more information that allows us to find a value for 
the arbitrary constant. The solution which includes this value is called a particular solution. 


dy 
dx? 








If the differential equation that we started with is of the f 
twice, creating two arbitrary constants. 


— f(x) we would need to integrate 


In order to find both of these we would need extra information, which we could be given in various 
ways,forexample (i) two values of x and the corresponding values of f(x) 


(ii) for one value of x, the value of both f(x) and f'(x) 
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í Example 15.4 


F z Li = d M 
Identify the curve whose second derivative is —— 
| 2 


and which passes through the points (1, 2) and (2, 7). 
Solution: 
If 


then 

and y — 20 + ER 
The curve passes through (1,2),so 2=1-—2+c+k 

or 3=c+k 

It also passes through (2, 7), so 7=8-8+2c+k 
giving 7=2c+k 

Solving [1] and [2], gives c=4 and k=- 


so the equation of the curve is y=0— ly | 


| Example 15.5 

12 
Identify the curve whose second derivative is m =12x 
and which passes Hune the pone (0, 4) with gradient 2. 


Solution: 


Integrate both sides with respect to x. 


The gradient at (0, 4) is 2, so 
giving 

a 
and — = 6x’ +2 

dx 
Integrate again y=2x"+2x+k 
This passes through (0, 4), so 4=0+0+k 
giving k=4 


The particular solution is y=2x +2x+4 





Integration 









Exercise 15.1 
1 Find f(x) if: 











a f(x)=x b f(x)=x' c f=" 
d fíx)=6x" e f(x)=8x° f f(x)-215x' 
ME Vs 3 gee d 
g flx)=— h fl) == 1 fl) =— 
x x x 
i ff 2 NN 6 ; 9 
j flð=— k f(x)-—; LE Ille 
^ x A 
2 Find y if 
a ið b E c L=10x'-3x 
dx dx 
d Sy 9 LL e c" d f D. oa. á 
dx dx x dx x 
dy 2 ay rey 2 s dy . 3 
| dy a— h c RIÐ TO = x + 
a oe dx Jx dx Le 
3 Find y if the derivative is as shown and the curve passes through the point given: 
a Y L axx (0, 3) b RD (0, — 2) 
dy 4 3 dy ;, 1 
c ag D c 4x (1, 5) aL 9X PS ( ) 
à Sua 7 (1, 6) f CNN (2,15) 
dx x x 
dy _ dy 
VIRTA em 1, 10) h =15v/x-+— (1,7 
s E 10) ls E (1,7) 
i ALE re (8, 150) j NS (4,100) 


4 Find each of the following integrals: 
"ow : 3 
8x 6x dx b |8y"+6y*d Je t +—= di 
| X +6x | y *6y dy c Jt us 


svt -Zav e P2yy + ey dy f Jove «a 


5 The equation of a curve has a second derivative given by 
2, 


d J | 


At the point (—1, 0), through which it passes, it has a gradient of 1. 





Find the equation of the curve. 
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6 ‘The equation of a curve has a second derivative given by 
dy -2 
At the point (1, 4), through which it passes, it has a gradient of 3. 





Find the equation of the curve. 


7 The equation of a curve has a second derivative given by 


E: = 6x +6. 


cA 





The curve passes through the points (1, —1) and (2, 4). 
Find the equation of the curve. 


8 ‘The equation of a curve has a second derivative given by 


The curve has a stationary point at (1, 0). 
Find the equation of the curve and the nature of the stationary point. 


9 A cubic curve of the form y = ax? + bx’ + cx + d has two stationary points, one at (1, 5) and 
another at (3, 1). 


Find the equation of the curve and the nature of the stationary points. 


10 a Use the composite rule to differentiate the function y 2 (2x +1)’. 
Hence find y if y = [(2x + 1) dx. (use cas your constant of integration) 
b Use the binomial theorem to expand (2x + D 
Integrate the resulting expression. (use k as your constant of integration) 


c Use the binomial theorem to expand your answer to part a. 
Compare the expanded versions of your answers. 


What is the relationship between the constants of integration? 


15.9 The area function 


| A | a 
fea 


1 "E F 











In general, to find the area between the curve y = f(x) and the x-axis between the values x = 0 and x= b, 
we slice the area into thin sections which are roughly rectangular. 


Integration 








Each rectangle has width 6x and height f(x). 

The area of each slice, ÓA = f(x) dx. [1] 

The total area is found by adding them all together. 

However, when we reduce the width öx, the addition becomes 

one of continuous values rather than discrete ones. 

When we add together a set of discrete values we use the symbol X. 
This is a greek letter S (Sigma). 





When we add together a set of continuous values, we use a 
different letter S: |. This is the integral sign. 


Returningto[1],as ôx —» 0, es n " 
GA y 
1] becom de 
[1] becomes de (x) 


This is a difterential equation that we solve by integrating both sides with respect to x. 


dA 
We get Jas "1 | fx )ix [2] |... dx means integrate 


with respect to x 


This reduces to IL dA = | fax [3] 
which becomes A = | flo)dx [4] 
Finally, we put x -ó. A — F(b) 





Thus we can find areas by integration. 


, | Tate 
i NOA 


the rule “Do the same thing to both sides 


Example 15.6 


Find the area between the curve y = 6x + 4x and the x-axis between the values x = 0 and x = 2. 


A aaa AAA AAA AAA AAA AA AAA AAA AA a 585 


Solution: 
A = [6x^ 4xdx 
=2x" t-2x' 
Whenx=2 A-1648 
=24 
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15.10 The area ofthe region between x= a and x= b 


The process described can be used to find the area between a curve y 
and the x-axis from x = 0 to x= b. 


If F (x) = f(x), 
the area from x= 0 to x= bis F(b) 
the area from x= 0 to x= a is F(a) 


= the area from x= a to x= bis F(b) — F(a). 





We have a modified notation for this: 


xzb 
A= | f(x)dx 
4 
or just A= [fax 


i 


if it clear that a and b are values of x. 


When we have limits to the integration like this, we call 
it a definite integral. 





indefinite integral 


í Example 15.7 


Find the area between the curve y = 6x? + 4x and the x-axis between the vues x=2andx= 


Solution: 


4 
A- [ex +4xdx 
2 


=[2x +22 +c] 
x=4 x=2 
A=[128+32+c]-[16+8 + c] 
=[160+c]-[24 + c] 
=136 





In the theory section, we used “the area from x=0 to x= bis E(b)”. 
In fact, this is F(6) — F(0) and the "c" would have been eliminated. 


Integration 





15.11 The area of the region between two curves 


We can extend these ideas to find the area between two curves. 





» = g(x) 


We slice the area into thin rectangles of width ox. 


The height of each rectangle is f(x) — g(x). 





The area of each slice, A = | f(c) — g(x) [Ex 
from which, A = ['[f69 - go9]àx 


Example 15.8 
Find the area Deben the curves D. 124 = 26 and x = Bx 16. 


solution: 
First we need to find where the curves intersect. 
Solving the simultaneous equations y=—x + 12x — 26 
y=x"-8x+16 
gives (3. 1) and (7, 9) 
A= | | (—x?+12x - 26)- (* - 8x +16) |dx 





A= | 2x? 420x — 42 dx 


7 


a 
A= o +10x* — 12s 


27 -[-54] 


sz 
3 









MI Chapter 15 


15.12 Curves below the x-axis 


When a curve lies below the x-axis the height of the rectangle is given by 


top — bottom 
[0 - f(x)] 
and the area is therefore given by 


A= |-f(x)dx 








This means that we have to know where the curve intersects the 
x-axis or with another function in order to determine which 
function is the top one for any value of x. 


Sometimes, we have to calculate two areas and add them together. 
Example 15.9 
Í 
a Find A=| dx. 


b Find the area between the curve y = x* and the x-axis between the values x=—1 and x= 1. 


al 


b The curve intersects the x-axis at x = 0. 
The integral for area C will be negative because it is below the x-axis. 
The integral for area B will be positive because it is above the x-axis. 
By symmetry, these two areas will be equal. 
We could calculate 
« : 1 
A= | | —x° [dx + | x'dx 
=] Ü 
But it might be quicker to find 
l 


A=2f, x'dx-- 





Integration 





Example 15.10 


| | Xx —4 | 
Find the area between the curve y = and the x-axis between the values x = 1 and x= 3. 
X 


Solution: 
We have two problems with this question: 
: We need to write the function as a series of powers of x. 


: We can see from the graph that the function crosses 
the x-axis atx=2. 
3 T. 
X AX | 
=x"—2x 
X 


: To calculate the area, we need to split the integral into 2 parts 





15.13 Integrating composite functions 


When we differentiate the composite function y = f[g(x)], 


we get = f'[g(x)] x g'(x) 


This is a product, so integrating it could be quite a problem. 


However, if g(x) is a linear function, g'(x) will be a constant and that is a much easier task. 






Example 15.11 


Solve the equation 
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| Solution: 


This is a composite with outer function f(x) = x 


and inner function g(x) =2x - 3 which is linear. 
We use the same process as before: 
Step 1: Try y- (2x = 3) 
Step 2: = 4(2x-3) x (2) = 8(2x 3) 
Step 3: Not quite right. Correct power, wrong constant. 

1 
Step 4: Try y= ¿Ox = 3) 
Step 5: = : 4(2x = 3) xi (2x = 3) 

dx 8 


Correct, so 
y- ¿Os = 3) + E 





Example 15.12 a 
A curve is such that dx ( 2x1) and it passes through the point (1, 4). Find its equation. 


Solution: 
Step 1: 


Step 2: L= 
TE dx (2x+1) 


Step 3: Correct function, wrong constant. 


Step 4: Try 


giving 


and 





Integration 








Exercise 15.2 


l 





Evaluate each definite integral: 
a f x'dx b [(9-4x')àx c [io dx 
d | (4x+3)dx e f (338 +2x)dx f | x dx 
g |y-y dy h | /ydy i | y -»*6dy 
j fred k ¿1 qe ds | fae 


Z A 
m |, (2+3x) dx 


= 
d 
o 
Cu 
be 

[ou 
= 


Evaluate each definite integral: 


d 


d 


| x( x7 -1)dx 


0 


kod 
| E 2 Jas 
ay & 


Á 
| 10x? (2x=1) dx 


f (5 js 


py 
— 
Hið 
e 
—, 
«x 
| 
p= 
k 
cu 
"i 
r 











a 
t 5 
eo, 
e 
p Lal 
tj | 
| | 
C. 
e 


Find the area between each curve and the x-axis between the values of x shown: 


a 
d 


d 


cos o cm 


zg 


y=1-1%0=x=1 b y=x°+3;1=x 52 c y=/x;4<x=<9 
y=5x-x%0=x=<5 e y=2x"+3-1=x=2 f ja Sg 24 
Sketch the curve y 2 x(x — 1)(x — 2). i 

Find the following integrals: 

(i) | x -3x +2xdx (ii) [ x? -3x°+2xdx (iii) [2° -3x? +2xdx 
Explain why the area between the curve and the x-axis in the interval 0 = x = 2 is not the 
answer to b (iii). Find the area between the curve and the x-axis in the interval 0 = x = 2, 
Sketch the curve y 2 16 - x’. 

Find the area bounded by the curve and the x-axis. 

Sketch the curve y = (x + 1)(3 — x). 

Find the area bounded by the curve and the x-axis. 

Sketch the curve y — (x * 3. 

Find the area bounded by the curve, the x-axis and the y-axis. 

Find the stationary points of the curve y = x'(x — 1)(x + 2) and state their nature. 

Sketch the curve. 


Find the total area bounded by the curve and the x-axis. 
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Summary 


Definition 


The integration process 


Rules for integration 
Constant multiplier rule 


Sum / difference rule 
Integrating powers of x 


The constant ot 


integration 


Using integration to 
find areas 

The area between 
two curves 


(definite integration) 


Integrating composite 
functions 


Integration is the inverse process of differentiation. 

However, producing a derived function is a many-to-one process. 

This is an iterative process where you make a guess at the correct 
function, then differentiate your guess to see how wrong you are. 
Change your guess and repeat until you get the correct solution. 
Remember: the majority of functions cannot be integrated but the ones 
you meet should be okay. 

Follow from the equivalent rules for differentiation. 

If y = fk f(x) dx then y = kSf(x) dx 

If y= f(x) + g(x)dx then y= f(x) dx + Ja(x) dx 





If y = fx" dx then y= yt 


n+1 
Remember to add a constant of integration “c” whenever you integrate. 
This solves the many-to-one problem of the differentiating process. 
Note: If you have to integrate twice, use 2 different constants. 
We can use integration to find areas. 
However, an area must be positive, an integral need not be. 


A= ['tfG) - gGol dx y y- go 


Often the lower function is y = 0. 
This is only valid between the 
points where the graphs 
intersect. 

We do not need the constant, c. 





Areas below the x-axis will 
produce a negative integral but the 
area should be positive. 

Usually, the inside function, g(x), of f [g(x)] 
will be linear. 


Integration 





Chapter 15 Summative Exercise 


1 Find f(x) when: 


a f(x)=10Y b f(x)=8x c f’(x) = 15x 
d (x)= e "(x)= — f "(x)= Í 
: a ; 


2 Solve the differential equations. 





2 edi) b Z = 10 c La 
d Z -syy e PIDE f 2 fr 
3 Solve the differential equations. 
dy 2 y 9 o4 , 6 
ax Ve TENE Cw Ve 
i La e Le p Los 





dx fx dx Yx dx x 
4 “The following curves have derivatives as shown and pass through the given points. 
Find their equations. 








d | d 6 | 
dx dx X 
dy 5 dy. 4 20 
— =6x?-4x+3 (1,4 d —-3x -———— (-2,-6 
C = x x (1, 4) du o (2x — 1Y ( ) 
5 ‘The equation of a curve has second derivative X =+] 2x +4, 


It passes through the point (3, 34), where it has gradient —12. 


Find the equation of the curve. 

T d'y AL 

6 ‘The equation of a curve has second derivative a = 12x" 12x — 12, 
It passes through the point (—1, —11), where it has gradient 15. 
Find the equation of the curve. 





7 a  Usethe composite rule to differentiate the function 
| 3x td 
M d 12 
b  Usethe result to find y if 2- — 
dx  (3x—4y 
given that the solution curve passes through the point (—2, 0). 
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10 


11 


12 


13 


14 


Evaluate each of the following definite integrals. 











2 3 f 
a | x —x+3dx b f x + dx C | des 

3 x E =a 

Ay ¢ . 

KR | 3 3 ET 
d IN T | dx e [ x' Qx #3) dx f JG 26-06-73) dx 
a Show that SEPA _ - 
x —2x+1 (x —1) 


b Hence find [ = 
aX -2x+1 
Find the area bounded by the curve y= 6x^ — 4x + 2, the line x 2 —1 and the line x= 1. 
Ihe line y = x+ 7 meets curve y = x^ — 4x + 1 at the points A and B. 
a  Findthe coordinates of the points A and B. 
b Sketch the line and the curve on the same set of axes. 


c Find the area between the line and the curve. 


The diagram shows the curves 
yz=x -2x-1 
and y27-2x- x. 


Find the area (shaded) between the curves. 


The diagram shows the curve y =x — 10x^ + 27x — 18. 
Find the total area (shaded) bounded by the curves 
and the x-axis. 





The diagram show part of the curve y = —. 
The area bounded by the curve and the lines x = 1 and x = k 
(shaded blue) is equal to the area bounded by the curve and 
the lines x = kand x= 3 (shaded green). 


Find the value of k. 





Integration 





Chapter 15 Test 1 hour 








"12 
1 Find | — dx. [4] 
o (2x +3) 
2 The diagram shows the curve y 2 x? —7x* + 13x 14. 
The tangent at the point P (where x = 1) cuts the curve 
again at Q. [4] 
a  Findthe equation of the tangent at the point P. 
b  Findthe coordinates of the point Q. [3] 
c Find the shaded area bounded by the curve and 
the tangent line. [3] 
| +1 .., 4 
3 a aan lm að 


4 
X 

b Usey 'esult to find “== dx. 2 

se Vour resu Oo Inn | (2x +1) [2] 


12 | 
4 a Find | | + =| dx. [2] 
x 
"6 12 7 
b Hence find the values of k such that | a + =| dx = 3 [4] 
x 
po j 


5 a Find | J3x +1 dx. [3] 


b Hence evaluate | 43x tldx. [2] 
6 a Find | | 4x - dx. [2] 
(x -4)° 


b Hence find the area of the region bounded by the curve, the line x 22 and the linex=3. [3] 


7 a Find | „/5x — 4 dx. [3] 


5 
b Hence evaluate | 1545x — 4 dx. [2] 
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Examination Questions 


I 


A curve is such that 2 = — 


Given that the curve passes through the point (3, 5), find the coordinates of the point 
where the curve crosses the x-axis. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P1, Qu 6] 





The diagram shows part of a curve, passing through the points (2, 3.5) and (5, 1.4). The gradient 
of the curve at any point (x, y) is ==, where a is a positive constant. 
X 

(i) Show that a = 20 and obtain the equation of the curve. [5] 
The diagram also shows lines perpendicular to the x-axis at x 2 2, x =p and x — 5. 
Given that the areas of the regions A and B are equal, 
(ii) find the value of p. [5] 

[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P1, Qu 11] 


7 


A curve is such that E — 6x — 2. The gradient of the curve at the point (2, —9) is 3. 
X 
(i) Express y in terms of x. [5] 


| : | | 
(ii) Show that the gradient of the curve is never less than 2 [3] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P2, Qu 10] 


dy 


= mm and (6, 20) is a point on the curve. 
E QJ4x tl 


(i) Find the equation of the curve. [4] 


Á curve is such that 





A line with gradient —— is a normal to the curve. 
2 
(ii) Find the coordinates at which this normal meets the coordinate axes. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P1, Qu 6] 


Integration 


7° 


7 


7 








The diagram shows part of the curve y = 4 /x — x. The origin O lies on the curve 

and the curve intersects the positive x-axis at X. The maximum point of the curve is at M. Find 
(i) the coordinates of X and of M, [5] 
(ii) the area of the shaded region. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P2, Qu 10] 







„= — Bx + 16x 


The diagram shows part of the curve y= x° — 8x^ + 16x. 


(i) Show that the curve has a minimum point at (4, 0) and find the coordinates of the 
maximum point. [4] 


(ii) Find the area of the shaded region enclosed by the x-axis and the curve. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P2, Qu 10] 


"S Chapter 15 





Term test 4A (Chapters 12-15) 1 hour 


1 You are given the information shown in the upper diagram 





In the lower diagram, OAB is a sector of a circle, centre O, 
T 

radius 6. Angle OBA, O = | ; 

Find: 


4341 





a  thelength of AB [2] 
b the angle AOB [1] 
c the perimeter of the shaded region [1] 
d  thearea of the shaded region. [3] 
X dy fC 
2 a Given that y- = - show that = = — 
34x dx (39x y 
where f(x) is a function to be found. [3] 
3 2 
b Hence evaluate | Er ( [2] 
5 (3+ x^) 
: dy 
3 A curve is such that de = 4— ax where a is a constant. 
The normal to the curve at the point (1, 6) has gradient E 
a Find the equation of the curve. ] [5] 
b Find the point of intersection of the tangent at (1, 6) and the tangent at the point 
where x = 3. [5] 
4 3 -] —2 3 
4  Itis given that A = ;B- and C=| 6}. 
3 2 2 —2 -l ; 
a Calculate AB. dii [2] 
b Calculate BC. [2] 
c FindA". [2] 


Integration 









5 Acurve is such that its gradient function 2 = - for x > = 





Ax +1 


The curve passes through the point (4, 9). 


a 


b 





Find the equation of the curve. 
Find the x-coordinate of the point on the curve where y= 17. 


Given that al | „find A. 


-3 


Using your answer to a, find the values ot a, b, cand d such that 


A afela mai) 
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Further trigonometry 


á Sylla bus statements 


« know the trigonometric functions of angles of any magnitude (secant, cosecant, cotangent) 
« understand amplitude and periodicity and the relationship between the graphs of e.g. sin x 
and sin 2x 
+ draw and use the graphs of 
y =asin(bx)+c 
y =acos(bx)+c 
y =atan(bx)+c 
where a and b are positive integers and c is an integer 
» use the relationships 


sin Á cos Á 
= tan Á R = cotA 


cos Á sin Á 


sin^A--cos A=1  secA-l1-tan'A  cosecA=1+cot? A 
and solve simple trigonometric equations involving the trigonometric functions and the 
above relationships (not including the general solution of triginometric equations) 

+ prove simple trigonometric identities 
































16.1 Introduction 


In this chapter we return to trigonometry. We introduce the three reciprocal functions and extend 
your knowledge of the properties of amplitude and periodicity. We look at the graphs of more 
complicated trigonometric functions and see how they are related to the basic sine, cosine and 
tangent curves. Finally we look at trigonometric identities and their uses. 


16.2 Reciprocal trigonometric functions 


It is sometimes convenient to use the reciprocals of the sine, cosine and tangent functions. These are 
called the secant (sec), cosecant (cosec) and cotangent (cot) and are defined as: 














secð = a hyp Be careful! 
cos@ — adj Secant is the reciprocal of 
l h OPP cosine and cosecant is the 
cosec@ = EL SENDEN 
sinÓ opp reciproca of ne: | 
l adi This is confusing until you 
cotð = M get used to it. 
tan@ opp 


These definitions are true for angles of any size. 


| Problem 16.1 


The diagram here shows the unit circle 
and the tangents at x= 1 and y= I. 
a State the lengths: 
(i) OC 
(ii) CB 
(iii) DP 
Using similar triangles and your 
knowledge of sine and cosine, find 
the lengths: 
(i) OP 
(ii) OQ 
(iii) AQ 








For most purposes, it is often easier to convert everything to sines, cosines and 
tangents but there are important cases where the reciprocal functions are useful. 
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Example 16.1 
Solve the equation sec20 = —4, for -180? = 0 = 180°. 


Solution: 
sec20 ——4 
cos20 =- 0.25 


We know how to solve this equation. 


20 € |—255.522*,104.477^] 


or 20 €1-104.4775, 255.522°} 
The required solutions are: 
0 € {-127.8°, —52.2°, 52.2, 127.89) 





Exercise 16.1 


1 Find all solutions to each equation in the range 0° = 0 = 360°, giving your answers 
correct to 0.1". 
a sec0=2 b cot =1.192 C cosecO — 1.1547 


d sec= -1.221 e cotO =-1.5 f  cosecó=-1.25 
2 Find all solutions to each equation in the range —180* = 0 = 180°, giving your answers 
correct to 0.1°. 
a secð —]1.555 b cot08 — 0.577 c cosecÓO = 1.0353 
d sec — —1.667 e cotO=-2,5 f  cosecO=-5 
3 Find all solutions to each equation in the range -m = 0 = 7, giving your answers 
correct to 3 s.f. 
a secO=2.5 b tot =3 c cosecO=4 
d secó=-3 e cot@=-2 f cosecOÓ — —10 
4 Find all solutions to each equation in the range 0 = 0 = 27, giving your answers 
correct to 3 s.f. 
á secð=35 b cot@=04 c cosec@=3 
d sec@=-] e cot@=-0.2 f  cosec = —6 
5 Find all solutions to each equation in the range 0° = 0 = 360°, giving your answers 
correct to 0.1*. 


a sec20=2.5 b cot30=3 C cosec20—4 
d sec30=-5 e cot40 — —0.8 f cosec40 — —8 
g sec(20+30°)=2.5 h cot(30—60?)- —3 i cosec(20-10?)— 4 


Further trigonometry 








6 Find all solutions to each equation in the range 0 = 0 = 27, giving your answers correct to 3 s.f. 


a sec20-1.5 b cot30=2 C cosec20 — 2.5 
d sec3@=-3.5 e cot40 — —0.4 f cosec40 — —4 
g sec(20+1)=-1.5 h cot(30—2)- 0.5 i cosec(20--3)- -2 


16.3 Identities 


An identity is similar to an equation. However, there is an 
important difference. 
An equation is a mathematical statement that is sometimes true. 


It contains a variable (sometimes more than one), and the values 
of the variable that make the equation true are called solutions. 





For example, when the value x= 2 is substituted into the equation 3x + 5 = 11, the result is a true statement. 
If we substituted the value x = 1 (or any other value) into the equation, the result would not be true. 
On the other hand, an identity is true for all values of the variable (or variables). 


For example, (x + 1) =x" +2x +1. 





We distinguish between equations and identities by using a different relationship symbol (=). 
So (ætl) =x*+2x+1 isan identity 





but x*-5x+4=0 is an equation. 


The symbol = means “is identically equal to” 





In fact, the definitions we began with are identities. 


and so is Pythagoras’ Theorem 
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16.4 Trigonometric identities 


16.4.1 Tangent, cotangent 





16.4.2 Pythagorean identities 


Starting with Pythagoras’ Theorem 





a+b=c 
we can divide both sides by either: 
a Or b? or e 
a“ 2 c a b? C a“ b c 
a a a b b b Ü € E 


O OO 


1 + tan "0 = sec“ð cot“ð 1 = cosec 0 cos“ð + sin“ð = 1 


Thus we have created three more identities: 


sec'ð = 14 tan“ð [7] 


cosec“ð = 14- cot'ð [8] 


sin^Ü + cos'0 = 1 [9] 





16.5 Using trigonometric identities 


There are two main uses of identities: 
1 to help simplify equations so that we can solve them 


2 tocreate more identities. 
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16.5.1 Simplifying equations 


Example 16.2 
Solve the equation 2sinð — cos@ = 0, iude 180° = 0 x 180°. 


solution: 

2sin@ — cos =0 

Add cos@ to both sides: 2sin@ = cos@ 
sinó 1 


Divide both sides by 2 cos @: 
cosü 2 


Using identity [5]: tan@ = 0.5 


We know how to solve this equation. 
tan8 — 0.5 
0 e[26.57%, 206.577, 386.575, ...) 
or Qe{-153.439,-333.439,...} 


The required solutions are: 


0 € (-153.43%, 26.577; 


Example 16.3 
Solve the equation 2sin0 — tanð = 0, for —180° = 0 = 180°. 
Solution: 
2sin@—tan@ = 0 
Using identity [5] — 2sin0— Sn =) 
cos 


This reduces to 2sin@cos@—sin@ = 0 


or sin@(2cos@—1)=0 









ME Chapter 16 


so, either sin@=0 or cosð = 0.5 


The required solutions are: 


0 e {-180°, —60°, 0°, 60°, 180) 





Example 16.4 


4cos’@ + 3sin@ = 4 

Using identity [9] 4 (1 — sin”0) + 3sin0 =4 

Rearrange the equation 4sin 0 — 3sin0 =0 
This is just a quadratic equation: 

sin6(4sin@—3)=0 





| SO, either sinü—0 or (4sin@ — 3) = 
| from which sin@=0 or 
Ges ...,0°,190°, 360°... 
or Oe4,,.,48.6°, 131.4°,...) 


So @€{0°, 48.6°, 131.4°, 180°, 360°} 





16.5.2 Creating new identities 


If you want to create a new identity (or prove one in a question) such as A = B, you saw in Problem 16.2 
that it is no use starting with A — B and trying to solve the equation. 


Eventually, you will get to 0 = 0 and that, while true, is no help. 


Further trigonometry 








There are three techniques that are usually used: 


(iii) Starting at each end 


(i) Starting with A | (ii) Starting with B - 





Technique (i) is the obvious starting point, unless you see something easier in technique (ii). 
Technique (iii) is more usual if you start with (i) and then get stuck! 

In that case, start at the other end and try to get to the same place. 

At every step, you replace parts of the expression using other identities and then simplity 
what you have. 

There are also two alternative techniques available: 

(iv) Provethat A-—B=0 


(v) Prove that = 


Exam ple 16. 5 
Prove the dende tan@ + cot@= sec Ocosec 0. 


LE E E EE EEE EEEE E E EEE a a SES T a E a A A A AAA O a a 


Solution: 
Using technique (i): 
tan + cot@ 
Using identities [5] and [6]: = sin@ 4 cos O 
cosÜ sin 
_ sin’@ + cos’? 
cos Osin@ 
1 
cos@sin@ 
L4 


cos sinð 


Put them over a common denominator: 


Using identity [9]: 


Using identities [1] and [2]: = secð cosecO 





Chapter 16 





| Example 16.6 





Prove the identity tan "8 — cot 0 = sec 0 — cosec 0. 


Solution: 
Using technique (iii): 
LHS tan^0 — cot“ð 
Tn 3 
Using identities [5] and [6]: e 
cos @ sin 8 


" sin 9 — cos 0 


Put them over a common denominator: - : 
cos “Osin 


| (nina one 20 29) 
Using identity |a -b =(a + b)(a —b) |: „ {sin'ð + cos'0 J[sin'0 — c0s'ð) 
cos O sin“ð 

2 T NM in“ð — cos“ð 
Using identity [9]: = PE od 
5 Y cos“ð sin“ð 
RHS sec^Ü — cosec“ð 


l | 
Using identities [5] and [6]: > = ee 
: 15] (6| cos“ð  sin'O 


: 2 2 
| y sin “8 — cos 0 
Put them over a common denominator: :——— 
cos @sin 0 


We have reached the same expression from each end. 


| | 2 2 2 
Thus tan "0 — cot Ü = sec“ð — cosec“ð 


Exercise 16.2 


l 


Find all solutions to each equation in the range 0° = 0 = 360°, giving your answers correct 
to 0.1* unless they can be written accurately. 


a sinü—2cos0-0 b sec0—3cosecO = 0 c 5cos0—3sin0 —- 0 

d 3sin'0—cos0 =0 e 4tan'0—3sec'0- 0 f cosec'ü-2cot0 - 0 
g cosecÓü—cot 0-0 h 2sec0ü—tan0—5-0 i 2sin0—2cos 0-1 

j sec 0—7 — tan k 3cos0-—5sin0—5-0 | 3cosec'Ó + 8cot@ — 0 


Find all solutions to each equation in the range -m = @ = 7, giving your answers correct 
to 3 s.f. or as a rational multiple of 7 as appropriate. 

a sin@+3cos@=0 b 2sec@+cosecO=0 c cos@+sin@=0 

d sin’@—cos’@ =0 e 4tan'0ü— sec0 =0 f 2cosec'Óü —3cot'0 20 
g cot/Ü—cosecÓ -1 h tan'0—2sec0-2 i ósin 0 —5cos0—- 7-0 
j secðÐttan0-3=0 k 8cos'0-2sin0—5-0 | cosec’@ —cot0-2-0 
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3 Prove these identities: 


a cosecÓ — sin = cosOcotO b (sing + cos) =1+2sin0cosé 
l 1 
c sec- tanÓ = —————— d cossec + cot@ = ——————— 
sec + tan@ cosec 0 — cot 

e 1l-2cos'0 22sin'0-1 f tan'ü—cot0z (sec 9 4 cosecO )(secO — cosecð 

tan“ð — | "3 i inð 1+cos@ 
g p Ee = sin Ó— cos 0 hp, a = 2cosecO 

tan“ð +1 1+cos@ sin 


l+sinð _ cos0 
cos®  1—sin0 


l +cosð 1-4 secO 
1—cosÓÜ  secÓ-1 








16.6 Graphs of trigonometric functions 


You have already met the graphs of the trigonometric functions. The graphs of the sine and cosine 
functions are waves, and even though the graph of the tangent function does not look like a wave, 
it is still periodic. 

We describe periodic functions by their amplitude and period. 

The amplitude is the 
distance from the centre 
line to the extremes of 
the wave. 


amplitude — 


The period is the distance 
between any two equivalent 
points in the direction of 
the wave. 


period 


The graphs of 
y =sinx 
and y=cosx 
both have amplitude 1 
and period 360° 


or 27 radians. 
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16.7 Transforming the graphs of trigonometric functions 


16.7.1 Dilation in the x-direction 


What happens when we replace x by 2x in the 
equation of the graph? y =sin 2x y=sinx 


The result is shown opposite. \ 
As you can see, the amplitude is unchanged | 
but the period has been halved. \ 
[ : ud y ] 
Problem 16.3 


Draw the graphs of y = sin3x, y= sináx and y= sin >x and compare them with the graph 
of y=sinx. 


| x 





Draw the graphs of y = cos2x, y = cos3x and y = cosa and compare them with the graph 
of y = cosx. 


Formulate a conjecture about the effect of replacing x by kx in the graphs of y = sinx and y = cosx. 





16.7.2 Translation in the x-direction 


What happens when we replace x by x + 30° 
in the equation of the graph? y =sin(x + 30°) 
The result is shown opposite. 

As you can see, the amplitude and period 
are unchanged but the graph has been 
translated to the left (negatively) by 30°. 





Problem 16.4 
Draw the graphs of y — sin(x + 60°), y= sin( x — 30°) and y= sin(x + 60?) and compare 
them with the graph of y — sinx. 
Draw the graphs of y cos(x T 60°), y= cos(x = 30°) and y = cos(x + 60°) and compare 
them with the graph of y = cosx. 
Formulate a conjecture about the effect of replacing x by x + 0 in the graphs of y = sinx 
and y = cos x. 
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16.7.3 Dilation in the y-direction 





So, for example, replacing y by to get A = sinx 


would normally be written as y = 2sinx. 
y 


— in the equation 
2 


What happens when we replace y by 
of the graph? 

The result is shown opposite. 

This time, the amplitude has been doubled while the period 
is unchanged. 








16.7.4 Translation in the y-direction 

What happens when we replace y by y + 1 in the equation of 

the graph? 

The result is shown opposite. 

As you can see, the amplitude and period are unchanged but the 
graph has been translated downward (negatively) by 1 unit. 
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Problem 16.6 

a Draw the graphs of y +2=sinx, y -1—sinx, y— 2=sinx and compare them with the graph 
of y=sinx. Rewrite the equations in the format y = f(x). 
Draw the graphs of y+ 12 cosx, y —1=co0sx, y— 2=cosx and compare them with the graph 
of y 2 cosx. Rewrite the equations in the format y = f(x). 


Formulate a conjecture about the effect of replacing y by y + b in the graphs of y =sinx 
and y =cosx. 





16.7.5 Sumarising the results 

Starting with one of the equations y =asin(bx)+< 
y - acos(bx) tc This theory applies to all curves, 

y=atan(bx)+c not just trigonometric ones. 





i , yc Ww 
we can reorganise the equations to become = sin(bx) 





a 

{= cos(bx) 
a 

IT tan(bx) 
a 


The three elements a, b and c have the following effects on the basic graphs 
y= sinx, y=cosx, y= tan x: 


dilation in the y-direction 


b (> 0) dilation in the x-direction 


translation in the y-direction positive (upwards) distance c 
translation in the y-direction | negative (downwards) distance c 





Notice that, in each case, the effect is the opposite to what might be expected. 

Dividing y by a enlarges the graph in the y-direction by factor a. 

Multiplying x by b squashes the graph in the x-direction. 

subtracting a positive quantity, c, from y moves the graph positively (upwards). 

Adding a positive quantity (subtracting a negative), c, to y moves the graph negatively (downwards). 


There are two transformations in the y-direction: dilation and translation. 

We prefer to do the dilation first because that keeps the origin invariant. 

If we translated first, the dilation would then change the size of the translation. 
Remember: Dilate, then Translate. 
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Example 16.7 
Sketch the curve y = 3sin(2x) +1. 


Solution: 
period 


Transform the equation to get | si | y=3sin(2x) #1 | 
| 4 


3 
2 


Comparing with the standard equation y= sinx 


Amplitude 


We have two dilations: y-direction by factor 3 


x-direction by factor 0.5 ANI VS ÁN lU 


followed by a translation: y-direction by positive 4607 VS aa A | St BOX | abo" * 


(upwards) 1 unit 
y =sin x 
3: 
The result is as shown. 4 
The axis of the graph is the line y=1 (this is from the y-direction translation) 
The amplitude of the graph xt (this is the y-direction scale factor) 
The period of the graph (0.5)) — 180? (this is 360° x the x-direction scale factor 
or, in radians, = (this is 277 x the x-direction scale factor (0.5)) 





16.8 Maximising trigonometric functions 


The standard process to find a maximum or mininum of a function is to differentiate the function. 
However, we have seen that there is an alternative process for quadratic functions - namely, 
completing the square. 

There is another alternative for sine and cosine functions since we know that they are bounded 
above and below. 


Example 16.8 
Find the maximum and minimum values of the function y = 2 + 3sin2x and the smallest positive 
values of x necessary to attain a maximum or minimum value. 


Solution: 

The graph of the function y = 2  3sin2x is shown. 
It has amplitude 3 and period 180°. 

The maximum value of the sine function is 1, 

thus the maximum value of 2 + 3sin2x = 5. 


The smallest positive maximum is at point A. 
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This happens when sin2x = Í 


or 2x = 90° 
x — 45° 
The minimum value of the sine function is —1 
| thus the minimum value of 2 #3sin 2x = — 1. 
The smallest positive minimum is at point 5. 
[his happens when sin2x = — 
or 2x — 27/0" 
x-135* 











Exercise 16.3 
1 You are given the quadratic equation y = 2x^ — Ax +4. 
a Write the equation in completed square format. 


b Show that this is equivalent to 
Mem 2 
CES (x -1). 
c Comparing this to the basic quadratic equation, y = x^, describe the transformations needed 
to convert the basic graph into the graph of y 2 2x^ — 4x +4. 
d Using this information, sketch the curve. 
2 For each of the following graphs, 
(i) describe the transformations necessary to convert the equivalent basic graph into it 
(ii) sketch the graph 
(iii) specify the period of the graph in both degree and radian formats. 
(iv) in the case of a sine or cosine graph, state the amplitude of the curve. 
a y=2sin(3x)+1 b y=3cos(4x)-2 c y=tan(2x)+3 
d y=4sin(4x)-3 e y=2cos(2x)+2 f y-2tan(3x) 
3 Sketch the graph of y - |sin x]. 
4 For each function, state the maximum and minimum values and find the smallest positive value 
of x for which the function attains these stationary values. 
a y-3sin(2x)-1 b y=4cos(3x)+2 c y=sin(3x)+3 
d y=2sin(6x)+4 e y=3cos(6x)- 2 f y=2cos(5x) 
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5 On the same axes, sketch the graphs of y = sinx and y = cosx. 
What transformation will map the graph of y = sinx onto that of y = cosx? 
Hence make a conjecture about the relationship between the sine function and the 
cosine function. 
(Note that there are many possible answers to this question. Try to choose the simplest.) 
6 a Sketch the graph of y = cosx. 
b Sketch the result of applying a dilation of scale factor —1 in the y-direction to this graph. 
Write down the equation of the resulting graph. 
c What happens if you apply a dilation of scale factor —1 in the x-direction to this graph? 
Write down the equation of the resulting graph. 


Formulate a conjecture about the functions cos(x) and cos(—x). 

















Summary 
"T" "WO esa SUE cos 
Trigonometric identities tan 0= cot üz — 
cos sind 
The reciprocal 
i i 1 pn. 1 
trigonometric functions cosecO s secO= cot O = 
sin @ cos tanð 
Pythagorean sec“ð = 1+tan’@ 
identities cosec* Ü = 1+cot’d 
sin? 0+cost0 = 1 
Using trigonometric Use trigonometric identities to simplify equations and prove other 
identities identities. 
Transforming graphs Starting with y=sinx 
to get y =asin (bx) +c 
we can reorganise the equations to become 
FR uU = sin (bx) 
a 


The three elements a, b and c have the sam n effects: 


dilation in the y-direction 


b(»0) | dilation in the x-direction — 


translation in the y-direction positive (upwards) distance c 








translation in the y-direction negative (downwards) distance c 
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Maximising The function y = a sin (bx) + c has a maximum value of a + c and a minimum 
trigonometric value of a — c. These occur when bx is of the form 360°n + 90° and 360? n + 270°. 


functions 


Chapter 16 Summative Exercise 


1 


Find all solutions of the following equations in the range 0° = x = 360°. 

a secx=2.923 b cosecx= 1.305 c cotx=-—1,192 

d sec2x=-—1.305 e cosec2x=—-1.556 f cot 2x =2.747 

Find all solutions of the following equations in the range -m = x = m expressing your answer 
as a rational multiple of 7. 

a sec x=1.236 b cosecx=1.155 c cotx=—0.414 

d sec 2x =—3.326 e cosec 2x =—1.414 f cot2x=1.376 

Find all solutions of the following equations in the range —180° = x = 180°. 

a sec(x-— 20% = 1.035 b cosec(x-30?)2—1.556 (c cot(x—50?)2—5.671 

d sec (3x+10%) 2 —5.759 e cosec(2x— 607) 21.155 f cot(3x— 10?) 2 0.839 
Find all solutions of the following equations in the range -m = x = m, expressing your answer 
either as a rational multiple of z or correct to 3 s.f. 

a 3cosx+cotx=0 b 2sin'x45cosx-3 c tan’x=secx+1 

d 2cosx+3secx=7 e 4tan’x — 3sec’x= 1 f 3cosecx-5cotx-]1 
Solve the following equations for values of x in the range 0 = x < 27, expressing your answer 
either as a rational multiple of z or correct to 3 s.f. 

a 2sinx-1-42cosx-0 b secx(l+tanx)=6 cosec x 


c 2tanéíx=5secx+1 d ló6sinx-8sin'x—5cos^x 


Find all values in the range 0 < x « 10 for which 


| TX TX 
a 2sin ES =] b 2tan (z=) 
6 $. 


If p = cos x + sin x and q = cos x — sin x: 


6 


a show that p’ —q' =4sinxcosx 


b find the value of p? + q? 


c find : in terms of tan x. 
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8 Prove the following identities. 


a 


b 


= 
c wcosec'x-1-Asec! x -1 


1 


] t sin x 


1 


l- sin x 


(1 + cosec x)(1 — sinx) 





l — sin x + cos x 


COS X 


= 


2 secx 


COS X cotx 


COSCC X SCC X 


l + sin x + cosx 


l —sin x 


9 Write down the equations of the graphs shown below: 


d 
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-360° - 


—2 








0^ 360° * 





b y 






—380* —180? 
-0.5 





-3602-18p2 | 
l- 


1806 3604 * 


2 


10 Sketch the following curves, indicating the maximum and minimum values and the 
period of the function. 
a y=3+2sin 3x 


b yz4cos2x-] 


| l 
c y=2sin 3” 


d y=3cos Zx+] 


Chapter 16 Test 1 hour 


1 Prove that (cosec x + sin x)(cosec x — sin x) = cotx (1  sin“x). [4] 


2 Solve the following equations for values of x in the range 0 = x = 47. 


x m | 
a 2cos|———|243 5 
[-5]-J5 [5] 
b 2 cosec (= — z) E [5] 
EAE: 
3 You are given the function f(x) = 1 —3 sin 2x. 
a Sketch the curve y= f(x), for 0? = x = 360°. [4] 
b State the amplitude of the function. [1] 
c State the period of the function. [1] 
4 Solve the following equations for values of x in the range 0 = x = 27. 
a 2cosecx—5cotx —2-20 [5] 
b 5sec2x-—4cosec2x 20 [4] 


5 Given that tan 0— p and that is an acute angle, obtain an expression for 


a sinð b secó. [4] 

6 Solve the equation 2(sin x + cos x) = 3 sin x for 0 = x = 27, giving your answers to 3 d.p. [3] 

7 Prove the identity (cosec 0 — cot 8) = 1~cos@ [4] 
1+cos@ 
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Examination Questions 
1 Solve, for 0° = 0 = 360°, the equation 4sin@ + 3cos0 — 0. [3] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P1, Qu 1] 


2 a Solve,for0? = 0 = 360°, the equation 4tan 0 + 8secÓ — 1. [4] 
b Given that y < 4, find the largest value of y such that 5tan(2y + 1) =16. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P1, Qu 9] 








3 Show that cos — - can be written in the form k tan@ and find the value of k. 
l—sinO  l-sinO. 14] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P2, Qu 2] 


4 ‘The function fis defined, for 0° = x = 360°, by f (x) = asin(bx) + c, where a, b and c are positive 
integers. Given that the amplitude of f is 2 and the period of f is 120°, 


(i) State the value of a and of b. [2] 
Given further that the minimum value of f is —1, 

(ii) State the value of c. [1] 
(iii) Sketch the graph ot f. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P1, Qu 4] 


5 Given that x is measured in radians and x > 10, find the smallest value of x such that 


x+1 
5 Jes [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P2, Qu 2 | 





10cos | 


6 Prove the identity (1 + sec 0)(cosecO — cot@) = tan6. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P2, Qu 4 | 

7 ‘The function f is defined, for 0 < x < m, by f(x) 2 5 + 3cos 4x. Find 
(i) the amplitude and period of f, [2] 
(ii) the coordinates of the maximum and minimum points of the curve y= f(x). [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P1, Qu 6] 
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8 Given that x= 3sin0 —2cos0 and y = 3cos 0 + 2sinð, 
(i) find the value of the acute angle O for which x = y, [3] 
(ii) show that x^ + y^ is constant for all values of 0. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P2, Qu 6] 


9 Given ĝis acute and that sin = Je express, without using a calculator, 


sinó ; 
— in the form a + yb, where a and b are integers. [5] 
cos — sin 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 3] 


10 Solve the equation 


(i) tan2x-3cot2x=0, for 0° < x < 180°, [4] 
(ii) cosecy z1— 2cot“ y, for 0° = y = 360", [5] 
(iii) sez + T =—2 for 0 < z < radians. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P1, Qu 11] 


11 The function f is defined, for 0 = x = 27, by f (x)= 3+ 5sin2x. State 


(i) the amplitude of f, [1] 
(ii) the period of f, [1] 
(iii) the maximum and minimum values of f. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P2, Qu 8] 


1 — cos" 
12 Show that ise 


= =1— sin“ð. [4] 
sec 0 —1 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P1, Qu 3] 

13 a Findall the angles between 0? and 360° which satisfy 
(i) 2sinx —3cosx — 0, [3] 
(ii) 2sin^ y — 3cos y =0. [5] 


b Given that 0 = z = 3 radians, find, correct to 2 decimal places, all the values of z for which 
sin(2z + 1)=0.9. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P2, Qu 11] 
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14 a Show that tan@ + cotð = cosec Osec 0. [3] 
b Solve the equation 


(i) tanx=3sinx, for 0? « x « 360° [4] 
(ii) 2cot y + 3cosec y =0, for 0 « y < 27 radians. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P1, Qu 11] 


15 (i) Using graph paper, draw the curve y = sin2x, for 0? = x « 360“. [3] 
In order to solve the equation 1 + sin2x = 2cosx, another curve must be added to your diagram. 
(ii) Write down the equation of this curve and add this curve to your diagram. [3] 


(iii) State the number of values of x which satisfy the equation 1 + sin2x = 2cosx 
for 0? = x = 360°. [1] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P2, Qu 7] 
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17.1 Introduction 


We return to the problem of making functions more complicated by combining simpler ones 
together. So far you have seen what happens when we multiply a function by a constant or add or 
subtract functions. In Chapter 13, you saw the effect of creating composite functions. Differentiating 
those gave us a product. Now we look at a more complicated pair of processes: multiplying and 
dividing functions. Unfortunately, the results are not as simple as we would have liked. First, try this 
problem using two very simple functions and you will see where the difficulty lies. 


= A rT 
f F i È ye 1 
mug ox 


he run 





Now that we know that the simple answer is not the correct one, 
we need to find the correct formula. 





17.2 The product rule 


The starting point, as usual, is with the definition of the derivative. 


f(x) = Lt sth) M 


If f(x)=u(x)v(x) 
then aee u(x +h)v(x+h) 
from which f(x+h)-f le diris + h)—u(x)v(x) 
We re-write this as =u(x+h)v(x+h)—u(x * h)v(x dice + h)v(x)- u(x)v(x) 
which we can then factorize as - u(x +h)| v(x +h)- i+ |+ u( xth)- ) - u(x) |v( x) 
vixt+h x-h)-u(x 
We divide his by h z =u( did ata = E serre s 
Finally, we let h — 0: u(x 4- h) > u(x 
v(x * h)- v(x) , 
| 7 - v'(x) 
| u(x  h) — u(x) TEC 
h — 


and v(x) is not affected by the value of h. 


Thus f’(x) = u(x)v'(x) + u'(x)v(x) 





This is the product rule. 
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Example 17.1 

ff(2)=(2x -3x-F1)( x + 2x — 1), find f(x). 
Solution: —— 

Let 


then 


giving z (x?)(6x(x + y) + (2x)((x" +2) } 


3 


Tidy up! - = éx(x +2) +2x(x? +2) 


Example 17.3 
Find the equation of the tangent to the curve y = (x — 3x)( + 1)! at the point where x= 1. 
Solution: 
We need to find 1: the gradient when x = 1; this will use the product rule, 
2: the position of the point when x= 1; we find this by substitution in the formula. 
s Jf y- (x -3x)(x* - 1}? 
u(x) = (x' — 3x) and v(x) = (x + 1) visa composite 


u'(x) = 3x! — 3 and v (x) = 3(x* + 1) x 2x 


then a = (x -3x)x[3Gxc + 1)? x 2x] + (Bx—3)[(1* + 1)*] 


When x = 1, - = (—2) x 3(2)? x 2 + (0)(2} 
eer Be 





Further differentiation 





2: Mar. y= (DOY B 
=—16 


So the equation of the tangent is 
y+ 16=—48(x — 1) 





Exercise 17.1 


In questions 1-4, use the product rule to differentiate each of the functions with respect to x. 
Do not simplify the results. 


loa (x + 3)(x — 4) b (2x — 3)(5 — 4x 
c (2- Ea (6 — 2x] d £(x)=(x +6)(x* — 4x) 
e f(x)=(2x° —3x*)(1— 2x) E f(x)» (2- 3x)(6- 2x x") 
s pl E ssa +3x) h y-(2x-x)(4x- 2x") 
i y-(3x-2x! (4 * 2x) 
- 8 x(x- 4) b x'(5- Ax) 
c x'(6-2x) d f(x)23x'(2x +5) 
e f(x)-4x'(1- 2x) f  f(x)=5x*(6- 2x) 
5 y 2 Ax (3x - Ax +2) h y » (2x -1(4 - 2x) 


i y-(3x-5) (2x-1) 
3 a (x'- 4) (222 à 3x) (2x — x Y (4x ET y 
f(x)= (3x? !-2x) (2x +5) 
f(x) =(2x? - Sx) (6— 2x) 
y- (x —3x- 1) (3x so 4x?) 


c (x? -6x) (2x? +3x)' 
e f(x)-(4x? + 2x) (x? - 2x?) 
g y 2 (x! - 4y (3x? - Ax +2) 
i y= (4x° — 6x) (3x* — ax?) 
4 a xx — 4 b 2x]3— x 
6 22 3x1 d f(x)=.x-4,/2x +3 
e f(x) = fa? — 4,/2x? + 3x f f(x)=(x? —5x) y[óx? - 2x 
g »-(x-4f2x +4x-2 h y-(x -3x) dax - 4x* 
i y= | (2x? - 3x (4x? - 2x!) 
5 Find the equation of the tangent and the normal to the curve y = x^(1— x). at the point 





where x — 2. 


| 
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6 Youare given the function y = (x ia 2x) (3x = 4). 
When the value of x is increased by a small amount from 1 to (1 + p), what is the approximate 
change in the value of y? 
7  Atthe point where x= 1, the normal to the curve y = 2x (3 + x) meets the x-axis at 
the point P and the y-axis at the point Q. Find the area of the triangle OPQ. 
8 A cuboid has sides of length (x + 4), (x = 1) and (x — 1). 
a Write down the formulaefor (i) the volume, V, of the cuboid 


(ii) the total surface area, S, of the cuboid. 


b Findthe rate of change S when x= 3. 





The result of Problem 17.3 is interesting. 


Each term contains all three elements of the product | u(x) ER w(x)| but in each term, 

a different element is differentiated. 

Make a conjecture about what the result would be if there were four functions multiplied together. 
Can you justify your conjecture? 


17.3 The quotient rule 


We could develop this rule, as usual, from the definition of the derivative. 
However, it is a little easier if we use the product rule and the composite rule. 





cel tal 


v(x) 





Further differentiation 








We can write the final result in the format 


ral o) v(x)u'(x) — v'(x)u(x) 
axl v(x) ivo 


This is the quotient rule. 





Notice that, as with the product rule, the terms in the numerator of the fraction contain each 
element of the quotient, in each case with one of the differentiated functions. 

However, there is a big difference - the subtraction sign! 

Thus, it matters in which order you write things, whereas order does not matter when we use the 
product rule. To help you get the correct order, it is suggested that you follow the following steps: 


Step 1: Start with the denominator [v(x)]' 
Step 2: Write v(x) (from the denominator) as the first part of the numerator. 


Step 3: The rest should be no problem. 











solution: 
Let —u(x)ex and  v(x)2 x' *2x 
then u'(x)22x and v(x)=3x*+2 
Step 1 Step 2 
E 2 - - (x! +2x) = (x? +2x)(2x)—(x*)(3x? +2) 
dx| x^ + 2x (Xx 2x) (x^ *2x) 


and then simplify it if you need to. 
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Example 17.5 
(x' +2x) 


ll 


Solution 1: (Úsing the quotient la 
Let u(x)= (x + 2x) and — v(x)2 (x?— xy 
then u'(x)- 3(x^ +2x) (2x+2) and v(x)= 2(x* —x *\(3x? — 2x) 


Sep HE +2x) | 





dy 
Find if y= 
in Fæ ÁÐ 








I) 
Step 2 —+ ! 
(=) 
(x =X aye x 3(x° + 2x) (2x+2)- 2(x^ -x J(3x = 2x x(x +2x) 
BE) 
This can be simplified by dividing top and bottom by (x* = x) to give: 
d E + 2x) | 3(.x° = dcs #24) (2x T 2 2(3x' = 2x || + 2x) 
dx (x? — x?) (x? =x a 
Solution 2: (Writing the quotient as a composite and using the product rule) 
y= (x +2x) xv =y 3 


Step3 => 


= 





Let u(x)= [x + 2x) and  v(x)= (x: -xy 

then u’(x)= 3( x” + 2x) (2x +2) and v’(x)=—2(x* - x^) (3x - 2x) 

then 

sj = J- (e +2x) |x dx | —2(x’ -x') (ax! - 2x) + ES + 2x) (2x + 2) |x (x -x y] 





2 à 2 a Se) alta X 15 
or i A) | meum) 3(x^ +2x) (2x +2) 


(=x) =) 





Further differentiation 


Example 17.6 


Find the stationary points on the curve 





m fri 
and find the nature of those stationary points. 


| A B B B B OR PPR EES 























Solution: 
dy _ [x + 1)(1) —(x)(2x) 
dx (x = 1) 
l=x* 
(x + 1) 
We require 24 The solutions for this are x 2 —1 and x= 1. 
li l 
When x=-L, iss, 
| | 
When xz]. I= 
2 
To find the nature of the stationary points, we need de 
| 2 f > i 
Py (x? +1) [2x] | 2(x? +1)Qx) (1-7) 
dx“ (x + 1) 
2 4(2)—-(2(2))( -2)(0 
Whenxeat AÐ), 
dx 16 
' dy 4C2)-QQ)Q0X0) | 
When x= 1 dq RENE mi <0 


E | L 
Thus 1, $) isa minimum and E >) is a maximum. 
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Example 17.7 
A function is defined by y= 


a Find dy 
dx 


2 
aati, 


6 2 
| Ax —8x-4 
b Hence find | AT 
4 AT 


Solution: 

If 

then u(x) =x?*—x and víx) =x — 2 

giving u'(x)-2x- landv (x) =1 
dy (x-2)0x—-1)- (x^ —x)0) 
dx | (x-2) 

xXx —4x*2 
(x2), 


6.3 4 6 
D 4x2 = 
We know that | EU | 
Ja = 2) 


6 | NE m | a 6 
Sn | 2x a. ave 2(x^ — x) 
y (x-2) x—2 


from which 





x—2 i 


= (15) — (12) 
=3 





Exercise 17.2 


In questions 1-4, use the quotient rule to differentiate each of the functions with respect to x. 
Do not simplify the results. 














x+3 2x —3 2—3x 
l a - b Bo? 
x—d 5— 4x 6—2x 
| x+6 2x? — 3x? 2—3x 
d f(x)2— e f(x)2 ———— f f(x)- ————À 
X —4x l- 2x 6-2x+x 
x^ —6x 2x —x? : 3x -2x^ 
5 E 2 eu h = 2 l = 
2x7 + 3x Ax — 2x" 4+2x 


Further differentiation 





























2 a x b L— S C x 
x-4 (5—4x) (6—2xy 
3x7 Ax? 5x^ 
e) (2x 45) s m (1— 2x) zx (6-2x) 
| B 4x? h „xx | x’ —6 
* PT 4 ADIT MEET 
3 a (x -4) b (öx æð | á (x - 6x) 
(2x? — 3x) (4x - 2x") (2x? + 3x) 
d f(x) (3x — 2x) F(x) (4x? +2x) E flx) (2x? = 5x) 
= : e flx)= = á 
(2x +5) (x — 2x*) (6 — 2x) 
; - Du = 4) h 7 (x = n l) t op (4x = 6x) 
(3x9 - Ax +2) (3x — 4x") (332 — 4x? 
4 a E. b 2x C 2x 
X25 n 3x-1 
x^—4 ES -5x) 
d f(x) = == f f = -_ 
e E) J2x^ +3x x J6x^ — 2x 
; p 256729 I A 
{J3x — 4x' | (2x - 3)(* +x)| 





x , " | 61 
at which the gradient of the tangent is —. 
x 4 





5 Find the points on the curve y = 


2x —x-2 
6 Find the equation of the tangent and the normal to the curve y = mad at the point 


X — 
where x = 2. 


7 Find and classify all the stationary points on these curves. 
2x? -x-—: x=] 
ti b y== 
4-1 x 


3 





a y 





8 You are given the function y = 


3 


x'-1 

When the value of x is increased by a small amount from 2 to (2 + p), what is the approximate 
change in the value of y? 

- meets the x-axis at the point P and 


the y-axis at the point Q. Find the area of the triangle OPQ where O is the origin. 


9  Atthe point where x = 2, the normal to the curve y = 


eye Chapter 17 





10 The profit, P of an airline company depends upon the average number of passengers, N, travelling. 
The profit is given by the formula 
p = 200/N 
50+N 


The company calculates that the number of passengers is increasing at a rate of 5 per month. 
Calculate the equivalent rate of increase of the profit when 











a N=25 
b N=100. 
Summary 
Differentiation | 
The definition f (x)= Lt E [1] 
10 
Rules The Constant Multiplier Rule 
(kf(x))' = k(f'(x)) [2] 
The Sum (Difference) Rule 
[u(x) € v(x)]' = u'(x) + v'(x) [3] 
The Composite Rule 
(f(g(x))’ =f (800) x g'(x) [4] 
The Product Rule 
[u(x) x v(x)]' = u'(x) x v(x) + u(x) x v'(x) [5] 
The Quotient Rule 
ES _ w(x) x v(x) — u(x) x v'(x) [6] 
v(x) J [v OT 
Applications Gradients 
Tangents and Normals 
Stationary Points 
Connected Rates of Change 
Small Increments 
Maxima and Minima 
Integration 
The definition Integration is the reverse process of differentiation. 
If you can get a result by differentiating something, when you integrate 
that result, you obtain the original function. 
The zero! Do not forget to include the integral of zero (which gives a constant) 


every time you integrate something. 


Further differentiation 





Applications Solving differential equations 
Solving rate of change problems (these are differential equations) 
Finding areas using definite integration (integration with limits) 


Chapter 17 Summative Exercise 


1 Differentiate these functions. 








a (3x+4)(2x-7) b f(x) =(6— 2x)(5 — 3x) c y-(2x-x)5x-4x) 
d Gó = Ar +32) e f(x)=(x+Vx)0P-Vx) f y=(Yx-—3)Q/x +4) 
2 Differentiate these functions. 
a (1-40 (3x-2y b f(x) =[(x°+2x)(x-3)]? c y=[Gx-—8)(1*-— 5x))]* 
d (Jx-4)(3 - Vx)? e f(x)=(xP+Vx Wx +4)? f£ y-QIx 3) Ix - 4y 
3 Differentiate these functions. 
(2x — 4) 2 x -2x (3x — 8) 
pu m b f(xj- ES queo. 
x—] vo x—3 "4 ix’ —5x 
- p 3 2 4 3 
312 EZ TM 


Jet? 


4 Find the stationary points on these curves. 


Vx +4 (fx - 4) 








a y=x(4-x) b y= * c y= ZX 3X Td 
3x —] 2x? 
2 2 
d y=(x+3)G-x) é ye E joya Ie 
x-1 (x-1) 





"m x2 
5 You are given the function y= ae zl. 
X — 


dy 


a Find — when x= 4. 
dx 


b Find the approximate change in the value of y as x increases from 4 to (4 + p). 
3x +2 

+2 
Find the approximate increase in the value of y as x increases from 2 to (2 + p). 





6 A curve has equation y= , EL, 


7 A rectangle has sides of length (2x — 1) and (3x +2). 2x4 7 


Find the approximate change in the area of the rectangle as x 2x—] 
increases from 3 to (3 + p). 


8 Find the gradient of these curves at the value of x indicated. 


3x^—4 
1 ' gata 





a y=(x+2)(x-3)atx=1 b y= 


4 | Chapter 17 





9 Aboxinthe shape of a cuboid has a square cross-section of 
side (x+ 1) cm and a height of (2x — 3) cm. 
The current value of x = 4, but x is increasing at a rate of 0.1 cms“. 
Find the rate of increase of: 


a the volume of the box 





b the surface area of the box. 


10 A solid cylinder has radius (x — 1) cm and height 3x cm. 
When the radius of the cylinder is 1 cm the total surface area is 
increasing at a rate of 0.2 cm" st. 


Find the rate of increase of the volume of the cylinder at this time. 





11 Find the equation of a the tangent and b the normal to the curve 
| 3 
at the point where x = 3. 


12 Find the equation of a the tangent and b the normal to the curve 


4x+3 
y=— =» KR 
LX 








at the point where x — — 2. 


13 Find the equation of a the tangent and b the normal to the curve 


x^ + 3x 
— 3 xs3 





x—23 


at the point where x — 4. 


14 Given that E [((2x +3) (x —4)] = Qx +3) (ax + b), find the value of a and the value of b. 


Chapter 17 Test 1 hour 


2 








6-2 | 
1 Find the gradient of the curve y = — at the point where x — 2. [4] 
Xx = 
> ! " 2x —1 | 
2 a Find the equation of the normal to the curve y = — at the point where x = 6. [5] 
b Find the coordinates of the point where the normal intersects the curve again. [3] 


Further differentiation 






























x +b , , "E | 
3 Hy= Tx passes through the point (3, 1), where its gradient is " find the value of 
— 2x 
a and of b. [5] 
3— x^ 
4 A curve has equation y = 
2 ex 
d Ey 
a Find E and d } l [4] 
" am: 
b Find the coordinates of the stationary points on the curve. [2] 
c Determine the nature of the stationary points. (2 | 
; : 33 
5 You are given the function y = : 2 i 
LX 

Given that x is increasing at a rate of 0.2 units s when x = 4, find the corresponding 

rate of change of y. [5] 
6 Find the coordinates of the stationary points of the curve y = x [5] 

| "—- 
| AED us. "HAE T | 

7 Á curvehas equation y = p Find an expression in terms of p for the approximate 

increase in the value of y as the value of x increases from 3 to (3 + p), where p is small. [5] 
Examination Questions 

| 2x 4 
1 Acurve has the equation y — a 
X — 
ETE y dy k | 
(i) Find the value of k for which + = ———Z7. [2] 
dx (x-2) 
(ii) Find the equation of the normal to the curve at the point where the curve crosses 
the x-axis. [4] 

A point (x, y) moves along the curve in such a way that the x-coordinate of the point is 

increasing at a constant rate of 0.05 units per second. 

(iii) Find the corresponding rate of change of the y-coordinate at the instant that y — 6. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P2, Qu 10] 


! dy | 
2 (i) Given that y 2 (2x - 3),/4x — 3, show that — can be written in the form ———— and state 
Y- VES ds E 


the value of k. [5] 


(ii) Hence evaluate | a” [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P2, Qu 9] 
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3x —2 


x #5 





Given that y = „find 


1 
(i) an expression for B 
E dx 


(ii) the x-coordinates of the stationary points. lá 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P1, Qu 1] 


3 
2 


It is given that „= (x + 1)(2x - 3) 


(i) Show that = can be written in the form kx4/2x — 3 and state the value of k. [4] 
Hence 

(ii) find, in terms of p, an approximate value of y when x = 6 + p, where p is small, [3] 
(iii) evaluate fx | (2x — 3)dx. (31 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P2, Qu 11] 


A curve has equation y 2 (x - 2)Jx — 1. 
kx 
dx al 


(ii) Hence evaluate J 





(i) Show that = =. ., where k is a constant, and state the value of k. [4] 





dx. [4] 


x-—l 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P1, Qu 8] 


A curve has equation y — (x — 1)(2x — 3) „Find the gradient of the curve at the point 
where x — 2. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P1, Qu 1] 





A curve has the equation y — ae 
x+3 
(i) Obtain an expression for oy and hence explain why the curve has no turning points. — [3] 


The curve intersects the x-axis at the point P The tangent to the curve at P meets the y-axis 
at the point Q. 
(ii) Find the area of the triangle POQ, where O is the origin. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P1, Qu 9] 


Further differentiation 


31 


— 


Jl 








| 2x+4 
8 Find the equation of the normal to the curve y = at the point where x = 4. [5] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P1, Qu 2] 








9 a Find 
12 
D) | [2 
di 2 
Gii) [x (x — 1) dx [3] 
M cds a a | d 3(x +1) [a 
b (i Given that y 22(x —5)./x + 4,show that 2 — 1^ ^ 77 [3 
i) ven at y (x ) X sno, a de Nr | 
(ii) Hencefind rn dx. [2] 


Cae FA 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2008, P2, Qu 10] 





2X 
10 A curve has equation y = ———. 
+3 
(i) Find the x-coordinates of each of the stationary points of the curve, [4] 


(ii) Given that x is increasing at the rate of 2 units per second, find the rate of increase of y 
when x= 1. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P1, Qu 8] 


11 (i) Given that y = x,/4x + 12, show that ey = k(x*2) where k isa constant to be found. — [4] 


dx ./4x+12 
ü T 
| 3x + 
(ii) Hence evaluate A dr 
|] 2 JJAx +12 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P2, Qu 6] 
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E Chapter 17 











-—- ST | a puer Hemp seems | P — 
4 (Y Exponential and logarithmic 
N | é æð b pt — 
ue 4 fun Ct 10 ons 





18.1 Introduction 





In this chapter we introduce the final variety of function in this syllabus, 
the exponential function and its inverse, the logarithmic function. 

In fact, there are many of these functions, depending upon the 

base number chosen. They have many applications in real life 

including population growth rates and the way that invested money 
grows in value. 


Until the advent of calculators (which was not all that long ago!) the 
logarithmic function was used for doing most calculations involving 
multiplication and division. School students, such as the author, 
spent many lessons learning how to use tables of logarithmic values. 
Now that you have a calculator, you can spend that time doing more 
interesting things. 


18.2 Exponential functions 


An exponential function is a power, or index function. Something like y = 2*. 
The number 2 is called the base of the function, but it could be any number. 


Problem 18.1 


d 


Copy and complete the table for the function y = 2*. Any base would do but 2 gives 


las [le l71e |s| us lots of integer values. 





| | | | | | | tT | 


What is the domain of this function. 


Plot the first seven values on graph paper. 
How does the domain affect the appearance of your graph? 


If the domain of the function was extended to all real 


5 
numbers, what would the graph look like? You know what 2° means but 27 is 
| | ee m a bit more of a problem. All we can 
What sort of function is £ x> 2% say is that it is what we read from 


the graph. Fortunately you can get 
the result from your calculator. 


If we were to look at other exponential functions, what would 
they have in common? 


Below are the graphs of several exponential functions. 
As you would expect, replacing x by (—x) in the formula will reflect 
the curve in the y-axis. 








y y 
5 
y= 2" |= 3 
yes d 4 diee 
r F ; y = A 
y=4 3 y=4% 
y=5 NE 
*=3 
t4 c4 S3 00 4 3 3 4 5 ^ I 3 wu 


What happens to the curve when you increase the size of the base? 
Exponential curves all intersect the y-axis at the same point. What is that point? 


How would you answer part e in respect of these additional curves? 


Chapter 18 





18.3 Logarithmic functions 


You have seen that all exponential functions are 1 : 1. 
Thus, they have inverses. 
We call the inverses of exponential functions 





logarithmic functions. - 

So if f(x)=2 4 f" (x)-log,x. 4 

Ihegraphsof y=2* and y= log, x are shown. 3 y=x 
: 2 

From your table, 32=2” so  log,32=5 








Exercise 18.1 3 
1 Find the values of the following: | = 
a log,8 b log, 256 c log, 1024 
d log, 0.25 e log, 0.0625 f log, 0.015625 
g log, 81 h log, 64 i log, 625 
j log, 1 000 000 k log, 2401 | log, 59 049 
2 Use your graph to find the following values. 
a log, 50 b log, 15 c log, 20 


18.4 Laws of exponential and logarithmic functions 


You already know the rules for calculating with indices: 
For each of them there is an equivalent law for logarithms (logs for short). 





These laws allow us to perform complex calculations using mainly addition and subtraction. 


Exponential and logarithmic functions 





| Example 18.1 
Calculate 16 x 32. 


- à 58455855 * a8 BB RB RB BB B ÉB Bo BOB B ÉB B B B B B BOB Bo B BOB Bo B Bo B B B B Bo ü B B Bo BoB Bo B B Bo B Bo B Bo B Bo HB Bo B B B B B ÀB B B B B B Bo B E B B B Bo B B B Bo B B B B B B B Bo B B B Bo B Bo B B B B EB B B BOB 


Solution: 


Using indices Using logs 
16-2" log,(16) = 4 


3222? log, (32) 25 
16x32=2'x2°  log,(16x32)-445 


=9 
2" 2512 





Exercise 18.2 


1 Use your table of values from Problem 18.1, extended if necessary, to calculate these using log,: 








a 4x128 b 16x64 c 5x256 
d 1024+16 e 51248 f 64-256 
g 8 h 32 i 16 
64 x 128 k 256 x128 | 128 x 512 
16x 4 32 x8 4 x 1024 
2 Choose an appropriate base and calculate these: 
81x 81 b 125 x 5 à 216 x6 
243 x 9 625 x 25 36 x 36 


3 Your calculator has a “log” function. This is short for log, .. 


Use this function, and its inverse 10“ to calculate these: 





80 x 123 b 650 X 525 c 7.142 X 6.234 
79 x 56 36 x 24 2.86 x 4.39 
4 Express each of these as a single logarithm. 
a log3+log5 b log81—1og 3 c 2log4 
| l 
d 3log2+2log5 e 5log2-2log4 f 5 8g 16 21og 3 
g 2logx+log y h 3logxy-2log y i > logx + 2logy 


18.5 Problem solving with logarithms 


The equations y= a* and x= log, y are equivalent. 
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| Example 18.2 


Solve the following equations. 











a ins — 10 b Ep me go! 
c 2^ —122*-. 32-0 d 3% —3***+20=0 
solution: 
a 2 =10 
Take logs: xlog 2 =log,,10 
xlog,, 2=1 
l 
log ,,2 
=3.322 
b Pca E oic! 
Take logs: (2x—1)log,, 4 2 (x—1)log,,9 


x(21og,, 4 — log, 9) = log,, 4 — 108,,9 
v= 1080 is log, 9 or logio(s) 
2 logis im logio 9 log ig (1%) 
=— 1.41 
c 2" —12.2* +32=0 
Thisis — (2*) -12(2)«32-0 
Factorise: P — 8)(2* — 4) = 0 





So Se or F= 
From which x=3 or x=2 
d gq Ets +20=0 
This can be written as 

(3%) -9(3*) + 20=0 


Factorise: (3° = 5)(3" = 4) =) 





So y 5 Or 3 =4 
 Takelogs: xlog,,3=log,,5 or x log,,3=log,,4 
x= logio 2 Or x log, 4 
log i, 3 log, 3 
x =1.46 or x —1.26 
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18.6 Changing the base of logarithms 


Starting with the equation x = log b 
we can change it to b-a. 
From here, we can take logs to a different base 
to give log b= xlog a 
and xc 108,9 p 
log a 
| 
so log b= 5.0 d [6] 
log a 
There is a special case of formula [6] when b = c. 
In that case log b= 1 


and log b=- [7] 
log, a 





Example 18.3 
Solve the following equations: 


a log x=16log 2 b log x=6log 3 


(0 AAA a - LE ee ee ee ee ee ee ee eee eee eee ee eee eee ee ee eee ee ee ee ee ee ee ee EBENE SESEITOMESGSESENEFESESE,ENFESSEST,SESE,FEESESSNMSSNS 


solution: 


a log, x =]16 log. 2 


| | 16 

So, using [7] log, x= TU 

and log, x]^ = 16 

So logx=4 or logx=-4 

giving x=2* or =} 
x=16 or x — 0.0625 

b log, x — 6 log 3 


So, using [6] log, x = | 
log,, 2 


10 
and lo m 3 — log,,3. 
log, x 
giving log, x = 6108103 log103 
log,2 log,,x 
log, x] = 61og,,310og,,2 
= 0.861767 
Proceeding as before, x=0.1179 or x=8.478 





| Chapter 18 








Exercise 18.3 


In this exercise, if the answer cannot be written exactly, give it correct to 3 s.f. 


1 


Solve these equations: 


a 
d 


dl 


y7 = 20 b 4*=55 

6*— 512 e /*=432 
Solve these equations: 

2.97 b 4*5" 

pea - j^*** e en = 2 


d 


Solve these equations: 


a log, x=25log 3 b log, x=36log 4 

d log, x=9log 5 e log, x=12log 4 

Solve these equations: 

a 2"—6x2' 48-0 b 3*-10x3' «9-0 

d 3%-3**+20=0 e 4" —5x4'" +4 =0 

g 3"-3'' 4220 h 2*-2**°+15=0 

Solve these equations: 

a 245-2 .3:p b 3%-4=0 

d 4"—4'"-—6-0 e 4"—4'' 52 

Solve these equations: 

a 2%*42*-1=0 b 6% —7x6' -2-0 

d 27 *-9x2*+2=0 e 3x5%4+4x5"-4=0 

a Show that (y—1) isa factor of f(y)= y? -6y -11y — 6. 
Hence factorise f(y) 2 y' — 6y^ - 11y — 6. 

c Hence solve the equation 4" — 6x 4% +11x4* —6=0, 


Solve the simultaneous equations: 


log(xy)=5 


OS 
M. 


P" 


"t 


Lg 
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log, x = 81log,2 
log, x 2151og. 3 


2% -5x2* - 420 
ger E aet A y 
5% —7x5* +12=0 


gor = 50 + 12=0 
32x JE at —-10=0 


ICAA 13x4* 4320 
10x 4% -4* -3=0 





18.7 Straightening curves 


18.7.1 Drawing graphs of experimental data 


When you collect the data from an experiment, you plot a graph and try to work out the formula 
that connects the input and output values (the independent and dependent variables). 

If we have some idea of what the relationship might be, that helps a lot. 

It is harder if we have no idea of the relationship, but we can often make an intelligent guess. 


Example 18.4 
The variables x and y are related by the formula y = Ax? + Bx, where A and B are constants. 


a By dividing both sides of the equation by x, convert this formula 
into a form suitable for drawing a straight line graph. 
The graph is drawn. 
(i) What do the X-and Y-axis represent? 
(ii) What will the gradient of the graph? 
(ii) What will be the Y-intercept? 


^ B o8 B Bo B BoB Bo B B oB B | à ^ B 8B Bo B 5o B B Bo Ó à à B B à B à B à à à à à à à à à à à à à à bà Mà MA &844548944 SC KSC KSC KC KC KCC KCC KCC KCC KCC KC KC KCC SESS 


Solution: 


a 
Dividing by x 
This is the required form. 
Compare with Y=mX+c 
(i) On the Y-axis, we plot values of 


On the X-axis, we plot values of 
(ii) The gradient of the graph will be the value of 
(iii) The Y-intercept will be the value of 





Example 18.5 
A stone is dropped from a bridge. The distance h (in metres) that the stone has fallen at time t 
(in seconds) is measured, and the results are given in the table below. 


Find the relationship between hand t. 


ms [ofa þa sjajs 
plo asm e m um 
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Solution: 
Step 1: Plot the points on a graph: 
Idea! This looks like a quadratic. 








la aa 





This looks like a line passing through the origin. 
124 

25 

=5 


The gradient of the line = 


The equation of the lineis Y «5X 


but the y-axis represents h and the x-axis represents f. 





| So, the formula is h=5t° 





What would have happened if we were wrong about our idea? 
If it had been some other power of t, the second graph would not have been a line and 
we would have spent a long time finding the correct power. 


Fortunately, there is a way that deals with all powers. This technique uses logarithms. 


18.7.2 Curves of the form y =ax" 


If the formula had been h=kt' 
We take logs of both sides logh = blogt + logk 
and compare this with the line Y =mX+c 





log h = blog t + logk 


If we plot log h on the y-axis and log í on the x-axis, we should get a line with gradient b 
(the unknown power) and y-intercept log k. 
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Example 18.5 (revisited) E 
Solution: = Wes 
Extend the table to include log t and log h. 


Height (W| 0 | 45 | 21 | 46 | 8l | 124 
det | - | o 0301, 0477 | 0.602 | 0.699 | 
gh — | - 0653, 1.322 | 1.663 | 1.908 | 2.093. 


Then plot the graph. 


From the graph, 


filed a 


0.699 — 0 
b= 2.06 
and the y-intercept: — lgk = 0.653 
giving k=10"=4:50 
So h=4.501% 





Not quite the same result but this was not an accurate experiment. 


18.7.3 Curves of the form y = Ab" 


Á second type of formula that we can straighten by using logarithms is one 
where it is thought that: 
y-Ab 

When wetakelogs,weget log y= xlogb + log A 
comparing this with the line Y =mX +c 

log y = xlogb + log A 
This time, we must plot a graph of log y against x. 
If this is a line, the gradient willbe logb 
and the y-intercept will be log A. 


Example 18.6 


A colony of rabbits on an island with no predators and lots of food is monitored by scientists, 








It is assumed that the growth in the rabbit population is exponential and of the form: 
N= Ar 
a Find the values of the constants A and r. 


b State what these constants represent. 
Solution: 

a 

Step 1: Take logs: lgN —tlgr--lgA 
. Compare with Y=mX+c 





leN=tlger+lgA 
Step 2: Convert the values. We need to plot lg N against t. 


Time() | (t) E ES 1 E |3 gnum 4 ES le | 
í Number (0) | 60 | 20 | 100 | 120 | 150 | 190. 
























Step 3: Plot the points y, 
Step 4: Draw the best straight line with a ruler. 
Step 5: Calculate the gradient * 
E 2.279 — 1.778 
6-1 
= 0.1002 E 
and find the y-intercept 
lgA 21.7 
giving r= 1.26 
and A=50 





b A=50 is the intial number of rabbits 
r=1.26  isthe population growth rate (2696 per annum) 
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Exercise 18.4 


1 Variables p and q are known to be connected by the relationship q = Ap? + B. 
Data is collected and the results are shown in the table: 





Mors 


By plotting a graph of q (on the y-axis) against p^ (on the x-axis), find the values 
of A and B. 

2 Variables m and n are thought to be connected by the relationship m = Am + B. 
Data is collected and the results are shown in the table: 





By plotting a graph of m (on the y-axis) against n* (on the x-axis), find the values 
of Á and B. 


| o E Á 
3 Variables s and t are known to be connected by the relationship t = — + B. 
Data is collected and the results are shown in the table: : 








a By plotting a graph of t (on the y-axis) against I (on the x-axis), find the 
s 
values of A and B. 


b By plotting a graph of st (on the y-axis) against s (on the x-axis), find the 
values of Á and B. 


A 
4 Variables x and y are known to be connected by the relationship y = — + Bx. 
Data is collected and the results are shown in the table: * 





a By multiplying both sides by x, convert the formula into the format Y =mX +c. 
b Plot a suitable graph and use it to find the values of A and B. 

c From your formula, calculate the value of y when x= 8. 
d 


Find the positive value of x at the stationary point of the curve. 
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A ball is thrown vertically upwards. The height h (in metres) is measured at various 
times t (in seconds) giving the following results: 





is | "Tm l 2 
It is known that the relationship between h and t is given by h = ut + qee 


where u is the initial velocity of the ball and a is its acceleration. 
a By dividing both sides by t, convert the formula into the format Y= mX + c. 
b Plota suitable graph and use it to find the values of u and a. 


Variables A and t are known to be connected by the relationship A = Pr“. 
Equivalent values are shown in the table. 


Plot a suitable graph and find the value of P and the value of r. 





Variables N and x are known to be connected by the relationship N = Ab". 
Equivalent values are shown in the table. 


reps T 9 T3 





a  Plota suitable graph and find the value of A and the value of b. 
b Find the value of N when x = 5. 


Variables G and t are known to be connected by the relationship G = At". 
Equivalent values are shown in the table. 


RW m 





6 1023 3277 | 20883 | 100858 


a  Plota suitable graph and find the value of A and the value of n. 
b Find the value of G when t= 5. 








Variables p and q are known to be connected by the relationship q = Ab’. 
Equivalent values are shown in the table. 





a  Plota suitable graph and find the value of A and the value of n. 
b Find the value of q when p = 4. 
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10 Variables N and t are known to be connected by the relationship N = Ab’, 
Equivalent values are shown in the table. 


|| 





a  Plota suitable graph and find the value of A and the value of b. 
b Find the value of N when t — 6. 


Summary 


Exponential functions Exponential functions all have similar graphs: 


y 
2 
4 
3 








543210 12.3 4 5* 5 4321 0 123 4 5* 
Logarithmic Logarithmic functions are the inverses of exponential functions. 


functions 








Laws of The first law axa" = antm log (p x q) = log (p) + log (q) 
exponential and The second law a"+a" = q” log (p + q) = log (p) — log (q) 
logarithmic The third law (a = gee log (p") = n x log (p) 
functions a = | log (1) = 0 

gr = l log. B = — log (p) 
a p | 

TR .. log, (b) A es ag O 

Changing the base log(b) = lor n log (b) = log, (a) 
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Chapter 18 Summative Exercise 


| Find the value of these logarithms. 
a log,l6 b 
d log.125 e 


log.27 
log 32 
2 Express each of these as a single logarithm. 
— log 2 b log 8 + log 32 
d 6log2-log8+2 log 3 e 


a log 4+log 3 


3 Solve these equations. 


a dY-4 b 4=6*-? 
d 4=10 e 5*=0.75 

4 Solve these equations. 
a 9log(x— 1) «log 16 b 
c log(3x)-log(x-1)-1 d 
e 2-2log/(x-*1)-log.(3x-* 7) +log,(3x+1) f 
g 1+2log.x=log,(9x-— 1) h 


5 Solve the following pairs of simultaneous equations. 


a l-clog,x-log,(y * 3) b 
log (y + 2) — log, (x — 4) = log, (x + 4) 

c ¥x?=6561 
log 4+ log x = log (11 — y) 

a Per? f 
log(2x — 3y) = 1 


6 Solve the following equations. 


a 4*-4-—6=0 b 
c 2*-2+7=0 d 
g 2t 4 B= 12=2* f 


—2log 4 c 
5log 4 — 3 log 2 


log x + log y 


y-intercept | 


log 256 
log,27 


5 log 3 — 2 log 9 
f 2logxy-log x- log y 


3* = 2-3 
67* = 4**? 


ss "n 


lg (40) -lg(y-6) 22 

2log,x +2 = log, (9x — 2) 

2+2 log (x+1)=log, 5+ log, (3x + 5) 
log x - log(x — 1) = log 3 — log(x — 5) 


9x3P =271 

log, Gp — 4) =! 

log, x  2log, y — 5 + log, 10 
2 log, x + log, y= 1+ 2 log, 10 
= log 2+2 log 6 
3 log x +2 log y=6 log 6 


254.2129 
3*—3:—12 


pa D. 3 x gt! =7x G* — 25 
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7 ‘The table shows experimental values of two variables, x and y. 





It is known that x and ya are connected by the equation y-—ax + bx, 
a By dividing both sides of the equation by x^, rewrite the equation in a form suitable for 
drawing a straight line graph. 
b Draw the graph and use it to find the value of a and the value of b. 
c Use your graph to find an approximate value for y when x= 4.5. 
8 After an experiment, a graph is drawn, plotting log y against x. 
This graph passes through the points (2, 1) and (6, 3) and is a straight line. 


Find the gradient of the graph and use it to express y in terms of x. 


9 ‘The table shows experimental values of two variables, M and F. 





It is known that M and F are connected by the equation of the form F = AM“. 


Plot a graph of log F against log M and use it to estimate the value of A and the value of b. 


10 It is known that the variables x and y are connected by the equation y = Ab. 
A graph is drawn from experimental values of log y against x and it produces a straight line 
passing through the points (2, 1.65) and (5, 3.08). 
Use this information to estimate the value of A and the value of b. 


11 The table shows the experimental values obtained from two variables that are known to be 
connected by the equation P — Ax". 





Plot a graph of log P against log x and use it to estimate the value of A and the value of b. 


12 When a graph is drawn from experimental values of x^y against x, it produced a straight line 
passing through the points (2, 5) and (4, 1.75). Find the gradient and intercept of the graph and 
from these values, express y in terms of x. 


Chapter 18 Test 1 hour 
1 Given that p =log.x and that q = log y, express the following in terms of p and/or q. 
a log, Fa b log 16 —log, y” c log 16 [3] 
Vy | 
2 a Given that log,x = 2, find the value of x. [1] 
b Solve the equation 2 log, y —log,(y — 2) =2. [4] 
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3 Iflog (pg )= 12 and log (pq) = 16, find: 


a log p [2] 
b log,4 [2] 
C log, a+ log, a [2] 


4 a Sketch the graph of y = log x for x > 0. 
Express x* = 10*~* in the form log x= ax + b, stating the values of a and of b. 
c Add to your sketch the graph of an appropriate straight line required to solve 
the equation x? = 10* 7. [7] 
(Note: You are not required to solve the equation. | 


5 tis believed that N and m are connected by the formula N = Am”. 
In an experiment, the following results were obtained: 


a Rewrite the formula N= Arm" in a format suitable for creating a straight line graph. [1] 

b Using graph paper, plot the appropriate points and draw a straight line graph. [3] 

Use your graph to estimate: 

c the value of A and the value of n [4] 

d the value of N when m= 5. [2] 
6 Given that A = log, 8, express A(1 + log 2) as a single logarithm. [4] 





7 Solve the simultaneous equations: 
log. 2+log.(2y —5) = 1 *log.x 
log (x + 5y) = 3 [5] 


Examination Questions 





On graph paper, draw the graph of xy against x’. [3] 
Hence 

(i) express y in terms of x. E [4] 
(ii) find the value of x for which x = m [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P1, Qu 10] 
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2 Solve the equation log, x — log, (x — 4) = [4] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P2, Qu 3] 


3 Solve the equation log, (3x — 1) = log, (3x) + log, (0.5). [6] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P2, Qu 5] 


4 In order that each of the equations 
(i) y=ab, 
(ii) y= Ax‘, 
(iii) px + qy = xy, 
where a, b, A, k, p and q are unknown constants, may be represented by a straight line, they each need 
to be expressed in the form Y = mX + c, where X and Y are each functions of x and/or y, and m and c 
are constants. Copy the following table and insert in it an expression for Y, X, m, and c for each case. 
PETIT: 
yw | | | 


yay) 


| 7 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P2, Qu 9] 


5 a Variables / and t are related by the equation = / (1 a where Í, and a are constants. 
Given that Í = 0.64 and a = 2.5 x 10”, find the value of í for which Í = 0.66. [3] 
b Solve the equation 1 + le(8 - x) = lg(3x — 2). [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 7] 





6 | x | 10 | 100 | 1000 
The table above shows experimental values of the variables x and y which are related by an 
equation of the form y = kx", where k and n are constants. 
(i) Using graph paper, draw the graph of lg y against lg x. [3] 
(ii) Use your graph to estimate the value of k and of n. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 8] 
7 a Solve log, (17 y #15)= 2 4 log, (2y - 3). [4] 


b Evaluate log, 8 x log,, p. [3] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P1, Qu 7] 
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9 


a Given that u = log, x, find, in its simplest form in terms of u, 


(i) x 
(ii) log, (2 
x 
(iii) log. 8. [5] 
b Solve the equation (log, y) + log, (y?) = 8. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P1, Qu 9] 
a Solve the equation le(x + 12) =1 + lg(2 - x). [3] 
b Given that log, p = a, log,q = b and 2. 2', express c in terms of a and b. [4] 
q 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P1, Qu 8] 





0.050 | 0.064 | 0.085 


The table above shows experimental values of the variables x and y. 


11 


(i) On graph paper, draw the graph We against 2 [3] 
Hence í i 

(ii) express y in terms of x, [4] 
(iii) find the value of x for which y = 0.15. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P1, Qu 9] 


(i) Use the substitution u = 2* to solve the equation 2^ = 2" + 5. [5] 
(ii) Solve the equation 21og, 3 + log.(7 y —3) = log, 8 [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P1, Qu 7] 





The table above shows experimental values of two variables x and y. 


(i) Using graph paper, plot xy against x’. [2] 

(ii) Use the graph of xy against x^ to express y in terms of x. [4] 
i ee | 83 

(iii) Find the value of y for which y = —. [3] 
X 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P1, Qu 9] 
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19.1 Introduction 

In this chapter, we investigate the question of differentiating and 
integrating trigonometric functions. This process provides the 
justification for using the radian measure for angles. Without these, 
life would be so much more complicated. 


We start by using matrices to develop formulae extra to the syllabus 
but which are needed to obtain the results that are in the syllabus. 


19.2 sin(A +B), cos(A + B) 





Before we can begin to differentiate the functions y = sinx and 
y = cosx, we need formulae for sin(A + B) and cos(A + B). 











We start with a transformation matrix. K’ 


| | cosð —sin@ J’ (-sin@, cosð) | 
The matrix R, -| | 
sinó cos 






represents a rotation through the angle 0. 
We can show this by transforming the unit square 
OIK] to give Of K’ J’. 
Du E] O T K r 
| cos@ —sinð 0 1 1 0 | | 0 cos@ cos0—sinO —sinð 
sind ^ cos0 0 0 1 1 | | O sinó sinð*cos0 — cosO 


If we have a rotation through angle A followed by a rotation 
through angle B, this is equivalent to a rotation through angle (A + B). 


In matrix terms this is R,,,7 RR, 


cos(A+B) —sin(A- B) -| cosB -—sinB | cosA —sinA | 


a sin( A+B) cos(A+B) sinB  cosB sin A  cosA 
— cos Bcos A — sin Bsin A — cos Bsin A — sin Bcos A 
| sinBcos A +cosBsin A cos Bcos A — sin Bsin A 


Then, comparing the terms: 
cos(A+ B) = cosAcos B — sin Asin B [1] 
and  sin(A#B)= sin Acos B + cos Asin B [2] 





19.3 The derivative of sinx 
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To prove your conjecture, we return to the definition of the derivative: 


f(x) ard 


~ h0 h 
We have f(x) = sinx 
and f(x+h) = sin(x+h) 
using [2] = sinx cosh + cosxsinh 
and so f(xth)- f(x)= sinxcosh + cosxsinh — sinx 
we can factorise this = sin x(cosh — 1) t cos x sini 
Now we divide by h: á ið Ho) 2 ais =sinx ES + cosx| S2 


We now have to reduce the value of h and see what happens as h > 0. 





So, if we use radian measurement, we get 
L (sinx) = sinx X 0 + cosx x 1 = cosx 
and, if we use degree measurement, we get 
L (sinx) = sinx X 0 + cosx X 0.0174532...=0.0174532cosx 


Which is easier to remember? For this reason, we never use degree measurement when doing 
calculus with trigonometric functions. 


| r ma Lam | es pain i a o = 
LA Fi Ar LEA > 
PARE PIPE] I Ww] Ls 
a LO. | 
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19.5 Thederivative oftanx 


d | 
We could use a similar technique to find ax (tanx), but it ís easier to use the trigonometric identities 


from Chapter 16 and the quotient rule from Chapter 17. 








rr T 
ery! rr af) A 


Now that we have those results, from Chapter 15, we also know the integrals of the results: 


(sinx)= cosx fcosx dx = sinx 


[sinx dx =-—cosx 


Example 19,1 


Find f'(x) for each of these functions: 
d f(x)- tan3x b f(x) = cos(2x + 5) c f(x)=sinx" 


| Solution: 
These are all composite functions so we must use the composite rule. 
a {(x)=tansx f’(x)=| sec (3x) |x3 
-3sec (3x) 
b f(x)=cos(2xt5) | f’(x)=[-sin(2x+5)|x 2 
=-2sin(2x +5) 
c d(x)-snc i{x)= | cosx’ | x (2x) 


2 
= AÁXCOSX 
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Example 19.2 
Find f'(x) for each of the functions: 
a f(x)-sinxcosx b f(x)2x'sin(4x-2) 
solution: 
These functions are products so we must use the product rule and, in b, the composite rule as well. 
a  f(x)-sinxcosx 
u(x) x v'(x) + u’(x) x v(x) 

so f'(x)2|sinx| x|-sinx] * | cosx] x [cosx] 

= cos’ x — sin“ x 


b  f(x)=x"sin(4x-2) 


u(x)x v(x)  -u'(x)x v(x) 


on f(x) «| x |x[4cos(4x—2)] + [2x] x [sin(4x—2)] 


= 4x^ cos(4x — 2) + 2xsin(4x —2) 


Example 19.3 
H ysxcosx, 


d 
a show that xsinx = cos 


b Hence find [x sinxdx 


Solution: 


d 


Using the product rule, M = x(—sinx)- cosx 


So xsinx = cosx— ay 
b Integrating both sides w.r.t. x: 
[xsinxdx = [cosxdx — p dx 
dx 
— sinx — y +c 


=sinx — xcosx +c 
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Exercise 19.1 

| Differentiate with respect to x: 
a sin2x 
d 3sin5x 


g 4 má 
y sin— 
2 


j 2sin| x +2) 
: 5] 


d 
2 Find E for each: 
a y-sinx 
d y- 3cos(x' -1) 
g y 2 4sin(x' - 2x) 


3 Find dy for each: 
dx 


a y= sin( Vx ) 
d y= 2cos| Vx? ex] | 





4 Find ds for each: 


a y-xsinx 


dy 


y=(2x+ I)sin(x^ + x) 








x 
5 Y5- 

sin x 
. _  cos3x 
ES x+2 


5 Find each of these integrals. 
a [8sin2xdx 


d | 9cos(3x +7 )dx 


6 Find each of these integrals. 


2 
a [2x cosx dx 


d | (4x + 2)sin( x’ + x) dx 


b cos3x 

e 2cos7x 
X 

h 6cos— 
3 


k -2cos(3x — 2) 


= F 

b y-sin'x 
3 

e y-tan x 


h y-3cos' (2x - 1) 


b y- „sin X 


e y-sin'6x 
| 


T Vcos4x 


b y-x'cosx^ 


y = sin xcosx 


2 
h y=——— 
? 1+ cos2x 
k —— 
sn 2x 


b [6cos3xdx 
e fa sec“2xdx 


b (ax? cosx^ dx 





3 
y-cosx 


y- 3tan(x* + x") 


» 
y-2tan| x- — 


y =cos{ Vx") 
y=v1+sin2x 


l 
AR tan' (x?) 


y-xtanx 

+ 2 2 
y-sin xcos x 

l+sinx 
Pli -——— 

l + cosx 


T e 
r X SINXCOSX 


c | ósin(2x = I)dx 


f 


C 


| 4sin(1 — 2x )dx 


[sx sin(x“ + 1) dx 
| 6sec’ (2x + 1) dx 
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7 a Differentiate y= sin’ x. 


Use vour result to find | 6cosx sin xdx. 


8 a Differentiate y= cos' x. 


Use your result to find lo sinxcos xdx. 


9 a Differentiate y= sinx’. 


b Use your result to find | 6x cosx dx. 


10 a Differentiate y 2 x —sinx. 


b Use your result to find [a(i — COS x)(x — sin x) dx. 


lla Differentiate y = 4—cosx. 
2sinx 


E di 
J 44 — cosx d 


d 
12a Ify=xsin x, show that xcosx = —sinx. 


b Use your result to find 


b Integrate both sides to find | xcosx dx. 
19.6 Applications 


We have already covered the applications of calculus in previous chapters. 


Here we apply them to trigonometric functions. 


Example 19.4 


Find the equation of the tangent to the curve y = xsinx at the point where x= 7. 


Solution: 
y =xsinx 
dy 


So — = sinx + xcosx 
dx 


m dy 
Whenx=m ——-0-4zí(-1)--x 
Z - 0 (1) 


and y-0 
So the equation of the tangent is 


ys-n(x-m) 
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Example 19.5 
| | T I 
Find the area between the curve y = sin 2x, the x-axis and the lines x = E and x = zt 


Solution: 


T 
Area = p sin2xdx 


6 


= 
—1 | 
— cos2x) 
ls Ji 
A = (3l 
E 


1 
2 


Example 19.6 
Find the stationary points on the curve y = 3sinx + 4cosx for 0 = x = 27 and identify their nature. 
Solution: 


y =3sinx + 4cosx 


Differentiate both sides w.r.t. x: a — 3cosx — 4sinx 
We need d ! 0 = 3cosx — 4sinx 
dx 


Solve this: tanx = = 


so, either x=0.644 or x=3.785 
from which y=5 or y=-5 


To identify the nature of the points, find the second derivative. 
2 


: : d“y 
Difterentiate both sides w.r.t. x: | A — —3sinx — 4cosx 





When x = 0.644 — ——5 Maximum 


When x — 3.785 = Minimum 


So (0.644, 5) is a maximum and (3.785, —5) is a minimum. 
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Example 19.7 
The figure shows a semi-circle, centre O, radius 5 units. 
A rectangle, ABCD is drawn so that A and B lie on the 
semi-circle and C and D lie on the diameter as shown. 
The angle DOB = 0 radians. 
a Show that the area A of the rectangle is given by 

Á = SOsinð cosð. 


b As varies, find the maximum value of the area of the rectangle. 
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solution: 

a OD = 5cos0 
CD = 10c0sð 
BD = 5sin8 


Thus the area of the rectangle is 
A — 5sinÓ x 10cos@ 





=50sinðcosð 
b Differentiate w.r.t. O — = 50| sin@(—sin@) + cos@cos o| 
d8 | 
== 50| sin” 0 — cos“ A 
For a maximum 0= 50| sin” 8 = cos“ A 
or (= (sing t cos@)(sin@ = cos) 
So, either sind + cos 20 or sin@ — cos0 = 0 
giving tanü—--1 or tanð —1 
not a valid T 
solution 0=— 
4 
So th | 50 x x 
o the maximum area —-50x——x—-— 
J2 42 





Exercise 19.2 
Tangents and normals: 


1 Find the equation of the tangent and the normal to the curve y = xsinx at the point where x = " 


2 Find the equation of the tangent and the normal to the curve y = sin x + cosx at the point 


| TT 
where x=—. 
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3 Find the equation of the tangent and the normal to the curve y = xcosx at the point where x = 


ois vola 


! | | ; 
4 Find the equation of the tangent and the normal to the curve y = ————— at the point where x = —. 
| + sinx 
ac doi à; | | COSX  .. ; TE 
5 Find the equation of the tangent and the normal to the curve y = at the point where x = E 
1+ sinx | 


| TT m i 
6 Tangents to the curve y — sin 2x at the points where x = = and x= 3 meet at the point A, and 
meet the x-axis at the points B and C. Find the area of the triangle ABC. 


Stationary points: 


7 Find the x-coordinates of the stationary points on the curve y = 2sinx — 3cosx that lie 
in the range 0 = x = 27. 


8 Find the x-coordinates of the stationary points on the curve y = xsin x + cosx that lie 
in the range 0 = x = 27. 





9 A curve has equation y= 


a Find dy 
dx 


COS A 


b Hence find the x-coordinates of the stationary points of the curve in the range 0 = x= 27. 
10 A curve has equation y = cos x(1 — sin x). 


a Show that a = (2sinx + 1)(sinx — 1). 


b Find the stationary points of the curve in the range 0 = x = 27. 


c Inthe cases where sinx #1, identify the nature of the stationary points. 


. x —sinx 
11 A curve has equation y = — — —. 
I cosx 
d xsinx 
a Show that — = —— dá. 
dx (1 + COS x) 


b Hence find the x-coordinates of two stationary points of the curve in the range 0 = x< 27. 


Small changes and rates of change: 
12 You are given the function y = sin x — cosx. 


Find the approximate increase in y if x is increased by 0.1 when it is =, 
4 
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13 The variables xand yare connected by the relationship y = xcosx. 


When x = n it is increasing at a rate of 0.2 per second. 
Find the corresponding rate of increase of the variable y. 
14 ABC is a right-angled triangle with hypoteneuse 5 units. 
Find the approximate increase in the area of the triangle 


T-— n i 
when @ is increased by 0.1 from f radians. 


15 A ladder, PQ, of length 8 m, is leaning against a wall. 
The bottom end, P is moving toward the wall at a rate 
of 0.05 m per second. Find the rate at which the other end, Q, 
is moving up the wall when the angle, x, that the ladder makes 


with the ground is Z radians. 
| 3 


Maximum and minimum: 

16 Á road network is proposed connecting the four towns A 
A, B, C and D. The towns form a rectangle as shown. 
In order to minimise construction costs, the network 





will be built as shown where AED and BFC are 10 km 
identical isosceles triangles with angle DAE — 8. 
a Show that the total length, L, of the roads to be D 


constructed is given by 
20 
L —20 —10tan80 + ——. 
cost 
b Show that the total length of roads to be constructed 
can be minimised and find the value of 0 that gives this 
minimum length. 
17 ABCisan isosceles right-angled triangle. 
AB = BC = 10 units. 
Point D lies on the line of symmetry of the triangle such 
that the sum of lengths AD, BD and CD is minimised. 
Find the length of BD. 
18 Triangle ABC is drawn in the semi-circle shown. 
The radius of the semi-circle is 10 units. 
a Ifangle BAC is 0, show that the area, A, of the triangle is 
given by A = 200sinðcosð. 


b Find the maximum area of the triangle as @ varies. 
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19 Á farmer has three pieces of rigid fencing panels, 
each 8 m long. 
He wants to construct a small temporary pen in the shape of 
an isosceles trapezium against a long fence in his field that 
runs through points A and D as shown. If the angle between 
the slanted panels and the field fence is x radians, 


a show that the area, A, of the pen is given by 
Å = 64sin x( cosx + 1) 


b find the largest possible area of the pen. 
Areas by integration: 


20 Find the shaded area given by: 


it 
Area = |, l—cosxdx 


21 Find the shaded area given by: 


Area = | ?sin2xdx 
( 





22 Find the shaded area given by: 


Area = sec xdx 





23 a Differentiate y = sin” x. 


IT 
A 3 ca 
b Hence find r sinx cos x dx. 
6 
24 a Differentiate y = sin’ x. 


m 
j ) NN. 
b Hence find | ^ cosxsin xdx. 
L 
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25 The curves y= sinx and y= 2sinxcosx are as shown. 
a Find the coordinates of the point B. 


b Find the shaded area between the two curves. 





26 The curves y = sinx and y = cosx are as shown. 
a Find the coordinates of the point B. 


b Find the shaded area between the two curves and the y-axis. 





Summary 


Angles When doing calculus, angles should always be measured in radians. 
Angles are dimensionless quantities (just numbers, really). 


nies 


d ; 
77 ME | cos x dx = sn X 


d ; | 
aq. AA | sin x dx =— cosx 


d o 
— tan x = sec“ x 
dx 





Applications You can apply trigonometric functions to any of the applications of 
differentiation and integration using the results above. 


Chapter 19 Summative Exercise 


1 Differentiate these functions. 





a sin(3x-^ 1) b cos(4x- 2) c tan(2x- l1) 
d y=sin (x^- 2x) e y=cos (Ax) f y=tan(2x-— 1) 
g f(x)=vV1-sin x” h f(x)= cos (x’) | f(x)= = 

an 3x 


2 Differentiate these functions. 
a sinxcosx b sin 3x cos 2x C sin“xcosx 


d y-sinxcosx e y=sin“xcos*x f y=sinxcosx tan x 


3 Find each of these integrals. 


a | -6 sin 3x dx | 8 cos 4x dx C | 6 sec” 3x dx 


e 


d | 4x cosx dx fe 2x) sin(x” -2x)dx f | 2x sec (x^)dx 
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10 


11 


12 


| u | l | | COS X 
By writing cosec x = — ; secx = , and cotx= i 
sin X COS X sin X 


a flx)=cosecx b f(x)-secx c f(x)-cotx 











, differentiate: 


Show that y = A sin x + B cos x is a solution to the second order differential equation 
LP. 
de 


| d 
a Ify=x cos x show that x sin x = cos x — - 


b Use your result to find | x sin x dx. 


dy 


fy 1 cos*x — cos x, show that — = sin“x. 
3 dx 


mS 
Evaluate | ! (sin x — cos3x) dx. 
[i 


, , sin x 
You are given the function y = —. 
2 -COSX 


Find the coordinates of the stationary point for values of x in the range 0 < x < 7. 
dy 

a If y = tan 2%. find — 
4 dx 


b ‘The diagram shows the graph of y = secx for — 
Find the shaded area. 


1 dy 
a Tlfy=x+-= sin 2x, find —. 
4 2 dx 


| m TT 
b ‘The diagram shows the graph of y = 1 + cos 2x for — ri SX a 


Find the shaded area. 





You are given the function y= sin’2x. 
ENT. 
a Find 2. 
dx 


b Find the equation of the tangent to the curve at 


; T 
the point where x= —. 
3 





c Find, in terms of p, the approximate change in the 


i A JL 
value of y as x increases from m to (= + p) 








13 A metal plate, PORST, is in the form of a rectangle, surmounted 
by an isosceles triangle so that it is symmetrical about a line 
through S perpendicular to PO. The length ST = SR = 4 units. 
The length TP = QR = 2 units. The angle STR = SRT = x radians. 
a Show that the area, A, of the plate is given by 


A = l6cos x + 16 sin x cos x. 





dA 
b Find "ax and show that it has a stationary value and find the corresponding value of x. 


c Find this stationary value of A, and determine its nature. 
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1 Differentiate the following: 





a sinx [2] 

b sinxcosx [2] 
t 

p [3] 
x-—l 





| | X | | 
2 Find the equation of the tangent to the curve y — at the point where x = A. [5] 
3 


. | | TT 
3 You are given the function f(x) = 12 —3 cos*x, 0 € x = —. 


The value of x is increasing at a rate of 0.6 radians s”. 





Find the corresponding rate of change of f(x) when f(x) = 10. [6] 
4 a Find the equation of the normal to the curve y= 2tan x — 3 at the point where x = T [5] 
b  Findthe coordinates of the point where the normal intersects the x-axis. l [1] 
5 The diagram shows the curve y — 3 cos 2x. y 
Given that the shaded area is 1 unit“, find the value of a. 3 [6] 
| y73cos 2x 
| dy O a T X 
6 a Given that y= cos 3x, find ae 4 [1] 
b Find the approximate change in the value of y as x increases 
from - to E + p) where p is small. [2] 
7 a Find — (tan 2x). [2] 
dx 
b Hence find | J (2 +sec*2x)dx. [5] 
8 
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Examination Questions 


| (i) Differentiate xsinx with respect to x. [2] 


E: 
(ii) Hence evaluate [? xcosxdx [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P2, Qu 7] 


y=6 sin(3x #2) 





The diagram shows part of the curve y=6 sin[ 3x + : } Find the area of the shaded region 


bounded by the curve and the coordinate axes. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P1, Qu 5] 














L+ si | 
3 (i) Given that y= =, show that er -— [5] 
COS X dx l-sinx 
(ii) — X 
um 2 
YT =sin x 
O 3m 5x X 
1 4 
The diagram shows part of the curve y — : e „Using the results from part (i), 
— sinx 
7 ST 
find the area of the shaded region bounded by the curve, the x-axis and the lines x = — 
SIT 4 | 
and x = m [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P1, Qu 8] 


E 
4 Evaluate | sin{ 2x + = Jax. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P2, Qu 3] 
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Term test 5A (Chapters 16-19) 


1 Solve the following equations for values of x in the range 0 = x = 47. 


T | 
a sm|x*-—| = 
| 3 2 


b 2cosecx-3cotx—4-20 
c 4sin(x+1.5)=1 


2 a Ify=x„3x-2,find z, 


b Find the equation of the tangent at the point where x= 2. 


m5 
! 18x - 8 
c Use your results to find | Jy 
4 





3x-2 


3 a _ ‘The equation y= log 2 is equivalent to the equation a= b*. 
Write down the values of a, b and c. 
b Express y as a logarithm in base 2. 


c Use the substitution u = log,x to solve the equation log, x= 8 — 15 log 2. 





The diagram shows the graph of y = 2 si xX. 
The tangent at the point P(27, 4/3) intersects the x-axis at the point Q. 
Find: 
a the equation of the tangent at P 
b the coordinates of the point Q 
c the size of the shaded area. 
5 When xyis plotted against x^, a straight line is obtained which passes through the 
points (4, 12) and (16, 36). Express y in terms of x. 
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The number e and its applications 


Syllabus statements 


* know the simple properties and graphs of In x and e* and graphs of ke" + a and kIn(ax +b) 
where n, k, a and b are integers. 

» use derivatives of the standard functions e*, In x together with constant multiples, sums and 
composite functions of these. 

e integrate functions of the form e***?, 





20.1 Introduction 


This chapter introduces one of the five most important numbers in mathematics. 
You have already met three of them: 0, 1 and 7. The final one you will meet at A-level. 





Problem 20.1 

For each of the graphs drawn here: 

(i) Make a sketch copy of the graph. 

(ii) Below it, sketch the gradient function of the graph. Start with the stationary points, where the 
gradient is zero and then try to work out what happens for the other values of x. 

(iii) Compare each function with its own gradient function. 
Which gradient functions are the same as the original function? 


a y-x —3 b y2x'-x c y-x'-2x' 2x! —4x 
y y, Es 





e 2y=x+6 f xy=1 


+ 





g y=sinx h 
yi 
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Qur objective is to find a function which has a gradient function that is exactly the same as itself. 
In other words, when we differentiate the function, we get the same result: we want to find f'(x) 
such that: f'(x)— f(x). 

In fact there are two possibilities, one of which has not been drawn here. 

The graphs of y= sinx and y= cosx come close to satisfying our requirements since the gradient 
functions are the same shape as the original functions, but they are not in the same place. 


The one that really looks attractive is the exponential function y = 2". 
When the value of the function is small, so is the gradient. 
As the value of the function increases, so does the gradient. 





20.2 The derivative of the exponential function y = a* 


Once again we return to the definition of the derivative: 


We have f(x)= a" 
and f(x+h)=a"" 
and so f(x+h)-f(x)=a*" -a* 
we can factorise this =q" (a' Li 1) 
h 
f = Fa 
Divide the result by h: f(x a f(x) a (a 7 | 


Finally, we find out what happens as h > 0. 


You can see that the derivative of an exponential function will be a multiple of the function. 
h 
ol . 
ash 0? 





The question is: What is the value of 
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You can see from your table that, as a increases, so does this multiplying factor. 


What we really need is to find the value of a that gives a multiplying factor — 1. 
From your table, this is somewhere between a — 2 and a — 3. 


We need 4 =1 





or a" —1=h 
1 
^ ash=0 


giving a=(1+h) 

Using a calculator, this value is a=2.718281828... 
A " 

So ar (2.718281828) |=(2.718281828) 

This number, like 7, is irrational. 

Also, like 7, it is so important that we give it a name: e. 


So, e—2.718281828... 

E Hee nds 
dx | 

Also fe dx =e" +c 


20.3 Natural logarithms 





The exponential function f(x)-e" 
has an inverse f (x)-log.x 
However, we usually shorten this to In x. 

Logarithms to base “e” are called natural logarithms. 

We also shorten log,, x to lg x. 


With all other bases we have to write them out in full, e.g. log, x. 





20.4 The derivative of the logarithmic function y = (nx 











If yzlnx 


then x=e' 
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Differentiating wrt.y: —=e? 
dy 
50 dy - LI 
dx e 
- 
x 


This is the power of x missing from our list of “polynomial” derivatives. (See section 15.5) 


So, we have 


A-level 


Example 20.1 
For the functions f(x) below, find f'(x n 
a tee b fo)sxe tm c fixie" cos x 


f(x) = In (2x + 1) f f(x)-xln(x' + 2x) 


Solution: 
a dx) 
f(x) = 6e* 


b  f(x)=x7e +4”) 
se Y : 2 
f (x) = Ixe" tix) we x? (2x + 4e'* + dx) 


f(x) =e* cos x 
f'(x) 2 2e* cos x — e* sin x 


X 





f 
COS X 


e'cosx-—e"sinx 
Fx) = 
(x) cos’ x 

f(x) = In(2x + 1) 
f’ zi 

(x) Ax +1 
f(x) = x In(x? + 2x) 
f(x) = 3x?In(x? + 2x) p 





rr + 2) 
7 + 2x 
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g f(x)=tanxInx 


f'(x) = secx In x 


tan x 


X 


Example 20.2 
Integrate each of these functions w.r.t. x. 
a fix)=e* b fíx)=6e>* c f(x)-6e**? 
Solution: 
a f f(x)dx =| e” dx 
Iry - (e$*) = 6e“ 
2nd attempt L (s 2 = pg 
dx 46 
so | e dx == eð +c 
b | fGodx = | 6e dx 
Try “ le) = —3e 3% 
2ndattempt — (-2e*) = 6e™ 
so | 6e" dx =—2e™ +c 
: | f(x) dx = | 6e**? dx 
d | 
T f 3x #2 = 3 ax +2 
ry zu (e™ =)= de 
1 d 3x #2 
2nd attempt — (2e***?) = ge? 
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dx 





d f(x)=e"y41+e” 

















2nd attempt 


, l 
e*V1+e™ de = — 


Jte +c 





Example 20.3 

& , dy 
a Ify=ln (1 +x), find —. 
a y-ln( ), fin 3: 


Ax 


y =1n (1 +) 
dy _ 2x 
dx 14x 


4x 


" dx 221n(1 - x^) 4c 








Exercise 20.1 
1 Find dy for each: 
dx 











a ee b y-4e" c y=e“ d y=e“ 
3x-1 | 1 A. | l 
e yz=e f y=e' g y=e™ h y=>3, 
e 
2 Rind Sireh 
dx E 
a yexe" b y-e"sinx c y=- d y=e“ cosx 
"oa 
l 2 in^ 
e y=(x*+2x)0*" f y=e*sinx g y-e "tanx h y= > 
e" 
3 pina C for each 
ER 
a y-lnx b y-ln3x c y-lnx d y-2lnx 
e y=(Inx) f y-xlnx g y-xnx h y=sinxInx 
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4 a Inquestion3, why do you get the same answer in both parts a and b? 
Hint: expand In 3x using the identity for log (ab). 
b In question 3, why do you get the same answer in both parts c and d? 
5 Integrate each of these: 
a e" b 4e^ à = d -12e^ 


X 


e 


2 


e 4xe' f 6e*(1+e*) g 








6 a Ify=xInx,show that Inx= +, 


b Integrate both sides of the equation with respect to x to obtain an expression for [In xdx. 
BE > dy 
7 a Ify=ln(e +3), find —., 
y=ln( | m 


~d 
e +3 





X. 


b Hence find | 
20.5 Graphs of exponential and logarithmic functions 


As we have seen, the functions y =e* and y =1nx are inverses 
of each other. 

The graph of each is a reflection of the other in the line y = x, 
as shown. 

They cut the axes respectively at (0, 1) and (1, 0), as you 

can see. 

We can transform the graphs just like any others and with the 
same results. 


20.5.1 y-e* and y = ln kx 

Replacing x by kx in the equation will squash the graph in the 
l 
7 about the y-axis. 


We can also write y=Inkx 


x-direction by a factor of 


as y=lnk+lnx. 





This alternative is equivalent to a translation of the graph in the 
y-diection by In k. 
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20.5.2 y-Ae*andy-Alnx 
These transformations are equivalent to replacing y by " 


The effect will be to stretch the graphs in the y-direction by a 
factor of A. 
The x-axis is the centre of the stretch and so it is invariant. 


20.5.3 y=e*+a 


This transformation replaces y by (y — a). 
This is just a translation by a units in the y-direction. 
In this case, the graph has been moved upwards by 2 units. 


20.5.4 y-ln(x-4 b) 


This transformation replaces x by (x 4 b). 

This is a translation in the x-direction by —b units. 

In this case, the graph has been moved to the left by 2 units. 
It cuts the x-axis at —1 instead of 1 and the y-axis at In2. 








yzlnx 
y= 1n(x + 2) 








Example 20.4 
Sketch the following graphs: 
a y=3e*+1 b y=3In(2x+1) 


KRR 


NRK 
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Solution: 
2x y, 
d M — 3e" +1 6 
Or 7 =] = e^ 
Á r= 3e2* 
Starting from yze yes i 
x-direction: replace x by 2x & Squash (dilation) by factor > ES 
ir 7 . | a P4 Hattar | ba cf 
y-direction: replace y by 3 €» Dilation by factor 3 iugum 0 ; n 


followed by: replace y by (y — 1) & Translation by 1 unit in the y-direction. 


b y z3ln(2x +1) 

Or = In[2(x+0.5)] 

Starting from y=Inx Ya 
x-direction: replace x by 2x €» Squash (dilation) by factor 3 





-In x 
followed by: replace x by (x + 0.5) > Translation by —0.5 unit in > = 3In(2x + 1) 


the x-direction. 


y-direction: replace y by : €» Dilation by factor 3. 


Note that the point (1, 0) first moves to (0.5, 0) and then to (0, 0). 


Example 20.5 
a Express x°=e*~ in the form ln x= ax +b. 
b Sketch the graph of y= lnx. 

On your sketch, add the second graph necesar to graphically solve the equation x^ = e* 
Solution: 
a Rg 


Take logs 2lInx=x—2 


So Inx=—-1 
2 


c Required graph is y— iU 
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Exercise 20.2 


l 


Draw each of the following graphs, taking the domain as —2 = x « 2. 

Take x intervals of 0.5 and find the point where each graph crosses the y-axis. 

a y-2e" b yz3e" c y-3e" +l] 

d y=2e*-2 e y=3e“-3 f y-—2e"-42 

Draw each of the following graphs, taking the domain as 0 = x = 4. 

Take x intervals of 0.5 and find the point where each graph crosses the x-axis (if any): 

a y-ln3x b y=3In2x+1 c y=3In(2x+1) 

d y-ln(4-x) e y--2lnx f y--3ln(2x-1) 

a Draw the graph of yz Inx for 0 = x = 8. 
Show that the equation x^ — e" ' can be written as Inx = ax +b, where the values of a and b 
are to be found. 

c Add the graph of y =ax+b that you found in b to your drawing and use it to find the 
solutions of x? 2e" *. 

a Draw the graph of y ze? —2for-5 Sx « I. 
On the same axes draw the graph of y 2 x 2. 


Find the x-coordinates of the points of intersection of the two graphs and write down the 
equation of which they are the solution. 


a Draw the graph of y=2Inx+1 for 0 € x « 5. 

b On the same axes draw the graph of y= 2x — 2. 

c Find the x-coordinates of the points of intersection of the two graphs. 
Show that the equation for which the x-coordinates of your points are the solution can be 
written as x =e". 

a Draw the graph of yze^"—4for-2 =x « 3. 

b On the same axes draw the graph of x+ y+1=0, 

c Find the x-coordinates of the points of intersection of the two graphs. 

d Show that the equation for which the x-coordinates of your points are the solution can be 


written as In(3— x)- —2x. 
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20.6 Applications of e* and In x 


We have considered many applications in chapters: 


2 Indices and surds 

4 Functions 
13 Applications of the derivative 
15 Integration 
17 Further differentiation 


18 Exponential and logarithmic functions 
and possibly others to which we can apply e^ and/or In x. 


Example 20.6 
Solve the equation 3ln(x—1)= In8. 
Solution: 
3ln(x —1)2 In8 
So In| (x -1)* |= Ing 
(x—1y 28 


x—1=2 
ac) 


Example 20.7 
Solve the equation In 20y —In(y+8)=2. 


Solution: | 
In20 y - In( y +8)= 2 


So in| 2 2 
y+8 
BS e 
y+8 
20y=e (y+8) 
y(20—e*)=8e* 
8e^ 


pg 
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Example 20.8 
Solve the equations (eY — (e) = 0 


Step 1: Simplify the equations e* =e” 

In (2x — 8) =In (8 — 3y) 

Step 2: Eliminate the functions 2x 2 5y 
2x-8=8$— 3y 


Step 3: Solve the simultaneous equations 





Example 20.9 


By using the substitution „= e^ solve the equation e”* —5e ^* = 4. 


| Solution: 


Substitute u 


Or u —5=4u 
| giving u -4u-5=0 
. Factorise (u—5)(ut+1)=0 
| So 
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Example 20.10 
It is given that y =e" cos2x. 


OY 
a Find = - 


b Hence determine the x-coordinates of the stationary points of the graph for which 0 =x = 27. 


Solution: 


a 


Differentiate 


b Weneed = =0 0=e*(—2sin2x+cos2x) 


Q=—2sin2x+cos2x 


tan2x=0.5 
vx c 10.46, 3.60, 6.75, 9.89) 


x € 10.23, 1.80, 3.37, 4.94} 


Example 20.11 
a Draw the curve whose aes is y=In à +3). 


| Solution: 
a The curve is shown opposite. 


It cuts the y-axis at (0, In 3) and the x-axis at (—2, 0). 


If e(e") 32x | y=1In(x+3) 
then = +3 T OE! 
Taking logs: 2x+1=In(x +3) 

Thus the required line is y=2x+1 

This has been added to the graph opposite. 
Thus there are two solutions to the equation: 

x = —3 or x = 0 (in fact —2.99317 or 0.0590526) 
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Exercise 20.3 


Exponential equations 


1 Solve these equations. 
a e*(e*-1)=6 b e*(6—e* )=8 c 17-6e* =12e* 
2 By using the substitution given, or otherwise, solve these equations. 
a e*—5e*+6=0; u=e* b e*—4=0;u=e™ c 6e"—13e" 46-20; u=e" 
d e*+4e =4;u=e" e e°*—e*—6=0; choose your own. 
Solve the equation 21n x+ In4 - In(9x — 2). 
4 It is given that e'e" =e’ and In(2x * y)=1n5+1n2. 
Calculate the values of x and y. 
5 It is given that (e ) (e y =e’ and In(4 y -2x)- 3In24 In3. 
Calculate the values of x and y. 
6 Itis given that 42^ 2128 and In(4y — x) 2 In24-In5. 
Calculate the values of x and y. 
Graphs 
7 A curve has the equation y 23xe *. 
a Show that the curve has a stationary point when x= 1. 
b Copy and complete this table. 
c Draw the graph of y=3xe " for0 Sx « 3. 
d By drawing a suitable line, find an approximate solution to the equation x+1=12xe *. 
8 A curve has the equation y 2In(x —2). 
a Copy and complete this table. |x|25|3|35| 4 |45| 5. 
b Draw the graph of y zln(x—2) for0 € x «€ 5 Ni NE A 
c By drawing a suitable line, find an approximate solution to the equation /x —2— e *. 
9 a Drawthegraphof yze "for-2x x « I. 
b By drawing a suitable line, find an approximate solution to the equation e *=4x. 
Functions 








10 A function is defined by f : x e* —1 for the domain x > 0. 


a Evaluate f (1). 
b Obtain an expression for f `. 
c State the domain and the range off `. 


d On the same axes, sketch the graphs off and f ', showing the relationship between them. 
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11 A function is defined by f: x 5 5-3e * for the domain x = 0. 
state the range of f. 
Evaluate f^ (1). 


Obtain an expression for f `. 


ao on c £5 


State the domain and the range of f `. 

e Onthesame axes, sketch the graphs of f and f ', showing the relationship between them. 
12 A function is defined by f : x 3e" for the domain x e R. 

a Sketch the curve, showing the points of intersection with the axes. 

b State the range off. 

c Obtain an expression for E. stating the domain and the range. 

d Add the graph of f ` to your sketch , showing the relationship between the two graphs. 


x 


13 Functions fand gare defined by f:x 3e” for the domain xeR. 
g:xr4-x for the domain xeR. 
a Find fg(2). 
b Find gf(1). 
c Obtain an expression for f `, stating the domain and the range. 
d On the same axes, sketch the graphs of f and f ', showing the relationship between them. 
Gradients 


14 TR NN find a when x= 1. 
x 


15 The curves y-e" and y=e * meet at the point P. 

Find: 

a thecoordinates of P 

b the gradient of each curve at P. 
16 The equation of a curve is y= In(x* + 2x). 

Find the coordinates of the point on the curve where the gradient is 1. 
17 If y=3lnx—In2: 

a Find EN 

dx 
b Solve the equation In32 2 3Inx — In2. 
Find the gradient when x = 3. 


18 a Sketch the curve y=e*-—3. 


b Findthe gradient of the curve at the point where it crosses the x-axis. 


EXE Chapter 20 


Tangents and normals 


19 
20 
21 


Find an equation of the tangent to the curve y= x” —e* at the point where x = 0. 
Find the point on the curve y =e" where the gradient is 1. 
A curve has equation y=e™. 


a Show that dy = ky. 
dx 


b Find the value of x, in terms of k, required for the gradient to be 1. 

It is required that the value of k be chosen so that the curve touches the line y — x. 

c Find the y-coordinate on the graph y = x for this value of x. 

d Equate this value with the y-coordinate on the graph of y — e" for the same value of x and 
hence find the value of k required for the line y = x to bea tangent to y- e^. 


Stationary points 


22 


23 
24 
25 
26 


Zs 


28 


29 


30 
31 


If p= xe, 
a find dy 
dx 


b Show that the curve has two stationary points. Find and 
classify them. 


x 


Find and classify the stationary point on the curve y 23-2x-e^. 
Show that the curve y =e" —2e " has no stationary points. 
Find the position of, and classify, the stationary point on the curve y = x — In x. 


Á 


Find the position of, and classify, the stationary point on the curve y = m— 
x ¿== 


If y = e" cosx, 


dy 
find —. 
al n die 


b Find the values of x in the range 0<x<7 for which the curve is stationary. 


If y=x'e“, find a Identify and classify any stationary points. 


A curve has equation y = 10(x + 2)e*. 


dy dy 
a Find — and ==. 
dx dx” 
b Find and classify the stationary points of the curve. 
Find the position of, and classify, the stationary point on the curve y 2 e" cosxfor0 = x < 1. 


Determine the position and nature of the stationary point on the curve y = xInx — 2x. 
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Straight line graphs 

32 When a graph of In y is plotted against In x, it is a line with a gradient 3 and crosses 
the In y axis at 1.792. Express y in terms of x. 

33 When a graph of In y is plotted against x, it is a line with a gradient 1.61 and crosses 
the In y axis at 4.095. Express y in terms of x. 


Small changes and rates of change 


34 A bacteria population, N, is modelled by the equation N — 2000 e" where t is the time in days. 
a Find the approximate rate of change of N when t — 2. 


b Find the approximate increase in N when t increases by 5% from the value 2. 


Area by integration 4 
35 H y=" 
mp 
| dy , HUN 
a Show that xe“ = E e. 
dx 


b Hence find f xe' dx. 
36 Hyp=e sinx 
a Find e 
dx 


b Hence find |e sinx dx. 
D 


37 The diagram shows the graphs of y = 4 — e* and ye". 


a Find the coordinates of the point of intersection of 








the graphs. 
b Find the area shown, bounded by the two graphs and 
the y-axis. 
38 The diagram shows the graphs of y =1 +2ln(x +1) and y, 


y=4-In(x +1). y-4- In(x * 1) 






a Find the coordinates of the point of intersection of 
the graphs. 


b Diffferentiate (x + 1)In(x +1). y=1+2In(x+ 1) 






c Use your result to find the shaded area, bounded by the 
two curves and the y-axis. 
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Summary 


Definition The number e is unique. It arises from the search for a function which, 
when differentiated, gives itself. 


The function y = e* is the only function with this property, other than y — 0. 


So. ja and ferdx=e' 
ME us PON an e ax-e +c 


Value e=2./18281823... 
e isan irrational number. 
In x In x is the shorthand way of writing log x. 
The function y = In x is the inverse of y = e*. 
d x 1 
— (In x)2 — 
"m (In x) x 
Other exponential dx (a ) = (Ina) a* 


functions 
Graphs of exponential and 


logarithmic functions y 





Applications You can apply exponential and logarithmic functions to any of the 
applications of differentiation and integration using the results above. 


Chapter 20 Summative Exercise 


1 Use the In x and e* buttons on your calculator to find the values of: 
a InlO b in20 c ln30 d In100 


e e f e g e? h e” 


2 Differentiate the following functions. 


a y=e” b y-4e" C y-3e" d y= 
e y-xe f y=(2x+1)e* g y-e'sinx h y=e*sinx 
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3 Differentiate these functions. 
a y-ln(x) b y=x"Inx c y-cosxlnx d v-(lnx) 
4 Find each of these integrals: 


a | e" dx b | e" dx c | 2x(1+ e") dx d | e'(14- e)! dx 


dy 


5 a Ify-xe'showthatxe'—-——— e. 
dx 
b Hence find | xe" dx. 
6 a Ify=x*Inx, show that x In x wd E — Jj 
2 dx 


b Hence find | xinxdx. 


7 Sketch the graph of y = e* sin x for x = 0. 
8 Solve the following equations: 


a e*+4e*=4 b e*-3e*-2=0 c 1—8e*—2e*-0 
! m ; ; di 
9 Find the x-coordinate, for 0 < x < —, of the stationary point on the curve y = e* cos x. 
2 


10 Given that e*e” = e? and that In(2x + y) 2 In 4 + In 3, find the value of x and the value of y. 


y=} 


11 Express x^ = e*? in the form In x= ax + b. 


Add to your drawing the graph needed to solve the equation x^ = e* 7. 


J 


a 

b On graph paper, draw the graph of y = In x. 
c 

d Hence find the solution of the equation x^ = e*~’. 
12 Draw the curve whose equation is y = e* for-2 Ss x x I. 

By drawing an appropriate straight line graph, obtain an approximate solution 
to the equation e* — 5x — 0. 


13a Show that the function E x — e* is 1 : I. 
b Find the value of f(2). 
c  Findf '(x). 
d Solve the equation f(x) — 50. 
14 You are given the function y= 12(x — 3)e’. 
d | | 
Find and hence find the coordinates of the stationary point on the curve. 
Identify the nature of the stationary point. 
15 The equation of a curve is y = ln(x? — 4x). 
Find the point on the curve where the gradient is 6. 


| Chapter 20 








16 The curve y 2 4— e* meets the x-axis at Á and the y-axis at B. 
a  Findthe coordinates of the points A and B. 
Draw the curve for values of x in the range -2 = x « 3. 
c Find the equation of the straight line needed to add to your graph in order to solve the 
equation x = In(3 — x). 
d Addthis line to your graph and hence obtain an approximate solution to the equation. 
17 Show that the curve y = x? e* has a stationary value other than x = 0. 


Find this stationary value of y and identity its nature. 


Chapter 20 Test 1 hour 


1 Differentiate with respect to x. 


a xe [2] 
b in(3-sin x) [2] 
c e*tanx [2] 


2 Variables x and y are related by the equation y = 2x — 1 — 3e”. 


a Find ey À [3] 
dx 
b Find the approximate increase in y when x increases by k from 0, where k is small. [2] 


: In x 
3 A curve has the equation y= —— where x > 0. 
X 





: 
a Show that the curve has a stationary point at (s z j [4] 
2 . € 
b Find v ! 14] 
c Determine the nature of the stationary point of the curve. [2] 





The diagram above shows a sketch of the function f(x). a 

Its derivative isf'(x) = —12 (x -2) e 2) "The curve passes through the point A | 1 E £) 

a Differentiate y=e “ i, | [3] 
b Hence find the equation of the curve. [2] 
c Find the coordinates of the stationary point on the curve. [2] 
d Find the x-coordinate of the point where the tangent at the point A cuts the x-axis. [2] 
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5 [he population of a colony of insects with a restricted food supply is recorded and is 


modelled by the equation N = 50 + 30e, where t days is the time after the start 
of observations and N is the number of insects in the colony. 


a Find the size of the population at the start of the observation period. [1] 
b Find the size of the population after 30 days. [2] 
c Find how long would it take for the population to reach 120 insects. [3] 
d Find the value of N when S =0.5. [4] 
t 

Examination Questions 

1 Solve the equation 
(i) e'(2e* —1)-10 [3] 
(ii) log.(8y = 6) Rn log.(y E 5) = log, 16 [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P1, Qu 8] 


2 (i) Sketch the graph of y = Inx. [2] 
(ii) Determine the equation of the straight line which would need to be drawn on the 
graph of y = lnx in order to obtain a graphical solution of the equation x^e* ^ — 1. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P2, Qu 8] 


3 A curve has the equation y = xe™. 


(i) Find the x-coordinate of the turning point of the curve. [4] 
E, 2s | E - d'y 2X i 

(ii) Find the value of k for which T ke (1 - x). [3] 

(iii) Determine whether the turning point is a maximum or a minimum. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P1, Qu 11] 


| Inx 
4 Given that y = ——— , find 
2x +3 


a ady 

jy Ee 3 
(i) T [3] 
(ii) the approximate change in y as x increases from 1 to (1 + p), where p is small. [2] 


(iii) the rate of change of x at the instant when x = 1, given that y is changing at the rate 
of 0.12 units per second at this instant. 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P1, Qu 8] 
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Functions f and g are defined for x e R by 
f:xe e", 


g:ixH2x-3, 


(i) Solve the equation fg(x)=7. [2] 
Function h is defined as gf. 

(ii) Express h in terms of x and state its range. [2] 
(iii) Express h ' in terms of x. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P2, Qu 7] 


(i) Differentiate xInx — x with respect to x. [2] 
(ii) y 


y=lnx 





The diagram shows part of the graph of y = In x. Use your result from part (i) to evaluate the area 
of the shaded region bounded by the curve, the line x = 3 and the x-axis. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P2, Qu 5] 


Ax 


, e 
A curve has equation y — — 


sin X 





.dorÜü exem. 


d | € | 
(i) Find = and show that the x-coordinate of the stationary point satisfies 2sinx — cosx = 0. 
| (4) 


(ii) Find the x-coordinate of the stationary point. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P2, Qu 6] 


d 
(i) Given that y 21-4 In(2x — 3), obtain an expression for s [2] 
(ii) Hence find, in terms of p, the approximate value of y when x 224 p. where p is small. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P2, Qu 3] 


a Differentiate e””* with respect to x. [2] 
1 
b Evaluate | e “dx. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P2, Qu 4} 
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10 The equation of a curve is y = xe *. 





dy | X. 

i) Show that — ——(2-xJe *. [3 
(i) Show that “=> (2—x) [3] 
(ii) Find an expression for e [2] 
The curve has a stationary point at M. 

(iii) Find the coordinates of M. [2] 
(iv) Determine the nature of the stationary point at M. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2006, P2, Qu 11] 


11 (i) Differentiate x^ Inx with respect to x. [2] 


(ii) Use your result to show that | 4xinxdx =e +]. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P2, Qu 6] 


d s d 
12 Á curve is such that l4 = 4e ^, Given that = = 3 when x = 0 and that the curve passes 
x 


"E 





through the point (2, e *), find the equation of the curve. [6] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P1, Qu 8] 


13 (i) Differentiate xInx with respect to x. [2] 


(ii) Hence find [Inx dx. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P2, Qu 4] 


14 (i) Find ze | [3] 
(ii) Hence find fxe” dx. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P1, Qu 7] 


15 A function fis defined by f : x +> e* , where x » 0. 


(i) State the range of f. [1] 
(ii) Find an expression for f `. [2] 
(iii) State the domain off `. [1] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P2, Qu 1] 


Chapter 20 





" | | É 
»vilahiis statements 
j a p Api A E OE EH oe ow 
i! 
y 
E |; j a ü med 
Y uu B nm ay] zT, mmm. ry L EE. NUT P j 
Ti Fa | = - | E 
SE uM DR onm = M a u BH i aea W ám E a a 


A vector is a quantity with two properties: magnitude (size) and direction. 


Many physical quantities are vectors. 
A quantity that has magnitude only is called a scalar. 


For convenience, we often have a scalar associated with a vector. 


Vector Associated Scalar 
velocity speed 
position distance 
acceleration acceleration/deceleration 


weight mass 


Some quantities have no association with the other variety. 


Force number 





Translation angle 





When we develop the algebra of vectors, any results apply to all 
types of vectors. 

In order to simplify our work it is convenient to develop results 
using translations. 


21.2 Describing translations (vectors) 


A translation is a transformation in which every point of an object 
moves exactly the same distance in the same direction. The object 
and its image are directly congruent. 

The translation from A to B can be written in several ways: 

AB denoting its end points 


a giving it a name. 





On a two dimensional grid we can also use grid measurements x 
as shown. 


a) 


Note that when vou handwrite vectors, you cannot easily or practically write them in bold 
characters. 


We use one of several alternatives to denote a vector when handwriting: 
AB AB AB AB a a á 


ið | : : + F + 
AB is the notation used in the syllabus. You could use any notation as long as your intention 
is clear. 





21.2.4 Equality of translations 


Two translations are equal if they have the same magnitude and 
the same direction. 

Two vectors are equal if they have the same magnitude and the 
same direction. 

So, AB=CD=a 
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21.2.2 The magnitude of a translation (vector) 


When we want to talk about the magnitude of a vector, we use the notation |a |. 


If we use grid notation, we can calculate this using Pythagoras theorem. 


21.2.3 Combining translations 


We combine transformations (vectors) by first doing one and then 


doing a second: a "followed by” b. 





Transformations are functions so a "followed by" b would be 
written as b * a. 


1 — k F Ñ —— (à 
| am fa Í ^j FF hi +] 
SF err) AT 1 
I TO) B € Til @ 


| : ; A 
Y 1 s T L w | M I 4 F E pr 
| r i Á LL YY LA. r JA * A i k F a 





qrs 





pr 
q+s 


| 


E 








AL 








Because we are adding the corresponding elements, we use the 
addition sign (+) instead of * for the "followed by” combination. 


Vectors 





So, a followed by b is written b a 
and atb=bta [1] 
(a+b)+c=a+(b+c) [2] 


21.2.4 Scalar multiplication 


What do we get if we have a+ a? 


As you can see, the result is a vector that is double the magnitude E o 


of a, but in the same direction. _ = 


In grid notation, we get 


FG 


In ordinary algebra, we would want to write this as 2a. 
As this does not cause any problems, that is what we do. 


Hence, the vector ka is a vector that is in the same direction as 
a and has its magnitude multiplied by K. 


Example 21.1 

The vectors a and b are defined as a = G) and b= s ) 
a Find 3a+ 2b. 

b Find (i) Jal (ii) [b| 


Solution: 


a sa+2b=a ]+2( 





21.2.5 The zero vector 


: : ; ; 0 
Just as in other areas of mathematics, we need a zero vector. This we write as 0, or 2 A 
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This is the vector that represents no movement. 
If you are not moving, it does not matter in which direction you go. 


Thus the zero vector takes every direction. 


21.2.6 The vector -a 


What do we get if we have a — a? 


Logic tells us that we ought to get 0. pr o 
p" id 


—— 


Algebra also tells us that a — a = a + (-a). ——a 
50 it seems sensible to define the vector —a as a vector which has the same magnitude as a, but the 
opposite direction. This also agrees with our ideas about scalar multiplication. —a = (—1)a. 


Thus we can give a meaning to “subtraction” 


Example 21.2 t 
The vectors a and b are defined as a= pus 
a Find 3a— 5b. : 


b Find|3a—5b]. 


Solution: 
a 3a-5b=3| _ 


b |3a—-5b|-48^ 415^ 


=1/ 





Exercise 21.1 


Vectors are defined as follows: 


(5) «3 «3 +) 


Find the following vector combinations. 


l a 3a b -—2b c 4c d —3d e 2e 
f a-b g c+a h b+d i d-e j e-c 
k 2a+3b | 4c-2a m 3b+2d n 4d—3e o 2e+3c 


Vectors 





Find the magnitude of each vector. 

2 a Jal b |b| c |c| d |d| e lel 
f la-c| g |b+el h |b+d] i |d-c| j le-a| 
k |5a+2b| 1 |3c-4a| m |2b+3d| n |3d-2e| o |4e+5c| 


21.3 Unit vectors 


A unit vector is a vector with a magnitude of 1 unit. 
An easy way to create a unit vector in a particular direction is to divide a vector by its own magnitude. 


This will not change the direction of the vector. 


Example 21.3 : | 
Vectors u and v are defined as u = fe and v= a 


Find a unit vector in the direction of: 


a u b v c 2u+5v. 


ee ee a a 


Solution: 


a jul =4/6*+(-8) =10 


| ( 0.6 
A unit vector in the direction of u is | = | 


b |v|=„/5 


A unit vector in the direction of v is 


c 2u+5v 1 d 
—6 ) 


[2u--5v| 2 /85 


A unit vector in the direction of 2u + 5v is 





21.4 Base vectors 


A base vector is a unit vector in the direction of the standard axes. 


‘Thus i=( Jana i={9} 
0 1 


Any vector can be written in terms of base vectors. They create vet 
another way of writing vectors. 





| can be written as pi + qj. 


So, for example q 
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Example 21.4 | 


The vectors u and v are defined as u = 3i - 4j and v= 5i+ 12j. 


Find: a Jul b lv c lu+v 
Solution: 
a |ul=/3*4 =5 


b |v|-45 «12 =13 
c u+v=(3i-4j)+(5i+12j)=(8i+8j) 


|u-- v| 2 48' +8? 2842 





21.5 Position vectors 


Even though vectors do not have position, there are times when we want to use vectors to talk about 
the position of a point. We can do this only if we have an origin. 

The vector from the origin to a point A will be called a. A 

Such a vector is called a position vector. a 


Position vectors are very useful when doing geometry. 
21.6 Vector geometry 


21.6.1 The vector AB 


The position vector of a point, A, relative to an origin, O, is a. 

Similarly, the vector of a point, B, relative to the origin, O, is b. 

In order to find the vector AB (from A to B), we find an alternative route. 
‘Thus AB= AO + OB 








Or 


21.6.2 The mid-point of AB 
Quadrilateral OBCA is a parallelogram. 
If M is the mid-point of AB, then OM = m and M is also the 
mid-point of OC. 
OC =a+b 





Vectors 





and OM= “(a +b) 


Example 21.5 The Mid-Point Theorem 
In the triangle OCD, A is the mid point of OC, B is the mid point of OD. Prove that AB is parallel 
to CD and that ome fáni 


Solution: 
Let OA =a, OB =b, OC =c OD - d. 
Then c=2a and d=2b 
CD-d-c 

=2b-2a 

=2(b-a) 
SO CD =2 AB 
This means that [1] ABis parallel to CD Direction 
and [2] ICD] = 2|AB| Magnitude 


Example 21.6 
Vectors a and b are definedas a=2i+j and b=it2). 
The position vectors of points B. Q and R are given by: 
p=—6a+9b 
q=a+4b 
r-15a—6b 
Show that the points P, Q and R are collinear. 


Solution: 


E =2la-15b= 3(7a —5b) 
50 PR- 3PQ 
Hence [1] PRI|PQ 
[2] PointPlieson both lines 


and points PQR are collinear. 
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| Example 21.7 





O 
In the diagram, OP = p, OQ = q, PS = - PQ and OR =- OQ 
a Express PR and OS in terms of p and q. 
b Given that OT = AOS, express OT in terms of Á, p and q. 
c Given that PT = uPR, express OT in terms of u, p and q. 
'd Hence find the value of Á and of u. 


solution: 

a PR =p +- 4 
== (q=3p) 
3 4 p 


and OT = p +£ (q — 3p) 


=(I- p+ q 


(d ‘The two expressions for OT must be identical. 
The vectors p and q are not parallel, so we can compare coefficients. 


o 

p: 3 H 

q: AR 
2, m 


TC 3 
Solving these equations give Á = U = - 
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Exercise 21.2 


l 


ABCDEF is a regular hexagon. The position vector of the point 
Á is a and the position vector of the point B is b. 


Express the following in terms of a and b: 


a BA b DA c AF 
d DE e EA f CA 
g FC h CE i BE 


OACE is a parallelogram in which OA =a and OB =b. 
The point M is the mid-point of AC and the point N is the 
mid-point of BC. 

The lines OM and AN meet at T. 

The point X lies on OM such that OX = AOM. 

Similarly, the point Y lies on AN such that AY = uAN. 


a Express these vectors in terms of a and b. 








i OM ii OX 
ii AN iv AY v OY 


b The values of A and u can vary and, in doing so, the points X and Y move along their 
respective lines. By equating the vectors OX and OY, solve the equation to find the values of 
Á and uand find the vector OT. 

The medians of a triangle 

OAB is a triangle in which OA =aand OB =b. 

The mid-point of OA is M and the mid-point of OB is N. 

The medians, AN and BM meet at T. 

The point X lies on AN such that AX — AAN. 

Similarly, the point Y lies on BM such that BY = uBM. 

a Express each vector in terms of a and b. 
i AN ii AX iii OX 





iv BM v BY vi OY 

b The values of A and u can vary and, in doing so, the points X and Y move along their 
respective lines. By equating the vectors OX and OY, solve the equation to find the values of 
Á and wand find the vector OT. 

c Ifthe mid-point of AB is P, show that the median OP also passes through T and that the 
ratios OT: TB BT: TM and AT: TN are all equal. 
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4 OACBisa parallelogram. 
M is the mid-point of AC. 
The line segment OM is extended 
until it meets the line BC (extended). 
The point X lies on OM such that 
OX = AOM. 
Similarly, the point Y lies on BC such that BY - BC. 


a Express each vector in terms of a and b. 





i OM ii OX 
üi BY iv OY 


b The values of A and u can vary and, in doing so, the points X and Y move along their 
respective lines. By equating the vectors OX and OY, solve the equation to find the values of 
Á and wand find the vector OT. 

c What is the relationship between the points B, C and T? 

5 OAB isa triangle in which OA =a and OB =b. 

The point P lies on AB such that AP: PB = A: u. 

Express each vector in terms of a and b. 

a AB b AP c OP 





21.7 Velocities 


Velocities are vectors and so any result that we can prove for vectors can be applied to velocities. 

In particular, they can be added and subtracted. 

We can also split a complicated velocity into components, or combine components to find the actual 
velocity of an object. 

Given a velocity and the direction of the base vectors, the 

two components of the velocity are found using trigonometry. 
They are v cos 0 in the i direction and vsin @ in the j direction 
(where v is the magnitude of v). 

E cos@ 


| vsin 





Thus v= }=veos6i + vsinð j 
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Example 21.8 
A billiard ball is hit with a velocity of 6 ms ' in a direction that 
makes an angle of 60° with the edge of the table. 


Find the components of the velocity in the directions parallel to M. (á 
l 


the edges of the table 


The components will be 6 cos 60° and 6 sin 60°. 


Thus v-23i-4 5j (343 jis more exact.) 





21.8 Currents and winds 


Imagine that you are trying to swim across a river. 





You set out from point Á and swim towards point B on the Direction — 
m Es ei þið of current 

opposite bank. While you are swimming in that direction, 

the water will carry you downstream and you will land 

maybe at point C. 





Exactly the same thing will happen to an aircraft, except that it 
will be pushed by the wind. 


Wind 
— 


Course 
set by 


pilot 


, Direction 
of travel 






Situations like these can be modelled using vectors. 


Example 21.9 


A river, 200 m wide, is flowing with a velocity of 1.5 ms ' from left to right. 





A swimmer at point A heads towards point B, swimming at 2 ms ?. 
a What is the true speed of the swimmer? 
b How far downriver from point B will she land? 


c In which direction must she swim in order to land at point B? 


s S" -E S S -* ZSSF ORO B9 5 5585 5 AAA AAA AAA AAA "BONS BH OE OB OR ÜOROR POOR POOR BOB B OB OB OB OB BOB OB ORB BR ORB RE EN SOROR OR *oBORORB 5 BOR ORG 
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Solution: 

If we choose base vectors i along the river bank and j across 

the river, the velocity of the swimmer will be 2j ms * and the Water 
velocity of the river will be 1.5i ms '. 





a ‘lhe true velocity of the swimmer will be the sum of these. 


v= 15i 4 2j 
Thus, the true speed, |v| 22.55 ms” | 


b ‘The time taken to cross the river can be found in several ways. 
The simplest is to use the swimmers speed and the distance she has to go. 
200m 


i EI 
ms 





Time = = 100s 
From which, the distance travelled will be 
100 (1.5i + 2j) 
= 150i + 200j 
Hence, she will travel 150 m down stream before she lands. 
c In order to travel directly across the river, she must head upstream 
so that the current pushes her back just far enough. 
Using Pythagoras and trigonometry, 
v-l32ms 
0—48.6. 








21.9 Relative velocity 


All velocities are measured relative to some reference point. 

In the previous example, the swimmer's speed was measured 

relative to the water. Ihe water's speed is measured relative to 

the bank. 

The “true” velocity of the swimmer was the velocity relative to the bank. 
In addition, we can solve problems such as the relative motion and 
speeds of two ships sailing at sea. Their speeds are relative to the water, 
which is also moving, but we can find out how one is travelling 

relative to the other. 





Vectors 








A useful notation is , V. which means “the velocity of A relative to B”. 


In the previous example, the vector addition becomes: 


wb s = swimmer 
sVw + wYb = sYb að ees io 
— | b = bank 
In general: AVB + BYc = AVc 





¡BW AGA 
So, the velocity of the swimmer relative to the water plus the 
velocity of the water relative to the bank equals the velocity of the 
swimmer relative to the bank. 


This relationship will always be true. All we need to do is to identify 
which objects are A, B and C. 





As we saw, velocities are vectors which do not have position. 

If we want to completely solve a problem, we will need two diagrams: 
one for the velocities and one for the position. 

Do not forget, a position vector is measured relative to an origin. 
However, we can also measure it relative to something that itself is 
moving. 

If you are running along a track with your friend by your side, his 
position relative to you will be constant. All these ideas can be 
included in questions. 


Example 21.10 
A boat, M, leaves a port, P, in still water and travels with a velocity, v = 6i + 8j kmh". 





At the same time, another boat, N, leaves a port, Q, whose position relative to P is r = 50i + 20j 
where the base vectors i km and j km are measured in the easterly and northerly directions 
respectively. 

The velocity of boat N is —4i + 4j km h *. 

a What is the velocity of boat M relative to boat N? 

b What will be the position vector of boat M relative to port P after t hours? 

c What will be the position vector of boat N relative to port P after t hours? 

d Show that boat M will intercept boat N and find the time taken to do so. 


n3 & & 5 S XS bh Pob obo 5 BboRobBBSSSSS0 0 0 Ss S 5 5 0 9 P» a a a a ar PsB 0 56 5 Bo D S S WS B B d P d d Pd OG P BOR D ROS PBOD AAA o5 9 5» 9 &oROR OR S OP? 
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ER 


Solution: 


Position diagram 





a The relative velocity equation is 
We choose A = M; C = N; leaving B = S; 
SO MVs t sSVuT mv 


or MYS NVs7 MV 
This is shown in the velocity diagram. 








yw y= 101 + 4j 
The position of Q relative to Pis  50i+ 20j = 5(10i + 4j) 
This means that to an observer on boat N, as it moves along, boat M appears to be heading 
directly towards him. 
b The position vector of boat M relative to port P after thours = t(6i + 8j) 
The position vector of boat N relative to port P after t hours = t(—4i + 4j) + 50i + 20} 





d The position diagram shows that the paths of the two boats will cross. 
However, in order to intercept, they must be in the same place at the same time. 
To check this, we can equate the two equations from parts b and c, which both show position 
relative to port P. 
t(61 + 8j) = t(—4i + 4j) + 50i + 20) 


Separating the equations: 





i: 6t = —4t+ 50 [1] 
i: 8t = 4t - 20 [2] 
Solving the equations: [1] í=5 

[2] t=5 


Thus the two boats intercept each other after 5 hours of travel. 
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Exercise 21.3 


l 





Oliveira and Raissa are swimming in a large pool. Oliveira has a velocity of 2i +j m s ! relative to 
a corner of the pool and Raissa has a velocity ofi — 3j m s ' relative to the same corner. 
As Oliveira swims along, how fast does Raissa appear to be travelling? 


A ship, A, has a speed of 25 km h ' on a bearing of 040°. 
A speedboat, B, has a speed of 40 km h~ on a bearing of 310°. 


To an observer on ship A, how fast does the speedboat appear to 
be moving and in which direction? 





An aircraft sets a course on a bearing of 330° and flies at a speed 

of 400 km h * The wind is blowing at 100 km h^! on a bearing of 060°. Find the speed 

and direction of travel of the aircraft as seen from an observer on the ground. 

A canoe is launched into a river flowing at 5 ms ' (assumed constant across the whole width). 
The canoe is steered straight across the river at a speed of 12 ms ' (relative to the water). 

lhe river is 60 m wide. 

a How far down stream will the canoe land and how long will it take to reach the far bank? 

b In which direction must it be steered in order to land directly opposite its starting point? 

c Ifitlands directly opposite its starting point, how long will it take to cross? 

In order to travel due north, a ship with a speed of 15 km h has to set a course on a bearing of 020°. 


The speed of the ship is measured at 20 km h~ by an observer on land. 
Find the direction and speed of the current. 


A passenger in a railway carriage travelling at a speed of 80 km h~ notices that the rain, which 
is falling with a speed of 24 km h ', appears to be falling at an angle of 75? from the vertical in 
his direction. Find the apparent speed of the rain and the angle at which it is falling relative to 
the ground. 
A swimmer can swim at a speed of 1.7 ms in still water. She wishes to swim across a river that is 
flowing at 1.5 ms *. The river is 24 m wide. 
a Ifshe swims straight across the river, how far down stream will she land and how long will it 
take to reach the far bank? 
b If she wishes to land directly opposite her starting point, 
(i) in which direction must she swim 
(ii) how long will it take to cross the river? 
Two ships, P and Q set out from port O at the same time. 
The velocity of P is 4i + 2; km h” and the velocity of Q is i+ 5) kmh“, where i and j are unit 
vectors due east and due north respectively. 
a Find the velocity of P relative to Q. 
b Findthe velocity of O relative to P. 
c Findthe distance between the two ships after 1, 2 and 3 hours. 
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9 A ferry can travel at a speed of 6 ms ' in still water. 
The river on which the ferry heads onto is 300m wide and is flowing at a rate of 4 ms”. 


a [fit heads straight across the river, 

(i) find its velocity relative to the bank 

(ii) how long will it take to reach the far bank and how far down stream will it land? 
b  Ifit must arrive directly across the river, 

(i) find the direction in which it must steer 

(ii) find how long will it take to reach the far bank. 
c fit must arrive at a point 100 m upstream from its starting point, 

(i) find the direction in which it must steer 

(ii) find how long will it take to reach the far bank. 

10 An aircraft that can fly with an air speed (speed in still air) of 150 km h * wishes to fly between 
two towns, A and B. The position of B relative to A is 200i + 1505 where i and j (km) are unit 
vectors measured in the easterly and northly directions respectively. 

There is a wind blowing due east with a speed of 50 km h '. 


For the journey from A to B, 

a find the course that should be set 
b findthe time taken for the journey. 
For the return journey from B to A, 

c find the course that should be set 


d findthe time taken for the journey. 
































Summary 
MEI 
Notation ec 
q 
The magnitude of a vector al = Jp + q 
p m 
Equality of vectors If a= and b= y 
q 
anda=b, then p=mandg=n. » 
Scalar multiplication The vector ka has the same direction as a and k times the 
magnitude of a. 
The zero vector Has magnitude 0 and can take any direction. 
The vector -a Has the same magnitude as a but the opposite direction. 
Unit vectors Have magnitude 1. 


To create a unit vector in the direction of a, divide a by its own 
magnitude. 


Vectors 





| , [0 
Base vectors i = and j= 
0) Í 


are unit vectors in the directions of the standard axes. 


Position vectors We can specify the position of the point A by defining the vector 
OA =a. 
Vector geometry AB =b-a 
If M is the mid-point of AB then 
l 
m= — (a+b). 
2 
v cos @ | E. i. 
Components of a vector v=| | — v cos Oi- vsin 0j Ls i k 
|v sin 0 0 | 
Adding velocities Velocities are vectors and can 


added in the same way. 


Relative velocity AVB + BVc = aYc 


| Led B — J 


Chapter 21 Summative Exercise 


o a = G En PF u= d v b 


1 Find the following: 
a |3r-2s| b |2t—4u| c |32v- 18w| d |9r+2v| 
e |27s+37v| f |13s+5w| g |6u+4v| h |9t+29v| 





2 Finda unit vector in the direction of the following, expressing your results in the format ai + bj, 
where the vectors i and j are base vectors: 





a r b s c v d w 
3 Inthe diagram, the vectors r, s, t and u have magnitudes 5, 4, 2 
10 and 3 respectively, and the directions of these vectors are E 
as shown. EA 
Write each vector in component form ai + bj, where i and j 609 Y N 70° j 
are the base vectors shown. t ax 
4 ‘The points P and Q have position vectors p and q relative to 10 i 


an origin O. 

The vector p has magnitude 26 units and acts in the direction —5i + 12}. 

The vector q has magnitude 20 units and acts in the direction 3i + 4j. 

Write down the vectors OP and OQ and find the magnitude ofPQ correct to 3 s.f. 
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9 


10 


11 


In the diagram, the position vectors of the points Á and B relative 
to the origin, O, are a and b respectively. 

Ihe point C is such that AC = - a and the point D is such that 
BD = Ab. The mid-point of BC is M. 

a Find the position vector of M. 

b Write AM in terms of a and b. 

c Write MD in terms of a and b. 


d Find the value of Á such that AMD is a straight line. 





The point P has position vector 3i 4j. The point Q has position 

vector xi + 2x]. 

The vector PQ is a unit vector. Find the possible values of x. 

A cyclist is travelling on a road that heads directly northward. He is travelling at a speed of 
20 km hr. 


He notices that the wind appears to be heading from the direction 070? with a speed of 


10 km hr“. 

Find the true speed and direction of the wind relative to the ground. 

A plane is travelling at a speed of 320 km hr”? from airport A to airport B. Airport B is 

140 km directly east of airport A. The wind is blowing from the direction 060° with a speed of 

120 km hr”. 

a Find the course set by the pilot and the time taken to travel from A to B. 

b Find the course set by the pilot on the return journey from B to A and the time taken for this 
leg of the journey. 

A swimmer can swim at a speed of 0.6 ms”? in still water. 


He leaves point A on one bank of a river to swim to point B on the 





opposite bank, as shown in the diagram. 








The river is 40 m wide and is flowing at a speed of 1 ms. 





The swimmer sets a course making an angle 0 with the river bank 
and takes 90 s to cross the river from A to B. 


Find the size of the angle O and the distance, x m. 

A ship, A, travelling on a course of 045° at a speed of 20 km hr”? notices a second ship, B, 2 km 
east of A that appeared to be travelling due north at a speed of 3 km hr”. 

a  Findthe true velocity and direction of ship B. 

b Find, also, the distance between the two ships 30 minutes later. 

A ship, A, is travelling at 16 km hr * on a course of 300°. A second ship, B, is 30 km due west of 


A and is travelling at 20 km hr”. Given that ship B intercepts ship A, find the direction that it is 
travelling and the time taken to intercept A. 
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12 Two trains, Á and B, are travelling toward each other on parallel 
tracks. 
Train A has a speed of 30 ms” and is 100 m in length. 
Train B has a speed of 15 ms” and is 150 m in length. 
Find the velocity of train A relative to train B and hence find the 
time taken for the trains to pass each other completely. 
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/ 2 
1 The position vectors of the points P and Q are given by p = g and q= | ) 


a Find a unit vector parallel to ÞÓ. 
b  Findthe position vector of the point R such that PR = 2PQ. 


——— 
30 ms! A 
100 m 150 m 


B 15ms! 
D ——- 


1hour 


2 A plane is flying on a course of 060° in still air at a speed of 300 km hr ', when it passes 


a control tower, A. 


a  Usingiandj as the unit vectors due east and due north respectively, express the 
position vector of the plane relative to the control tower in terms of t, the time in 


hours since passing A. 


The next control at which the plane must report, B, has a position 300/3i + 150j relative to A. 


b Show that, after 90 minutes of travel, the plane is 150 km away from B. [2] 

c Find the length of time that the plane is less than 150 km from B. [2] 
3 The position vectors of the points A and B relative to an origin are a and b respectively. 

The point C is such that 2c — a. The point D is such that d — 2b. The lines AB and CD meet 

at the point R. 

If CR- ACD and AR - LAB : 

a Express OR in terms of a, b and 4. [2] 

b Express OR in terms of a, b and u. [2] 

Hence find the values of A and u. [3] 

á Find the values of p for which the vector b p ni has magnitude 17. [4] 
5 In this question, i is a unit vector due east and j is a unit vector due north. 

At 12:00, a ship leaves a port P and travels at a speed of 15 km h in a direction 3i — 4j. 

a Write the velocity of the ship in the format ai + bj. [2] 

b Write down the position vector of the ship, relative to P, at 14:00. [1] 

c Write down the position vector of the ship, relative to P, t hours after 14:00. [1] 
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At 14:00, a patrol boat leaves a port, Q, which is 63 km due east of P. It intercepts the ship 
3 hours later. 
d Find the position vector of the point of interception. [1] 


e Find the velocity of the patrol boat in the format ai + bj. [2] 


2.5 
If PO isa unit vector, find the possible values of k. [4] 


2 k 
The position vectors of the points P and Q are given by p = =| and q= | } 


The position vectors of two points, A and B, relative to an origin, O, are a = i + 9j and 
b = 10i + 6j. The point C lies on AB and is such that AB = 3AC. 


a  Findthe position vector, c of point C. [4] 
b Finda unit vector parallel to OC. Leave surds in your answer. [2] 


Examination Questions 


1 


P(0, 50) 








O x 

At 1200 hours, ship P is at the point with position vector 50j km and ship Q is at the point 
with position vector (80i + 20j) km, as shown in the diagram. Ship P is travelling with velocity 
(20i + 10j) km h` and ship Q is travelling with velocity (—10i + 30j) km h”. 


(i) Find an expression for the position vector of P and of Q at time t hours 


after 1200 hours. [3] 
(ii) Use your answers to part (i) to determine the distance apart of P 

and Q at 1400 hours. [3] 
(iii) Determine, with full working, whether or not P and Q will meet. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P1, Qu 10] 
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2 ‘The position vectors of the points A and B, relative to an origin O, are i — 7j and 4i + kj 
respectively, where k is a scalar. The unit vector in the direction of AB is 0.61 + 0.8). 
Find the value of k. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P2, Qu 1] 
3 An ocean liner is travelling at 36 km h ! on a bearing of 090°. At 0600 hours the liner, which is 
90 km from a lifeboat and on a bearing of 315° from the lifeboat, sends a message for assistance. 
The lifeboat sets off immediately and travels in a straight line at constant speed, intercepting the 
liner at 0730 hours. Find the speed at which the lifeboat travels. [5] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P1, Qu 4] 


4 The position vectors of points A and B, relative to an origin O, are 6i — 3j and 15i 9j 


respectively. 

(i) Find the unit vector parallel to AB. [3] 
The point C lies on AB such that AC - 2CB. 

(ii) Find the position vector of C. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P2, Qu 2] 


5 Toa cyclist travelling due south on a straight horizontal road at 7 ms ', the wind appears to 
be blowing from the north-east. Given that the wind has a constant speed of 12 ms ', find the 
direction from which the wind is blowing. [5] 
[Cambridge IGCSE Additional Mathematics 0606, Jun 2004, P1, Qu 7] 
6 In this question, i is a unit vector due east and j is a unit vector due north. 
A plane flies from P to Q. The velocity, in still air, of the plane is (280i — 40j) km h * and there isa 
constant wind blowing with velocity (50i — 705) km h *. Find 
(i) the bearing of Q from P, [4] 
(ii) thetime of flight, to the nearest minute, given that the distance PQ is 273 km. [2] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P1, Qu 6] 
7 A motor boat travels in a straight line across a river which flows at 3 ms ' between straight 
parallel banks 200 m apart. The motor boat, which has a top speed of 6 ms ' in still water, travels 
directly from a point A on one bank to a point B, 150 m downstream of A, on the opposite bank. 
Assuming that the motor boat is travelling at top speed, find, to the nearest second, the time it 
takes to travel from A to B. [7] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2004, P2, Qu 8] 
8 ‘The position vectors of points A and B relative to an origin O are —3i — j and i + 2j respectively. 
— 3 — 
The point C lies on AB and is such that AC = ps . Find the position vector of C and show that 
it is a unit vector. | [6] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 4] 
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9 A plane, whose speed in still air is 300 km h ', flies directly from X to Y. Given that Y is 720 km 
from X on a bearing of 150° and that there is a constant wind of 120 km h* blowing towards the 
west, find the time taken for the flight. [7] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P2, Qu 9] 


10 The diagram, which is not drawn to scale, shows a horizontal rectangular surface. One corner of 
the surface is taken as the origin O and i and j are unit vectors along the edges of the surface. 


j 

O i 

A fly, F, starts at the point with position vector (i+ 12j) cm and crawls across the surface with 

a velocity of (3i + 2j) cm s '. At the instant the fly starts crawling, a spider, S, at the point with 
position vector (85i + 5j) cm, sets off across the surface with a velocity of (—5i + kj) cms”, 

where kis a constant. Given that the spider catches the fly, calculate the value of k. [6] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P1, Qu 5] 
11 





o! 


In the diagram, OP — p, OQ -q, PM = -PÓ and ON = -00 


(i) Given that OX -mOM, express OX in terms of m, p and q. [2] 
(ii) Given that PX =nPN, express OX in terms of n, pand q. [3] 
(iii) Hence evaluate m amd n. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2005, P2, Qu 7] 


12 The position vectors, relative to an origin O, of three points P, Q and R are i + 3j, 5i+ 11j 
and 9i + 9j respectively. d E 
(i) By finding the magnitude of the vectors PR, RO and QP, show that angle POR is 90°. — [4] 
(ii) Find the unit vector parallel to PR. [2] 
(iii) Given that OQ = mOP + nOR, where m and n are constants, find the value of m and ofn. |3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P2, Qu 9] 


Vectors 





13 The position vectors of points Á and B, relative to an origin O, are 2i -- 4j and 6i + 10j 
respectively. The position vector of C, relative to O, is ki + 25j, where k is a positive constant. 
(i) Find the value of k for which the length of BC is 25 units. [3] 
(ii) Find the value of k for which ABC is a straight line. [3] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P2, Qu 7] 
14 Given that a = Si — 12j and that b= pi + j, find 
(i) the unit vctor in the direction of a, [2] 


(ii) the values of the constants p and q such that qa + b= 19i — 23j. [3] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P1, Qu 5] 
15 


The diagram shows a river with parallel banks. The river is 48 m wide and is flowing with a speed 
of 1.4 ms '. A boat travels in a straight line from a point P on one bank to a point Q which is on 
the other bank directly opposite P. Given that the boat takes 10 seconds to cross the river, find 
(i) the speed of the boat in still water, [4] 
(ii) theangle to the bank at which the boat should be steered. [2] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2008, P2, Qu 7] 
16 At 1000 hours, a ship P leaves a point A with position vector (—4i + 8j) km relative to an origin 
O, where i is a unit vector due East and j is a unit vector due North. The ship sails north-east with 
a speed of 10/2 km h”. Find 
(i) the velocity vector of B [2] 
(ii) the position vector of P at 1200 hours. [2] 
At 1200 hours, a second ship Q leaves a point B with position vector (19i + 34j) km travelling 
with velocity vector (8i + 6j) kmh“. 


(iii) Find the velocity of P relative to Q. [2] 
(iv) Hence, or otherwise, find the time at which P and Q meet and the position vector of the 
point where this happens. [3] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2009, P1, Qu 9] 
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Kinematics 


Syllabus statements 


« apply differentiation and integration to kinematics problems that involve displacement, velocity 
and acceleration of a particle moving in a straight line with variable or constant acceleration, 
and the use of x-t and v-t graphs 





22.1 Whatis kinematics? 


Kinematics is the branch of mathematics concerned with the mechanics of motion. 

Thus, we are interested in displacement, velocity and acceleration. 

These quantities are vectors, and many of the results we obtain are vector equations which can be 
extended to multiple dimensions. 


However, we will be interested in straight line (one-dimensional) motion only and we usually do not 
need vectors for this. 


What we must have is an origin to measure the quantities relative to, and a positive (and negative) 
direction so that we can specify where objects are and which way they are going. 


22.2 Rates of change 


You already know that velocity is the rate of change of displacement. 
Similarly, acceleration is the rate of change of velocity. 





You also know how to find rates of change by differentiation. 





Hence, we have a link between kinematics and calculus. 


We can derive the formula for any of the three quantities from any other one by either difterentiating 


or integrating. 


Starting Displacement Velocity Acceleration 
v 


dx 









Differentiate 














Integrate a 
twice 


Integrate 


22.3 Mathematical modelling 


Many things that we meet in everyday life turn out to be very complicated. 

As a result, developing a mathematical formula to tell us what is going to happen is impossible. 
Because of this, we simplify many situations until we can find an equation covering the situation. 
This equation is the mathematical model. 

We then solve the equation and see how good the results are. 

If the results are no good, we try to remove some of our simplifications to get a more complicated 
model that we can still solve. 

This process continues until we cannot solve the latest equations, or until the results we get are good 
enough for the purpose for which we want them. 


If the results are no good, we try to find another model. 





You will meet many of these situations during your study of mathematics. 
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For our current purposes, two major simplifications are made: 
| All objects are particles. 
This means that we do not need to worry about them turning during their motion. 
Even a train would be considered to be a particle. 
2 There is no air resistance. 
The particle model helps here. 
Particles do not have size, and so there is nothing for the air to resist. 


With these simplifying assumptions, we can solve many problems. 











Example 22.1 





A particle travelling along a straight wire has a velocity of 4 ms” as it passes a point O on the wire. 
Time is measured in seconds from this point so that t = 0 when the particle is at O. 

The acceleration of the particle is given by a — 6t. 

a Find the velocity of the particle when f= 2, 3, 4 seconds. 

b Find the position of the particle when t= 2, 3, 4 seconds. 


solution: 
a v= [adt = |ótdt 
=3t°+c where c isaconstant. 
When f=0, v=4 
giving c=4 
Thus v=3t7+4 
When ft = 2, v=16 ms” 
When t= 3, v=3l ms” 
When t= 4, y—52mms- 
x= | vdt = | (3P +4)di 
=1"+4t+k where kisaconstant. 
When t=0, x=0 
giving k= 0 
Thus xl 
When t = 2, x-— 16 m from O. 
When t= 3, x — 39 m from O. 
When t = 4, x= 80 m from O. 
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Example 22.2 

A car is travelling along a straight road between two sets of traffic lights. 

It is stationary at the first set of lights when they change to green, and it comes to rest when it 
reaches the second set of lights. 


l | 
The velocity of the car is modelled as v= (108 -t° ms”. 


a Find the time taken to reach the second set of traffic lights. 
b Find the distance between the traffic lights. 


c Find the maximum velocity of the car. 


| 


Solution: 
Í - 
a v==/(101 — t^ 
Gore 
--t(10— t) 
The car is stationary when v = 0 
i.e. t=0 and f=10 
Thus it takes 10 seconds to reach the second set of traffic lights. 
b x= | vdt 
= |-(10t -t 
y 
j| Sem ES | 
2: 5 — a +k wherekisaconstant. 
When t=0, x=0, sok=0 
i l (se l E 
eivin xz-|5t^ ——t 
5 5 5 c DN 
lf 1000 
When t= 10 = (500 - T 
Sl a 
=33.2m 
c ‘The maximum velocity will be when a = 0 
_ dv 
dt 
d/l 
- S (sto - )) 
dt 5^ 
=—(10 - 21) 
When a=0 A 
and v=5ms” 
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Example 22.3 
A particle is travelling along a straight line such that its distance from a fixed point is modelled by 
the equation x =4 sin 3f. 


d 





Find an expression for v, the velocity of the particle, and a, the acceleration of the particle 
at time f. 


Find the velocity of the particle when it reaches O again. 


Find the maximum distance the particle travels from O. 


x-—4 sin 3f 
v= 12 cos 3t 


and a= Bt a = —36 sin 3t 
dt 


When x = 0, at= A 2m 2, 
m 
So the particle will next pass O when t = a 


and the velocity willbe v=12cos7 


When v= 0, 


and 


Exercise 22.1 


1 


A particle travelling in a straight line starts from rest at point O and has an acceleration (in ms“) 
modelled by the equation a = 24 — 121, where t is measured in seconds. 
Find an expression for the velocity of the particle at time f. 


a 
b Find an expression for the position of the particle at time t. 


e 


Find its furthest distance from O in a positive direction during the subsequent motion. 


e 


Find the time taken for the particle to return to O, and its velocity at that time. 
Describe the motion of the particle after it passes through O for the second time. 

A particle moving in a straight line starts from a point A, at a distance p from the origin O. 
Its displacement from O (in m) is modelled by the equation x = ^ — 71 + 14t — 8, where t is 
measured in seconds. 

a Find the distance OA. 

b Findthe times when the particle is at O. 
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c Find an expression for the velocity of the particle at time t. 
d Find the velocity of the particle each time it passes through O. 
e Find the maximum distance the particle is from O on each stage of its journey. 

3 Á particle, P, is moving in a straight line. Its dispacement, x m, from a fixed point O at time f is 
given by x = t(t * — 9). 

a Find the times when the particle is at O. 

b Find an expression for the velocity of the particle. 

c Find when the particle is at rest. 

d Find where the particle is at rest. 

e Find an expression for the acceleration of the particle. 
f Find the acceleration of the particle when it is at rest. 

4 A bird leaves its nest to find food to bring back for its chicks. It flies in a straight line to a source 
of food and its path is modelled by the equation x = 20t — £^ where x m is the distance from the 
nest at time f s. 

The bird collects the food and returns to its nest where the chicks are waiting open mouthed. 
a Find an expression for the velocity of the bird. 

b Find how far away from the nest the food source is. 

c Find the length of time of the birds journey. 

d What is the main problem with this model? 

5 <A particle moves in a straight line with a displacement, x m, measured from a fixed point, O, 

modelled by the equation x = 5 sin 2t. 

a Find an expression for the velocity of the particle. 
Find an expression for the acceleration of the particle. 
Find the maximum velocity of the particle and the position of the particle when it attains 
this maximum. 

d Find the maximum displacement of the particle from O and the period of the motion. 

e Find an expression for the acceleration of the particle in terms of x. 


f What does the result of part e tell you about the acceleration of the particle? 


6 A particle moves in a straight line with a velocity, v m s", modelled by the equation 
v=sin ft tcos t, where t s is measured from when the particle passes a fixed point, O. 
a Differentiate x= í sin t with respect to f. 
b Hence find an expression for the displacement, x, at time t. 


Find an expression for the acceleration, a, at time t. 


Du i 


Find the period of the motion of the particle. 


What happens to the amplitude of the motion as time progresses? 
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22.4 Motion with uniform acceleration 


Motion with uniform (constant) acceleration is a special case of the It is important that you know 


types of motion we have been looki ng at, where, in general, the whether or not the acceleration 
acceleration has not been constant. is constant. 

Using the ideas from the previous section, we can develop a series One of the biggest mistakes is 
of formulae that apply only in this special case. to assume that it is constant 


| | when really it isn't. 
Before we start, we need to establish the notation that we are going á 


to use. 


A particle will move in a straight line starting at a point O when t= 0. 














At a time t seconds later it will be at a point P, where the displacement, 
OP=sm. 

The initial velocity (at O) will be u ms” (fixed) and the velocity 

at P will be v ms" (variable). 

At all times, the acceleration will be a m s? (uniform). 


The positive direction will be to the right. 


Problem 22.1 


dv | 
1 By integrating — = a with respect to t, find the general solution 
y 5 : dt P 5 Remember: ais a constant 


for v in terms of t. 
Substitute the intitial values t = 0, v = u to find the value of the 
constant of integration and the particular solution for v in 
terms of t. Call this equation [1]. 
, zs | oe 

By integrating — =v with respect to t, find the general > l T 

| dt Using your particular solution 
solution for s in terms of t. for vfrom step 2. 
Substitute the intitial values t = 0, s = 0 to find the value of the 
constant of integration and the particular solution for s in terms of f. 


Call this equation [2]. 
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You now have two equations that are applicable to this special case. 
a Make a list of the quantities involved in the problem. How many are there? 
b Which quantities are involved in each of your equations [1] and [2]? 

In each case, which quantity is missing from the equation? 


Make a the subject of equation [1]. 


Substitute this expression into equation [2] and simplify your result, making s the subject. 


Call this equation [3]. 

Which quantities are involved in equation [3] and which quantity is missing from the 
equation? 

Make t the subject of equation [1] and use this expression to eliminate t from equation [2]. 
Simplify your result, making v^ the subject of the equation. 

Call this equation [4]. 

Make u the subject of equation [1] and use this expression to eliminate u from equation [2]. 
Simplify your result, making s the subject of the equation. 

Call this equation [5]. 





You now have a set of five equations in the five quantities s, u, v, a and t. 
Each equation has one of the quantities missing. 
However, remember that there are only two independent equations: any pair would do. 


The other three equations can be obtained by substituting to eliminate whichever quantity you do 
not want. 


v=u+al 
um 
s=ut +—at 


2 
v! =u" +2as 


s=vt-—at? 
2 





In terms of usefulness, [1], [2] and [4] are the most useful (probably in that order). Form [3] is not 
used much and [5] is hardly ever used. 


Reminder: These equations can be used only if the acceleration is constant. 






CSL Chapter 22 


Example 22.4 

A particle is moving in a straight line, starting from a point O with a velocity of 2 ms“. 
It has a uniform acceleration of 4 ms“. 

After 5 seconds, it passes a point P Find: 

a the distance OP 

b the velocity with which it passes the point P 


Solution: 


a We know the values of u, a and t. 


l 
We need equation [2] s=utt+ sat’ 


| 
s=2x5+7Xx4x5 


b We need equation [1] v=u+at 
v=2+4x5 


= 27 ms 


Example 22.5 
A ball is dropped from rest from the top of a tower, 45 m high. 
 Ignoring air resistance, it has a uniform acceleration of 10 ms *. 
Find: 
a the time taken for it reach the ground 
the velocity with which it hits the ground. 


Solution: 

For this question, we will take the place where the ball is 

released as the origin. We will also define downwards to 
be the positive direction. 


a Weknow the values of u, a and s. 
s=0,u=0,a=10,#=0 


| | | 
We need equation [2] s= Hf + at" 


45=0->x10xf | vive 


t=3s 
b We need equation [1] v=u+at 
v=0+10x3 
=30ms 
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Example 22.6 

A ball is thrown vertically upwards with a velocity of 10 ms” from the top of a tower, 40 m high. 

Ignoring air resistance, find: 

a thetime taken for the ball to reach the ground 

b the velocity with which it hits the ground 

c the time taken for it to reach maximum height 
d the maximum height reached by the ball 
e 


the velocity with which it passes the person who threw the ball on its journey downwards. 


B B BOB CB BOBO BOB BOBOB B BOB B B ÀBoB BOB B EB BRA BO AAA AAA AAA AAA AAA AAA AAA AAA A AAA AAA AA AA A A AAA AAA AAA AAA AAA AAA A A 


Solution: 
For this question, we will take the place where the ball is 
thrown upwards as the origin. 





5 T +ve 
| 
| 


—_ 





We will also define upwards to be the positive direction. ee 
s=0,0=10;t= 





This means that the uniform acceleration will be —10 ms“. 
The position of the ground will also be a negative quantity. 
a We know the values of u, a and s. 

We need equation [2] s=ut+ sat 


-40=10f + x(-10)t 
5t? -10t-40=0 —_ EY 
t—2t—8-20 
(t+2)(t-4)=0 
f=4s 
b We need equation [1] v-u-cat 
v=10-10x4 


=] 





v=-30ms 





c When the ball is at maximum height, its velocity is zero. 


We need equation [1] v=u+al 
0=10-10f 
t=1s 
d We need equation [2] s=ut „af 


s=10X1>X(-10)x1' 


=3m 
e We need equation [4| v = 1 + 2as 
s=0 v = 1070 
v=10 or —10 


v — 10 is the speed, u with which it was thrown. 
On the way down it will have a speed of -10m s~. 
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Exercise 22.2 


l 


A train leaves a station and travels along a straight track with a uniform acceleration of 2 ms *. 
a What is its velocity 40 seconds later? 

b How far has it travelled in this time? 

Á stone is dropped from the top of a tower. It takes 6 seconds to reach the ground. 

a How high is the tower? 

b What is its velocity when it reaches the ground? 

Á train leaves a station and travels along a straight track. 

After 1 minute it has a velocity of 18 ms '. 

a Find the acceleration of the train. 

b Find the distance it has travelled. 

A car passes a speed check at 90 km h '. Seeing a police roadblock ahead, the driver slows down 
with uniform acceleration to stop after 100 m. 


a Find the acceleration of the car during this period. 





b Find the time taken to stop. 
A stone is thrown vertically upwards from a bridge over a river with a speed of 10 ms '. 

It hits the water with a speed of 40 ms ?. 

Find: 

a the height of the bridge above the river 

b thetime taken for the stone to hit the water 

c the total distance the stone has travelled on its journey. 

Á train leaves a station and travels with uniform acceleration. It attains its maximum speed of 
15 ms ‘after 3.75 km. It then slows down with a uniform acceleration of —0.125 ms * to stop at 
the next station. Find the distance between the stations and the total time of the journey. 

A car, A, starts from rest and drives with a uniform acceleration of 2 ms ?. 

After 7.5 seconds, a second car, B, sets off from the same point in pursuit of car A. 

Car B has a uniform acceleration of 8 ms”. 

Find: 

a how long it take car B to catch up with car A 

b the distance from the starting point at which car B catches up with car A 


c the speed of the two cars when car B catches up with car A. 
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10 


A lift descends from rest at the top floor of a skyscraper with a uniform acceleration of 0.4 ms”. 
After 4 seconds it slows with a uniform acceleration of —0.6 ms“ to stop at another floor. 

Find: 

a the maximum speed of the lift 

b thetotal time taken for the journey 

c the distance between the two floors. 

The safe speed for a car to cross a speed hump is 4 ms '. A car crosses one speed hump and then 
accelerates at 2 ms * for 5 seconds before slowing down to cross the next speed hump. 

The total distance between the speed humps is 105 m. 

Find: 

a the maximum speed of the car 

b the (negative) acceleration of the car as it slowed down 

c the total time taken for the journey. 

Two boys are playing with a ball. One boy is standing on the ground and the other is leaning out 
of a window at a height of 4 m. 

The boy on the ground throws the ball up so that the boy leaning out of the window can catch it. 


He throws it with a velocity of 12 ms '. Unfortunately, the second boy misses the ball on the way 
up but manages to catch it on the way down. 


Find: 
a thespeed of the ball when it is caught 
b the total time of flight of the ball 


c the maximum height that the ball reaches. 


22.5 Displacement-time and velocity-time graphs 


Using our knowledge of the applications of calculus, we can derive results from the graphs of 
kinematics. The most common graphs are the displacement-time and velocity-time graphs. 


A 








v 





displacement-time velocity-time 
x-t v-t 
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x-t e 
| dt | 





| | dv | 


If the velocity is uniform, the x-t graph will be a straight line. 
If the acceleration is uniform, the v-t graph will be a straight line. 


X 





Uniform velocity Uniform acceleration 


If the displacement is negative, the x-t graph will be below the axis. 

If the velocity is negative, the v-t graph will be below the axis and the area (integral-displacement) 
will be negative, indicating that the displacement of the particle is being reduced (or becoming 
more negative). 





Example 22.7 
The diagram shows the displacement-time — B 
graph for a particle P moving in a straight | 
line with a displacement s m from a fixed 
point at time f s. 

a Find the velocity of the particle in 
the three sections of its journey. 




















b Find the total distance travelled by 
the particle. 
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Solution: 
a The velocity is given by the gradient of the displacement-time graph. 


| 40 
For the section OA, the velocity is > =20ms” 


10 
For the section AB, the velocity is xs E. 





| -30 j 
For the section BC, the velocity is rcs -10ms" 


The distance travelled by the particle is 
40+ 10 + 30 = 80 m 








Example 22.8 

The diagram shows the velocity-time 

graph for a particle Q moving in a straight 

line with velocity v ms ', t seconds after 

leaving a fixed point, O. 

a Find the acceleration of the particle 
in the five sections of its journey. 








Find the displacement of the particle 
from O. 


Solution: 
a The acceleration is given by the gradient of the velocity-time graph. 
18 
For the section OA, the acceleration is PX 6ms^ 
For the section AB, the acceleration is = 0 ms? 
| 3o 
For the section BC, the acceleration is 5 =3ms * 
For the section CD, the acceleration is = 0 ms ? 
! —21 
For the section DE, the acceleration is =o —10.5ms * 
The displacement is given by the area below the velocity-time graph. 
This is best found by dividing the area up into triangles, trapeziums and rectangles. 
Displacement = 27 + 36+19.5+42+21 


=145.5m 


The velocity is always positive so the particle is always moving away from the origin. 
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Example 22.9 

The diagram shows the velocity-time 
graph for a particle moving in a straight 
line with velocity v ms *, t seconds after 
leaving a fixed point, O. 


a Find the final displacement of the 


particle from O. | | : si 
b Find the total distance travelled by ipii EE 


the particle. 


Solution: 

a The displacement is given by the area between the velocity-time graph and the t-axis. 
However, the section CDEF indicates a negative velocity so the particle will be returning 
towards O. 

The displacements are: 
OABC = 30 
CDEF=-25 
FGH=5 
Final displacement=10mfromoO. 


b ‘Total distance travelled = 60 m 





Exercise 22.3 
1 The diagram shows the displacement-time 
graph for a particle on a journey modelled 
as a straight line with a displacement s km 
from a fixed point O at time t hr. a > 
a Find the velocity of the particle in the 
four sections of its journey. 
b Describe a journey that might produce a 
graph of this type. 
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2 ‘The diagram shows the velocity-time graph 

for a particle moving in a straight line with 

a velocity v ms ' at a time t s after passing a 

fixed point O. 

a Find the acceleration of the particle in 
each section of its journey. 

b Find the final displacement of the 
particle from the fixed point. 


3 ‘The diagram shows the displacement-time 





graph for a particle moving in a straight line 

with a displacement s km from a fixed point 

O at time t seconds. 

a Find the velocity of the particle in the 
each section of its journey. 


b Draw a velocity-time graph for the 





particle. 
4 "The diagram shows the velocity-time D 
graph for a particle moving in a straight eg a Ede ERES HHH 
line with a velocity vm ' at a time t s after 40 e |E 
passing a fixed point, A. 20 E 


v ms”! 


a Find the acceleration of the particle in 0 | 
a oT NG SATE» 
the four sections of its journey. —20 SE | EX 
RET E 
b Findthe final displacement of the —40 EPA AH HHHH 
particle from A. : 
fs 


5 ‘The an below shows the velocity-time graph of a particle moving with ees acceleration, 
a ms“. Its initial velocity is u ms ' and after a time of t s, it has a velocity of v ms 


Velocity ms”! 





Time (s) 
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a Write down an expression for the acceleration, a, of the particle. 


b Write down an expression for the distance, s m, travelled by the body during this time. 


c Using your equations from parts a and b, derive, using substitution and elimination, three 
more equations for the motion of the body, each with one of the quantities s, u, v, a and f 
missing. Compare your results with those from Problem 22.1. 


Summary 





Definition 


Rates of change 


Motion with 
uniform acceleration 





Kinematics is the branch of mathematics that is concerned with the 
mechanics of motion. 
Velocity is the rate of change of position. 


Acceleration is the rate of change of velocity. 


Differentiate \ Differentiate ^ 






Important: do not use these equations if the acceleration is not 
uniform. 


v = utat [1] 
tt > af [2] 


$5 


S es (u T v)t [3] 
2 
y = u’+2as [4] 


-— = ar [5] 


te 
I 
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Graphs 
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1 Á particle moving in a straight line has a displacement, í seconds after passing a fixed point O, 
given by the formulae below. Find: 
(i) the velocity, in ms'', of the particle when f=3 s 


(ii) the acceleration of the particle when t — 2 s. 


a s=f?-3fP +21 b s=4cos e c sate! 
. 


2 [he velocity of a particle, in ms', moving in a straight line, t s after passing a fixed point, O, is 
given by the equation v = 48t — 6t“. Find: 
a  thetime at which the velocity reaches a maximum 
b the time at which the particle comes instantaneously to rest 
c the distance from O that the particle comes instantaneously to rest 
d the speed of the particle when it passes O again. 

3 ‘The acceleration of a particle, in ms“, moving in a straight line, t s after passing a fixed point, O, 
is given by the equation a = 8 — 6t. The particle passes O with a velocity of 35 ms '. Find: 
a  thevalue of t when it comes to the point where it is instantaneously at rest 
b the distance from O to the point where it comes instantaneously to rest. 

4 A particle travels in a straight line such that, t s after passing a fixed point, O, its velocity is given 
by v= 16 cos nl Find: 
a the value of t when v= 8 for the first time 
b the acceleration when t = 4 

the distance from O when v= 0 for the first time. 

5 A train starts from rest at a station and accelerates uniformly at 0.15 ms“ to reach a maximum 
speed in 3 minutes. The train travels at this speed for 10 minutes and is then brought to rest at 
the next station with a uniform acceleration of — 0.5 ms“. 


a Sketch the velocity-time graph for the motion. 
b Find the maximum speed of the train. 


c Find the disance between the two stations. 


IM Chapter 22 








6 A particle moves in a straight line so that, t s after passing a fixed point, O, its velocity, v ms is 


given by v= € 
(2t 4- 6) 


a  Findthe velocity as it passes through O. 

b Find the acceleration when t=3. 

c Find an expression for the displacement of the particle from O, t s after it has passed through O. 
7 Á particle, P, moving in a straight line with a uniform acceleration of 0.4 ms” passes a point, O, 

with a speed of 2 ms '. Ten seconds later, a second particle, Q, moving along the same straight 


line and in the same direction as P passes O with a speed v ms”? and a uniform acceleration of 
0.6 ms“. 


When Q catches up with P they are both s m from O and the speed of P is 10 ms”. 
Find the distance of the particles from O when they meet, the value of v and the speed of Q at 
that point. 

8 A particle, P, is projected vertically upwards with a speed of 30 ms”'. Two seconds later, a second 
particle, Q, is also projected vertically upwards with a speed of 30 ms”. 


P and Q collide when P has been in motion for t s. The acceleration due to gravity is 10 ms“ 
vertically downwards. Find: 


a the value oft 
b the height above the launch point at which the particles collide 
c the velocity of the particles at the point of collision. 


9 ‘The velocity-time graph represents — 20 





the motion of a particle moving 16 
in a straight line. E j 
a Find the acceleration > 
during the first 6 seconds. E 
> 


b Find the total distance 
travelled during the 


i 12 | 24 
23 seconds of motion. 


time s 


Chapter 22 Test 1 hour 


1 A point moves in a straight line such that, t seconds after passing a fixed point, O, its 
displacement, x m, is given by x= 36 sin B 
a  Findthe velocity of the particle when t= 2 s. [3] 


b Find the time taken to reach the point furthest from O for the first time during its 
motion. [3] 


Kinematics 








2 Á point moves in a straight line such that, t seconds after passing a fixed point, O, 


its velocity, v ms”, is given by v = 60t — 6f for t = 0. 


a 


b 


A particle moves in a straight line such that its displacement, s m, from a fixed point O 


Find: 

(i) the time at which the particle attains its maximum velocity 

(ii) the times at which the particle is instantaneously at rest 

(iii) the distance from O that the particle comes to instantaneous rest 
(iv) the speed of the particle as it passes O again. 


Describe the subsequent motion of the particle. 


! 36 
on the line at time t seconds is given by s= 2 + aT t= 0. 
t+ 


Find: 

a the distance from O of the particle at the start of its motion 

b thetime at which the particle is 8 m from O 

c the velocity of the particle when t= 2 s 

d the distance from O that the particle approaches after a long time 
e an expression for the acceleration of the particle 

f the acceleration of the particle when t= 2 s. 


The acceleration of a particle, t seconds after passing a fixed point, O, is given 
by a = 10 — 6t for t = 0. It passes O with a velocity of 24 ms”. 
Find: 


a 
b 
c 


d 


the time at which the particle has its maximum velocity 

the time at which the particle is instantaneously at rest 

the distance from O that the particle comes to instantaneous rest 
the time taken for the particle to return to O 


the speed of the particle as it passes O again. 


Chapter 22 


Examination Questions 


I 


Á car moves on a straight road. As the driver passes a point A on the road with a speed of 
20 ms ', he notices an accident ahead at a point B. He immediately applies the brakes and the car 


| at ! 
moves with an acceleration of a ms ^, where a— —-6andtsis the time after passing A. When 


t= 4, the car passes the accident at B. The car then moves with a constant acceleration of 2 ms * 
until the original speed of 20ms ' is regained at a point C. Find 


(i) the speed of the car at B, [4] 
(ii) the distance AB, [3] 
(iii) the time taken for the car to travel from B to C, [2] 
Sketch the velocity-time graph for the journey from A to C. [2] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P2, Qu 11] 

The speed v ms ' of a particle travelling from A to B, at time t s after leaving A, is given by 
v= 10t — £. The particle starts from rest at A and comes to rest at B. Show that the particle has a 
speed of 5 ms"! or greater for exactly 445 s. [5] 

[Cambridge IGCSE Additional Mathematics 0606, Nov 2002, P1, Qu 3] 
A motorcyclist travels on a straight road so that, t seconds after leaving a fixed point, his velocity, 
v ms ', is given by v= 12t — t^. On reaching his maximum speed at t = 6, the motorcyclist continues 
at this speed for another 6 seconds and then comes to rest with a constant deceleration of 4 ms *. 
(i) Find the total distance travelled. [6] 
(ii) Sketch the velocity-time graph for the whole of the motion. [2] 

[Cambridge IGCSE Additional Mathematics 0606, Jun 2003, P2, Qu 9] 
A particle travels in a straight line so that, t s after passing a fixed point A, its speed, v ms ', is 
given by v= 40(e * — 0.1). 
The particle comes to rest instantaneously at B. Calculate the distance AB. [6] 

[Cambridge IGCSE Additional Mathematics 0606, Nov 2003, P2, Qu 6] 


A particle travels in a straight line so that, t seconds after passing a fixed point A on the line, its 
acceleration, a ms *, is given by a = —2 — 2t. It comes to rest at a point B when t = 4. 


(i) Find the velocity of the particle at A. [4] 
(ii) Find the distance AB. [3] 
(iii) Sketch the velocity-time graph for the motion from A to B. [1] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2005, P1, Qu 11] 


Kinematics 


423 





6 A particle moves in a straight line so that, t seconds after leaving a fixed point O, its velocity, 
v ms ! is given by v= pt“ + qt + 4, where p and q are constants. When Í = 1, the acceleration 
of the particle is 8 ms”. When t = 2, the displacement of the particle from O is 22 m. Find the 
value of p and of q. [7] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2006, P1, Qu 7] 


7 A particle, moving in a straight line, passes through a fixed point O with a velocity 14 ms”. 
The acceleration, a ms ^, of the particle, t seconds after passing through O, is given by 
a= 2t — 9. The particle susequently comes to instantaneous rest, firstly at A and later at B. Find 


(i) the acceleration of the particle at A and at B, [4] 
(ii) the greatest speed of the particle as it travels from A to B, [2] 
(iii) the distance AB. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Jun 2007, P2, Qu 11] 
8 A particle travels in a straight line so that, t s after passing through a fixed point O, its speed, 
v ms | is given by v=8c0s iz] 
(i) Find the acceleration of the particle when t = 1. [3] 
The particle first comes to instantaneous rest at the point P. 
(11) Find the distance OP. [4] 
[Cambridge IGCSE Additional Mathematics 0606, Nov 2007, P2, Qu 9] 


9 Á particle moves in a straight line so that, t seconds after passing through a fixed point O, its 


velocity, v ms ', is given by v= ME Find 

(2t -- 4) 
(i) the velocity of the particle at O, [1] 
(ii) the acceleration of the particle when f= 3, [3] 
(iii) the distance travelled by the particle in the first 8 seconds. [4] 


[Cambridge IGCSE Additional Mathematics 0606, Nov 2009, P2, Qu 9] 





Term test 6A (Chapters 20-22) 1 hour 
1 Differentiate with respect to x: 
a (3-x»)ln(2x— 3) [3] 
b — 4] 
Ie 






zu Chapter 22 


1) 0 
| and j = i] represent a unit vector due east and due north respectively, 


2 ‘The vectors i= | 
the units being km. 
ið 
A patrol boat moves with a velocity ; km h~ to intercept a suspected smuggler. 


24 5t 
The path of the smuggler's boat is given by r ¿ "i where t hours is the time since it was first 
noticed. 


All measurements are made relative to the coastguard station at O (0, 0). 


Ir 
The patrol boat was initially resting at the point 3 km. 





a Find the speed of (i) the patrol boat, and (ii) the smuggler's boat. [1] 
Express, as a vector, the position of the patrol boat at time u hours after the time that 
it was first noticed. [1] 
c (i) Find the time taken for the patrol boat to reach the path of the smugglers boat. [2] 
(ii) Find the position of the smugglers boat at that time. [1] 
(iii) How long will the patrol boat have to wait until the other boat reaches this position ? [2] 


3 Á particle moves in a straight line so that, t seconds after leaving a fixed point O, its velocity, 
v ms is given by v = 12 cos 4t. 


a  Findan expression for the acceleration of the particle at time f s. [2] 
b  Findan expression for the displacement of the particle from O at time t s. [2] 
c Find the time taken for the particle first to come to instantaneous rest. [2] 
d Find the amplitude of the motion. [1] 
4 a If y=xe*, show that xe* = X — e*, [2] 
b Hence evaluate | xe" dx. [4] 


5 ‘The points A, B and C have position vectors a = 5i — 2j, b= 7i + 6j, and c = 3i + 4j, relative 
to an origin, O. 
a Eind|atbtcl|. [2] 
b Find the values of A and u such that Aa + ub = c. [3] 
6 A particle starts from rest at a point, A, and moves with a constant acceleration in a straight line. 


It passes point B with a speed of 16 ms''. At a third point, C, its velocity is 24 ms '. Given that 
BC = 120 m, find: 





a the time taken to travel from B to C [2] 
b the acceleration of the particle [1] 
c the total distance from A to C [3] 
d the total time taken for the journey. [2] 





Revision practice paper 





Examination advice: 


10 


11 


12 


13 


14 





Write clearly and neatly. You do not want your examiner to misread what you have written. 
Use black ink. Dark blue is acceptable but black is better. 


You can use coloured ink and pencils for drawings but do not use red. 

Use a ruler for straight lines. 

Make sure that you answer the question that is asked. 

Coordinates should be written as (3, 4) and not x 23, y = 4. These are equations of lines. 
Underline your answers to make them easier to find. Do not hide them away in the middle of 
rough working. 

You are not allowed to use corrector fluid, pens or tape. If you know that something Y77777777 
is wrong, cross it out neatly. Maybe draw a box around it and cross through it, but 

dont waste time doing it. Make sure it is obvious which bits are crossed out and which are not. 
If you have to use extra paper, make a note on the correct page telling the examiner where your 
new answer is. 





You should always write a calculated answer more accurately than required and then rewrite it 
with the correct number of decimal places or significant figures. 

Do not use an approximate result (a previously rounded answer) in a subsequent calculation. 
Make use of your calculator memory facility to save calculated results so that you do not have to 
key them in again. You could easily make an error in your keying in. 

If an answer is given in the question, you will need more explanation than normal of how you 
got the result. 

Make sure you have all the equipment that you need. You will not be allowed to borrow anything 
for the examination. Keep a checklist of the items you need to take with you. Also note those 
items that you should not have with you. 

Remember that your pencils, pens, ruler, etc. should be in a see-through package (maybe even a 
plastic bag) with no writing on the outside. Coloured pencil cases or boxes are not allowed. 

The examination lasts for 2 hours. Try not to waste time going to the toilets during the 
examination. 

Read the instructions carefully. 


Finally, good luck and enjoy the experience. 

















Practice paper 1 2 hours 


sin Á ] cos A 


1 Show that —— —— + ———— can be written in the form p cosec A where p is an 
l + cos A sin Á 
integer to be found. [4] 
2 a Copythe Venn diagrams below. Add two sets, A and B as indicated. 
(i) (ii) 
BCA ANB= Ø [2] 


b The universal set, 6, and sets S and T are such that n(€) = 30, n(S ^ T^) 29, n(S' e T") = 10 
and n(S rn T) - 7. 


Find : 
(i) n(T) [1] 
(ii) n(Su T) [1] 
(iii) n(S c» T) [1] 
3 a Sketch the graph of y = | (x — 1)(x + 3) | for-5 = x = 5, showing the coordinates of the 
points where the graph meets the x-axis. [3] 


b Find the range of values of k for which the equation | (x — 1)(x + 3) | = k has 4 solutions. [3] 
4 The region enclosed by the curve y = 3 cos 2x , the x-axis, the y-axis and the line x = a is 
1 square unit. Find the value of a. [6] 
5 Solve the simultaneous equations: 
2/^ X94 2] 


32" x16! 24 | 
[7] 


6 a Matrices A, B and C are given by 


1 4 sl ið 2 
| 2 o3 | | & 3 = | 
Write down, but do not evaluate, all products of the matrices A, B and C that are 


possible to find. [2] 
b Matrices P and Q are such that 


{5 = “és. | 19 12. 
R= g 2 M udi «d 


Find the matrix P. [5] 


E oU bo 


Practice paper 1 











10 





O 


5 Q R 


The diagram shows a sector of a circle of radius 5 cm. 


The chord PQ has length 6 cm and angle OPR is a right angle. 


a 
b 


C 


a 


b 


Show that 0 — 1.29 rad. 

Find the perimeter of the shaded region. 

Find the area of the shaded region. 

(i) How many numbers in the range 1000 « x « 10000 can be formed from the digits 
1,2, 3, 5, 8, 9 if no digit is repeated? 

(ii) How many of these are odd? 

(iii) How many of these odd numbers are greater then 4000? 

Six members of a class of 12 will be selected to go on a trip in the school van. 

In how many ways can this be done if Sally will not travel with Ahmed 

(given that both Sally and Ahmed are part of the six members selected)? 


A cylinder has a radius r cm and a volume of 5000 cm“. 


d 


b 


Find the total surface area of the cylinder and express it in terms of r only. 


Given that r can vary, show that the surface area has a minimum value and find that 
minimum. 


A ship leaves a port, A, and travels at a speed of 34 km per hour in the direction 8i + 15j, 
where i is the unit vector due East and j is the unit vector due North. 


d 


b 


C 


Write the velocity of the ship in terms of i and j. 
Three hours later, the ship passes a lighthouse. Find the position vector of the lighthouse 
relative to P. 


Find the position vector of the ship t hours after passing the lighthouse. 


When the ship passes the lighthouse, word is sent to a group of pirates waiting in a 
speedboat in port B, whose position relative to port A is 128i + 130j. They leave with 
a velocity of 24i + 10j km per hour to intercept the ship. 


d 


e 


Find the position of the pirates t hours after leaving port B. 
Find the value of the time, f, at which the pirates intercept the ship and the position 
vector, relative to port A, of the point of interception. 


11 Solve the equations: 


d 


b 


C 


3 cos*x + 2 cos x = 0 for 0° = x = 180° 


5 sin’ y — 2 cos y + 1 = 0 for 0° = y = 360? 


X 
tan (32 - z) =] for0 = z = 27 radians 


Revision practice paper 


Answers 
Chapter 1 





Exercise 1.1 
l e 12,3,5,7, 11, 13, 17, 19) f (1,2,3,4,6,9, 12, 18, 36] g (225,256, 289, 324, 361, 400] 
2 a A-ix:xisa positive even number less than 12] b B-íx:xisafactor of 12] 
c C={x:x isa triangle number less than 16} d  D=(x:xisa square number} 
e E={x:xisan odd number between 10 and 20! f F={(x, y):x+y=5,x, ye N} 
g = {(x, y, z) :x < 9 and (x, y, z) is a Pythagorean Triple} 
3 a Ac-lll b B= {Prime Numbers! c C={Square Numbers} 
á a A={2,4, 6,12, 18, 36} b B={-4,-3,-—-2,—-1, 0, 1,2, 3, 4} ¢ C-21L3,5,7, 9, I5] 
d D={17,20,23, 26, 29) 
5 a T b F c T d T e F 
Exercise 1.2 
] a ji 








ü) 12 ^) 14 | (i) 


5 

(ii) 2 (ii) 2 (ii) 4 
(iii) 11 (iii) 13 (iii) 4 

| (iv) 17 (iv) 13 (iv) 5 





3 a n(4+n(B)=n(A r» B) - n(A UB) 


Exercise 1.3 
la aePAQ'AR b bePnhQnR' c ceP'r3QnR' d dePnQ'nR 
e eePnQnR f feP'OnQnR g geP'àQ'àR h heP'nQ'nR' 
























3 a HCE b HaM=ð c n(Mn E)=32 
d Students who study Economics but not Mathematics nor History 
e Students who study Economics or Mathematics but not History 
4 a (Dnpec 
b DaC=ð 
c n(C)»n(DonJ) 
d Shoppers who are dog owners but they neither drive a car nor jog 
e Joggers who drive a car, or dog owners 
f All shoppers who do not drive a car are joggers. 
5 a (i) € (ii) €f 
b (i) éj 
They are the same. 
6 a 
b 
They are the same. 
7 a € 
b 


c They are the same. 


Answers 

















b ()é 


c They are the same. 





Exercise 1.4 
1 8 i 2 3 10 4 25 5 10 6 17 19 
8 a 45 b 19 c 30 9 a 15 b 35 45 
10 a greatest — 16, smallest — 6 

b greatest = 10, smallest =0 
ll a y-x-13 

b Maxíx)-225 Min (x) = 13 

Max (y) = 12 Min (y) =0 

12a y=2x 

b Maxín(A)-242 Min (n(4))=26 
Chapter 1 Summative Exercise 
l a 123,29,31, 37] b 181,100, 121, 144, 169, 196} C {1,2,3, 4, 6,9, 12, 18, 36] 


2 a 16,7,8,9,10,11,12,13, 14, 15] b 10 c {7, 11,13} 





4 a BcC b ANB=0 c ENC=4 

5 Examples: 

a All carrots are vegetables. 

b There are no Siberian flying squirrels playing for the Calgary Flames hockey team. 

c Every student in the school is either a girl or a boy. 

d In amixed school, the number of pupils who are not girls is greater than the number of teachers. 
a 


6 b ær 








Answers 








ate Eg 


vegetarian 





a 154,60,66] b (50,51, 52, 54, 56, 57, 58, 60, 62, 63, 64, 66, 68, 69, 70} 


(A c BYU (A m B) or (A' v B) (A UB) 


a 115 b 40 
a eP b 656 Sor65¢ sS 





8 a n(é)=86 b Cc(BnP) 





10 78 


Answers 


2 
3 
4 a n(6)z20,n(P)- 12, (E) - 14, n(P ' E) 2 3 
5 
6 
7 


c 60 


b 23 


b n(POE)=9 


c ¿8nmP=Worn(SniP)=0 


c n(BraConP)z30 


d 


d 260 


d n(PON)=10 


n(P n B’)= 


15 





Examination Questions 


1 a (i) gj (ii) g 








b (i) Max 10; Min 6 
2 a (ANB (ii) A UB 
b (i) €l 





3 (i) Some vegetarian students are over 180 cm tall. 
(ii) Students who are over 180 cm tall do not cycle. 
(iii) (BrqYC)cA' 


4 (i) 
(ii) 





b (XnmY)Uu(X AY) 
6 a (i € 











(iii) n(Or»5) 24 


(ii) ANCAB 


n(Qu §)=54 


Answers 









T 








(Xu Yy 


(D PAD nT’ 


(ii) 


10 (i) AU(BAG 


Chapter 2 

Exercise 2.1 

1 à 5 b 

2 a t b 
9 

3 a 8 b 

4 a > b 
25 

5 a Eon b 
81 

6 a 2 b 

g 2 h 








rere Answers 





n(B^) = 16 





XUY 


(ii) PAD’ AT 





(iii) (CA D)=6 


b 180 000 


(ii) A r^ (Bu C) 





qa & 
Mob 
i * 
En + 
| Et] 
E 
E o 


a 275 

d 78 - 6153 

g 3-16x- 8 54 
x-5,y--1 
x=2,y=1 


Exercise 2.2 
l a 246 


e 843 


2 a 





6 34cm 
a 2-«643 


J5] 


2 


10 a 





The decimal part is exactly the same. 


Chapter 2 Summative Exercise 


I a 22 b 3 
2 a 3 b 5 
3 a p=3x,q=8-2x 
4 a 242 
5 a v2 

2 
6 a ENE 
7 a I2 
8 a 55 

2 


38x +6 c 5 13 4 6x d 2-8x 
ge- IR 1 Bl —]4x j 2 = Ade 
d c 0 d 1 
2 : 
m i 3 | 2 
3 J 
| 
— o lor-3 
2 
b 355? 
e qua -345 glir- 12 
h 33x - 14 5 H-$ 
b x=2,y=4 c x=3,y=-2 
b x=5,y=2 C x=4,y=3 
b 545 c 742 d 
f 945 g 1643 h 
b 54/3 c 1142 d 
f -345 g 2045 h 
3 24/30 
b — fe d 
2 J5 
f 642 g 10 h 
3-42 l 
b e c 2-45 d 
-124114/2 wr es 
y S p AAA h 
14 3 
44-45 € e d 
7 43 cm 
b 40545 
b 1.618033989 
c 5 d 22 
c 72 
b p=6x-18,g=2x-6 
b 343 c 445 
b 4 c 943 
1 a 
b -(2+47) c 5115) 
p Í 2 
2 32 
b 1.3 
H 3 


e 3x2 
k 3*9- Je 
5 
2 


k | 


€ 2-10 3-6 


f glie +é 
| 54 + 15x 


p B 


f J-léx 32x +19 
1 qas lx 3-14 + Ex 


d 





2 
3/5 - 2 
8 429m 


x=1,y=5 


e 3422 


c 0.618033989 


e xw 


c p=llx,q=2x-8 


d 


d 


d 


743 

4/7 

| 
3043-12) 


Answers 





9 a [5-42)-(3* 42)! 222- 1242 b 4xl(5-42)8442)-22- 242 c 44-142 
2 
d Using Pythagoras, the length of the diagonal of the rectangle is /44—144/2 


We 2(1445)42- (44 245) d Scale Factor = -(3 +5); CD = (3 + V5) = EA 
e c=ld=le=4 : 


Chapter 2 Test 


1 3 3 7-443 
3 b Sud) " N2(1--3) 
3 11 E 
i gel, ya 5 x-4y-3 6 4443 
2 2 
7 b 124443 8 62—3543 9 x-2,y--1 
Examination Questions 
1 (/8— 3)m 2 A 3 (i) 43-245 (ii) 76- 144/15 
4 1842-25 5 y=-2 F 
6 a x=2 b p=-2,q=1 A - 8 242445 
9 =5y=9 10 (i) 2+ 43 (ii) 24/3 
lla a+b b 4 
à 2 
12 (i) 3^" (ii) 3^ (i) = 
s 3 
13 a-19;b - -8 14 3 243 15 x=7 
Chapter 3 





Exercise 3.1 
1 a 5040 b 3628800 c 1307674368000 d = 2.43290200817 x 10" e 24652528598 x 107 
f 30240 g 6720 h 360 i 7920 j 2730 
k 35 1 36 m 924 n 2002 o 455 
2 a 13! b 69! Your calculator may give different results. 
3 a 6-654321 5 x2= 10 so there is one zero. 
b 20! has 5, 10, 15, 20 so there are 4 zeros. 
c 30! has 5, 10, 15, 20, 25, 30 so there are 7 zeros (25 is 5 so this provides 2 zeros) 
4 a 60 b 120 c 120 5 a 6/20 b 20160 c 40320 
6 1200 7 a 210 b 600 c 2160 
8 5640 9 a 48 b 72 l0 a 12 b 3 
Exercise 3.2 
l a 60 b 1680 c 151200 d 15120 
e 42 f 12 g 19958400 
2 336 3 729 4 720 5 40320 6 24 
7 a 300 b 240 c 240 
8 a 2184 b 1248 c 120 d 1008 
9 a 10 b 28 c 210 d 126 
e 21 f 6 g 495 
10 210 Il a 3003 b 1176 c 3546 
12a 720 b 36 c ó 
13 a 56 b 6 14 42336 






"EIE Answers 


Chapter 3 Summative Exercise 


I a 720 
2 a 60480 
f 60480 
3 a 56 
f 56 


b 40320 C 
b 151200 c 
g 151200 h 
b 210 C 

210 h 


362 880 d 479001600 
95040 d 1764322560 
95040 i 1764322560 
1716 d 125970 
1716 i 125970 


6 227 020 800 
27 907 200 
27 907 200 
86493 225 
} 86493225 


oo m 0 


4 eg, The number of ways of choosing 3 students from 8 to go on a trip is the same as the number of ways of choosing 
5 students from the 8 to leave behind. 


5 2 6 a 336 b 1680 c 6720 
7 315 8 a Combination b Permutation c Combination 
9 1 10 a 360 b 180 c 180 
lla 10! b 5184 c 864 
12a 2 b 70 c 40 
13 a 30 b 12 c 30 edges, 12 vertices 
Chapter 3 Test 
] a 18564 b 6720 c 8106 
2 a 2360 b 120 c 180 d 60 
3 a 362880 b 2880 c 5760 d 282240 
4 a 120 b 60 c 20 d 48 
5 a 74613 b 63669 c 4389 
6 a 3003 b 1050 c 3002 
Examination Questions 
1 (i) 720 (ii) 120 (iii) 48 (iv) 15 
2 (i) 56 (ii) 27 3 a 720 b 50 
4 (1) 210 (11) 95 5 (i) 252 (ii) 66 
6 (i) 126 (ii) 36 (iii) 72 
7 a 60 b 200 8 (1) 210 (ii) 7 
9 a 322560 b 40 10 a (i) 120 (ii) 36 
lla 3024 b 910 12 (i) 1890 (ii) 1050 
13a 450 b 240 14 (i) 1287 (ii) 531 
Chapter 4 
Exercise 4.1 
l a 17 b 10 c —21 d 180 e 3 
2 a ll b 13 c 17 d 384 e 8 
3 a 10 b 6 c d 14 e 3 
á a E b -ilzifi}:=7 e gxiel.;-5—5x...] 

d gllæt-ll, 8, 03, 2,1,4,7% e ye{l,27,125} f -6=<y=sl4 

g ye{2,3,4,6, 12) h 2=y=9 i h(x) e 10,3, 4} 
Exercise 4.2 
1 a (1)-8 (i1) fg : x1 10 — 6x b (i) -26 

| 3t : 
c (i) 4 mL x0 d (i)—8 
X 
e (1) 32 (ii) gf:x— 8— 6x f (1) -12 
24 
g (i) 0 (ii) gh: x->4—-—,x#0 h (1) 4 
X 


2 (i) hf | = 


= h(0) : 0 is not in the domain of h. 


(ii) hg(2) — h(0) : 0 is not in the domain of h. 
3 a fgfg(1) 2-14 fg'(1)=-8 


4 a x=5 


b x=3 


(v) 10 


(iii) 175 
b 96; 60 


j 9=h(x) « 16 


(ii) [^:x—9x-8 
(ii) ^g:x—28— 18x 
(ii) g":x > 4x-—4 


(ii) h^:xxxz0 


b fefg:x+>36x—50 (f'g':x—36x—44 
ë x=7 d x=6 


Answers 





Exercise 4.3 


a 1 Fixe» (1) 





4 g:xe 24-2) 5 hix (x-1) 6 His 
| 3 
x € {odd numbers] xe 2 = l, 3 2, s] 








10 gix E (x2) T hix» (x42) 12 hix (042) 


xad 2147.1 xe 11,8, 5,2, 1,4, 71 









CENE Answers 


l 
15 g`: x > — 
5 X 





16 g^:x—4-x Note that in Questions 15 and 16, the functions are self inverse: 
=] 
AY B =E 





—10 
Exercise 4.4 
la 1)=f3)=0 2 a f(-3)=1(3)=5 
b f(3)z-1 b f(x)z-4 
c 22 Cc a=0 
e g'isareflection of e g'isareflection of g 


gin the line y z x. in the line y =x. 





3 a Lh':xex-4,x-—4 
b h'isareflection of hin 
the line y = x. 


4 a flix>ydex,x=4 
b  f7lisareflection off 
in the line y= x. 








Answers 








Exercise 4.5 


i. d (fg) Za- 


2 a y b jfí:x—9x-6x-4 C x=3 

3 a R-{1} b R-{0} č (hf)? xl Domain: E — (0) Range: E — {1} 
3x 

4 a ER-12] b R— {0} c 0cxxl d (hj) ':xr> xp tede] 

X 

5 (g)" ixi | +2, for x> 3 

6 a jg(2)23 b pu ji x-3,x23 

Exercise 4.6 

l a b 











| Answers 











2 solutions, x € (1.5, 3] 


Chapter 4 Summative Exercise 7 








] a 5 b 7 e 2 a. == 
2 a f()=-A4 b f()eR $ 
3 a fix): x41 g(x); x #0 b f(x) # 1.5; g(x) € R 
4 a(i) fh:x20241)-1 (ii) fxn 7-1 

(iii) hg: x Í l Ja (v) hf:xe»Qx-1y41 

2—X. 
fh(x) » 1 fg(x) #—1 hg(x) > 1 hf(x) = 1 

b (i) f(1)-2  Thisis not in the domain of g. (ii) h(1)22  Thisis not in the domain of g. 

c(i) P:x2Q0x-10)-1 (ii) hiixe(x-c-1y-1 

3 2—X 1 

di) 5 (i) gu g aip 


5 a x=4 b x=2 

6 Whenitisl:1 

7  fí4) =£(0) => not 1:1 

8 a —2 b í[^!:x Jx43-2 C 


The graph of f~ is a reflection of the graph of f 
In the line y= x. 


9 a h!:xo-4x43-2 b 





10 a y = [2(x- 3) 








b -l<x<3 


b 0<k<9 





13 a f(13)=5 b x=25 c fix (a + Dix» 05 £1 (x) >= 


Answers 





Chapter 4 Test 
lado y b f(x) = 2 

















| x-2 
£-1 MET. OU uiia) 
& [3323 3 
2 a t(2)=3— Not in the domain of g. b tg= =-1 
X-—: 
c R-10] d g'(x)=3+ E domain E — {0}, range R — {3} 
3 =l, 1 E 
4 c a=4b=-3 
> y 
y =|x-d] 
sa 2 h c3 c R-(-8,4) 
xl 
Examination Questions 
1 (i) y (ii) xe E | 
5 
. | SXx+11.. PN ; eii A 
2 (i) Fixe = x#3 The graph is symmetrical about the line y = x. 
X— 
(ii) xe {— 2,5] (iii) —2 





3 (i) 7=<fl() =8 (ii) 0= g(x) = 8 (iii) -7 =h(x)=2 Only f has an inverse 


4 (i) y (ii) ES f(x) = 3 (iii) x € (0.5, 2.5} 
(iv) 2 (v) g^! :x-»—2x-1 
2 





5 (i) gf (ii) g 'f (iii) f'g 

6 (i) fixe l(ee2&gs ix E (ii) 8 (iii) x 23 
3 T-X 

7 (i) y (ii) x € (4, 6] 





2x+6 
8 (i) fe(x)= = 
(i) fg(x) "E 





(ii) " 
9 (i) Rx)z2 (ii) Pl :x>(x-2)+33x=>=3 (iii) 44 
Term test 1A (Chapters 1—4) 








2 24245 

3 a 330 b 250 c 168 

4 a fíx=-1 b fg(x)z(5—-2xy-1 c -L6 
d fisnotl:1 e guix= 6-3 f 


5 a n(6)-50,n(Sr W)=5, n(W) = 35, n(S ^ W) = 20 
b 











7 a 462 b 281 


Answers 





Chapter 5 





Exercise 5.1 

I (xt2)}#2 2 (x+4)*- 19 3 (x-3y-16 á (x-3P-7 5 (x—5)*-40 
6 (x-1)+4 7 (x-2y-45 8 (x-6)y—33 9 (x-8)+6 10 2(x 43) —27 
11 3(x-2) +3 12 4(x- 2) - 19 13 2(x- 2p - 3 14 3(x-3y +2 15 4(x—-2y—4 
16 —(x+2)°+7 17 -(x—-1Yy-1 18 -(xH3) #14 19 —(x-1Y-9 20 —3(x —3y #7 
21 —5(x+6)* + 105 

Exercise 5.2 

1 min2;x--2 2 min-19:x-z-4 3 min-l6:x--3 4 min-7:x=3 5 min-40:x=5 
6 min4;x=1 7 min5ix=2 8 min-33x=-—6 9 min6é;x=8 10 min-27; x 2—3 
11 min 3; x=-2 12 min -19: x = 2 13 min 3; x zZ 14 min2:x=3 15 min-4: x ZZ 
16 max7;x——2 17 max—l;x=1 18 max 14; x 2 —3 19 max -9;x- 1 20 max /;x=3 


21 max 105;x=-6 


Exercise 5.3 
1 








22 k=-3 23a 49m;ls b 25 


ERES Answers 


Exercise 5.4 
1 xe&í-4,—3] 
6 xel4,2) 


11 x€1-1,6] 


l6 x 


21 
26 x € {1,5} 


31 


36 
41 xe (4,3) 


46 xe 2,5) 


51] xe | | 
A 


Exercise 5.5 

I -—3:0 

6 0;2equal 

11 0; 2 equal 

16 0; 2 equal 

Al —24; 0 

26 56;2 unequal 


7 

12 
17 
22 
27 


0; 2 equal 

0; 2 equal 

132; 2 unequal 
—36; 0 

64; 2 unequal 
—72; 0 


Chapter 5 Summative Exercise 


1 (x—4y— 11 
2(x— 3)* —7 
—2(x + 3 29 
Min —12, x 2 —3 


4 
Max 40 = = 


E Fe Ee 





g Max-1,x=1 


(3, -23) 


rire o 


8 

13 
18 
23 
28 


x € |-6, —5] 
xe {3,5} 


76; 2 unequal 
160; 2 unequal 
0; 2 equal 

304; 2 unequal 
28; 2 unequal 
84; 2 unequal 


(x+6)* — 27 


3(x 
3(x 


Max 14, x 2—2 


Min 4 x=-— 


+ 3)'- 19 
+2)-5 


y 
4 


Max 8, x= 1 


(2 , —5) 


19 . 


29 





x € {—5, 3] 5 xe {-6, 2} 
xe {4,5} 10 xe {-3, 5} 
2 | Á 
reo EI 15 xe4-4, E 
3 2 3 
x € 4-5, -1] 20 xe {-5,—3} 
x € {-6, 4] 25 xe 13,4] 
x € [-2, 4] 30 xe i-1, 4} 
| Á 
xe I. 3} 35 xe B | 
Es 3 
x € {-5, 22] 40 xe {-5, 2} 
xe {1,5} 45 xe {3,6} 


l 
rej25 50 x 
3 


XE E 3! 
2 


64; 2 unequal 5 28;2 unequal 
—16;0 10 —20; 0 
—24:0 15 216;2 unequal 
24; 2 unequal 20 0; 2 equal 
-4:0 25 0;2 equal 
800; 2 unequal 30 2100; 2 unequal 
c (x—5y-32 
f 5(x—1)—17 
i —3(x+1)?+7 
c Min-12.25,x=0.75 
8 
f Min 371, x=- 
3 3 
i Max £ x= 2 
3 3 
Č y 


(1, 4) 


Answers 









9 


Bog mE» 


go A & 





(2, 11) 





(1,0) 


13; 2 distinct roots 
128; 2 distinct roots 
1; 2 distinct roots 


3 
7 
==, 3 
3 
5 
E ai 
4 
1,5 
12 
23 
2 10 
3 3 
0.268, 3.732 
—0.194, 0.860 
—3.186, —0.314 
-3cx<) 
5 3 
X<—— 0r X>— 
2 2 


3 cm by 7 cm 


25 

10 b A=—x(4-x) 
12 

11 12, x=2 

12 a A=100x- — 





^ 


LER Answers 


T Po F 


T mo 





0; 2 equal roots 

28; 2 distinct roots 

73; 2 distinct roots 
3 


= ME. 


1 
22 
| 11 
22 
—1.667, 1 
—1.380, 0.580 
—().443, 1.693 


x«-3orx»4 


FÁ 
Max A =2,x=2 


Max A = 5000 m^, x= 100 


(2, —7) 





l; 2 distinct roots 
— no real roots 
89; 2 distinct roots 


—1.721, 0.387 
0.326, 7.674 
1.935, -0.287 











x2 








Ex) [4 


Chapter 5 Test 
1 fíx)=10 
2 a (12 (ii) 3 (iii) O 

b (i) {-3,-1,2} (ii) 1|—4,—3, —1,2] 

c Z = [all real numbers] 
3 a is =) — 16 

2 

b 

c 
4 -l<k<7 

i 9x 2 
5 a E x> — b Pio ii c 0,8 
x4l xz 

3-3-2 <-243,3 
7 k<-24,0rk>0 
8 a 2 b 0 
Chapter 6 
Exercise 6.1 
1 Touches at (2, 6) 2 Intersects at (—1, 12), (2, 15) 3 Intersects at (—2, 5), (—1, 4) 
4 Intersects at (—3, —4), (2, 6) 5 Misses 6 Touches at (—4, 6) 
7 Misses 8 Touches at (1, 4) 9 Intersects at (—5, 8), (3, 0) 
10 Intersects at (1, 6), (s. 2) 11 Intersects at (—2, 1), (3, 11) 12 Misses 
13 5 14 k« -9— 15 ke(-3,5] 

10 

l6a 14 ms! b —s 
17 8,9 18 16 cm, 9 cm 
19 a p+q=15, pq=36 b 3,12 c x-—15x+36=0 
Exercise 6.2 
i 3 á -2 4 

£— 3 
4 





Answers 





448 | 








13 
16 
19 


22 


25 


28 


3l 


x<Zorx>5 
x=-lorx=4 
x=-—Zorx=3 


2 l 
X*—— OFX > — 
3 2 


x =3-,/13 orx 234 413 
2—4fi0 orx> = 





XZ 
2 
10 — 460 < width < 10 


Chapter 6 Summative Exercise 


Í 


a Intersects 

d Intersects 

g Does not Intersect 

d (-1,-8); (2,2) 

a (1,-2) 

d (5,15) 

a x«-4Jorx»5 

d xs- - orx=5 

3 

g l<x< = 

di 2 
= n 
+ co 

C —2 
= 0 





S|+ eju 





14 
17 
20 


23 


26 


29 


Tric parro oS 


-5<x<l 
x=-—Jorx=3 
x</orx>4 


3 
x&-20 x> -— 


—5— J41 —5-4- 4/41 
—— &x«———— 


2 


HE 


2 
9—/129 _ 


p 
—— == f= 


6 6 


Intersects 
Touches 
Touches 

(-2, BE (1, 5) 
(—3, 12); (4, 19) 
(—2, —8); (4, 4) 
(2, 1) 

(—2, 8) 

(- 4, =) 
—-3<x<6 


+/+ + + 


94-4129 


f(x) 











2lx=-5orx= | 


3 
24 Ve orx>2 


27 x=3-43 orx=3+48 


55. 5 
X 


4 4 


= 





In 


30 





c Does not intersect 
f Intersects 


f They do not intersect 


c (5,-11) 
f (-1,11) 


o|* ala 


+/+ + + 














e -3 -] 2 f -4 —] 2 
x-2|- = - - - 0 + x-l1|- - - + + 
ERE]: U + + + # x*4|-—- Ù + + ^ + 
„tl|= = — 0 + + x-Aà|e — = = l D + 
fx) |- e + © - 0 +4 fð l- 9E + 0 — æ + 
g -2 -] 3 4 h —4 —3 2 4 
x-3|- = - - - & + + + xi = — 0 + + + + + 
x+2|- 0 + + + + + + x-2/- - =- = - 0 + + + 
x+1]/- - - 0 + + + + xt4|—- 0 + + + + + + + 
ral - - - - - - 0 + rado - =- = - - 0 + 
fx) |} + O0 => co + 0 - æ + fix) |} + ve — 0 + 0 - e + 
6 c>-30 7 (-3,-55 (5,9) 8 (—6,—5); (6, 5) 
9 p=Dorpæl 10 6,9 11 7 cm, 12 cm 
12 —5,7;x? —2x-—35=0 13 4 3-8, 25 b x=-1.5, y=145 
14 2=x=6 15 a 2 shorter edge = 11 b 11 = longer edge = 20 
Chapter 6 Test " gus a Ng 
1 (3,1 a 2, 3) 2 (2,2), (3,2) 3 2,—2 (95) 
); (5; 3) d laa ( ) o 
4 
4 Qe 5 —18«m«-6 6 (-1,—2),(5, 2) 
7 (2,—5),(5,-3) 8 (-6,2) (3, —4) 
Examination Questions 
Í 3 2 0=k 3 (i) x<2orx>6 (ii) O<x<80<x<20r6<x<8 
4 k<<6 5 0=k=4 
6 x<4dorx>9 7 c €1-12,12] 8 a m=-1.25 b c=2,d=15 
l 
9 3 rum 10 (i) ke{-16,16} (ii) (-2,10),(2,-10) 11 (1, 5), (3, 3) 
12 x<-lorx>2 13 —-13«m «3 14 E 


Chapter 7 





Exercise 7.1 

1 a +4@b+ 6b? + dab + br 

2 a t+5a%b+ 1l0ab + 104*b* + 5ab* + D^ 

3 a+b +t labb + 20a°b + 15a*b* + bab“ + b* 

á @+7a®b+2la@bh +350b + 35ab' + 21a D^ + 7al^ +b’ 


Exercise 7.3 

] a’ + 8a’b+ 28a°b* + 566 by + 700 D? + 560 *b” + 28a7 b^ + Bab” + b 
2 1+4x+6x +4 4+ 2 

3 243+ 405x + 270x^ + 90x, + 15 tr 

4 64+ 192% + 240 + 16047 + 60x* + 12x^ + x* 


Answers 





Exercise 7.5 





b 


fi 


210 


59 136 
1180980 


1.60 


1 — 10x + 40x^ — 80x^ + 80x! — 32x^ 
729 — 2916x + 4860x* — 4320x* + 2160x — 576x° + 642° 


32 20x 45x: 2.9 4 2 p- I X 
8 128 1024 
_ BAÐ A 
| — =x + —x -—- — y 
| 25 125 


32 — 240x + 720x^ — 1080x +810x* — 243x* 
4096 — 6144x + 3840x^ — 1280x* + 240x* — 24x^ + x^ 


5 10 Í 

+ —x + —x + 300 + 1351 + 243x° 
243 27 3 

j ; 7 1 15 3 = Í = 

64+ 96x +60 -20x^ + —x'-—x H — xx 

4 8 64 


x? + 10x* + 40x* + 80x^ + 80x" + 32 





15 6 | 
x — 6x* + 15 — 20+ es 
x x 
d 455 
h —7741440 
d 0.970 


| 4x 10a° 16x + 19 + 16x t+ 10x° + 4x + 


| —6x + 15x? —20x°... b 


x^ 


120 


—85 


45 10 l 


l a l-4x-c-6xr-A4Ax-c-x 
c 8-1l2x+6x-x 
e PEPA E 
2 2 16 
2/ á 
g Rea Sut Sua 
8 64 
i 814+108x+54¢4 12x4x 
k 1+2x+ Sa 
3 27 
m LC 16 + 161 
16 
3 | 
o E oc, ee o 
64 8 
6 4 1 
2 a N TAE ; 
> X X 
C IFR 
x 
3 a —326592 b —960 c 
e 77520 f 438480 g 
4 a 1-30x+420x — 3640... 
b 1048576 +10485760x + 49807 360x^ + 149422 080x^ ... 
c 1-36x+594x*=... 
d 1+36x+612x + 652817 + 489601" + --- 
e 1+40x+760x + 91204 -77520x' +. 
L 12 | 11 1 Lo 
f B = 2 >) IH K 
2. 2 
g 65536 — 262 144x + 491 520x* — 573440x... 
35 5 
h 1-5x S eem. 
3 27 
5 a 1.2 b 0.785 C 
Exercise 7.6 
1 a 1+4u+6u*+4u'+ u’ b 
2 252 3 a 
4 SL 5 —512 
16 j 
6 a 1-5u+10u*-— 10u* -5u-—1i 
b 1-5x+ 15-30 + 45x! = 51x? + 45 — 30 + 154 = 5x? + x" 
7 a ið — 8x5 + 28 - 568 170 - 212. B. 
x" MR 
8 n=10;a=2; b= 960 
Chapter 7 Summative Exercise 
1 1] 10 45 120 210 252 
2 a @+3@b+3abr +h 


a’ + 9a°b + 36a lf + 8Aa*b^ + 126a°b' + 126215 + Bda? + 36a? b? + Sab’ + b? 
a? + 10a°b + 454b + 120a + 210a5b* + 252a + 210a? b5 + 1204 b + A5a? D? + 100 D? + b? 


Answers 























3 a l-cáxct6x lr b l1-4x-c-6x-4c--x 
Cc 16c-32xc-24x -8x x! d x—8x-c-24x'—32x4 16 
4 a 7x6x5 b 9x8x7 c 10x 9x8 d 14x13 
3x2x1l 3x2x1 3x2x1 2x1 
5 a 1-3x+3x-x b 16-32 + 242° -8x+1 c 27—27x *9x'- x 
d 16-9%96x+2l6x*- 2164 + 81x? 
380 40 10 l l6 32 24 8 
sm mts = pe ag 
x- a x X á x^ w^ xw o3 
| i. e | 6 28 8 1 
c x" L6 + 1554204 244 d EE + 280+ 5604 704 294, 28 , 8 ET 
x* x x X ^ xw ox X 
7 a 10264320 b 768768 c 1959552 d 672 e 495 f —560 
8 1+16x+112x+ 448x^ + 1120x: 1.171659 
24576 67584 112640 126720 101376 
9 4096— +—— - — —— ————; 3856.88702 
2 E P x 
10 a 64-576x+2160x* — 4320x b 1008 
lla 1-16x+112x —448x b -1232 
12a 9947042 b 99—7042 
13 @=3,n=12 
14 —24 15 5376 16 40095 
17 n=2a>+1 18 a=3,b=2,c=3224 
19 a jua na ib s UT gra b 5 
2 
20 a=-2,n=7 
Chapter 7 Test 
l a l1-cl0üx-r40x b 57 
2 495 
3 a 324+48x + 2x b -3,3 
4 a 1120 b 1125 
5 a 2434810x+4+ 1080x b a=2.b=-2 
6 a 15120 b 7560 
-1 
7 a yan Bigg tt ) 2 b 15 
3 18 
8 13440 
Examination Questions i 
1 64-4 192x + 240x^; 48 2 (i) 32— 80x +802 (ii) — 
3 (i) 243x° — 405x' + 2700... (ii) 135 2 
3 "- 
4 a —102 b k2—— 5 n=7ia=3b=238 
n—2 
a (i) 32+80x + 80x" + 40x + 10x? + x^ (ii) a=362; b= 209 
b -2240 
3 | 
7 n=öip=-5;4=-189 8 (i) k=3 (ii) —39 
9 3 10 (i) 32+ 80x - 80x... (i) —80 


11 (i) Lt 5x + 10x° + 10x + 527° 4+ 2 
12 (i) 1512 

13 (i) 32—240x+720x ... 

14 (i) 240 

15 (i) 64—96x-- 60x: — 20x? ... 


(ii) 41 +2942 

(ii) 504 

(il) a=2;b=9;c=-720 
(ii) 200 

(ii) 4 


(iii) 82 


Answers 





Chapter 8 


Exercise 8.1 


1 Ax —3x+ 13; —37 2 3x! — Ax 12; —27 3 2x°+x—5; 
4 x! — 7x + 26; —105 5 A+x—2; E! 6 2x^— 7x +18; 
7 2x7 —9x+ 31; —95 8 3x — 14x +52; —205 9 2x7 + 5x + 9; 
10 + 3x°4+14x4+ 60; 237 l1] 22 +9x+23; 67 12 x-x-4; 
13  x-5x-14; 44 14 2x'-5x-24; 101 15 2-x+3 
16 3x +4x4+4; 11 ly  2x-—5 lix 7 18. 3x-cl 
19 x+3 -x +1 A 7x—5 dx F7 21 2x- Į; 
22 3x7 20x + 10 23 x+4; 4x 24  2xX—5 
Exercise 8.2 
I —37 2 -37 3$ d 4 —105 5 4 6 
7 -—95 8 —205 9 Il 10 237 11 67 12 —Y 
13 44 14 101 15 1 16 11 17 > 18 — 
; | 
19 E 20 38 
8 27 
Exercise 8.3 
Í a=1 2 a=5 3 a=9 4 a=4b=-—9 5 a=—-Hhb=-2 
6 26 7 31 8 a=0 9 a=-5;b=4 10 a=2:b=2 
Exercise 8.4 
1 b f(x)s(x42)(x- D(x-2) c xel2,1,2) 
5 

2 b fíx)=(x+6l(x+2)1Qx- 5) c xe |-6 —2, 1 
3 a (i) f(x) (x*-2)Y(x- D(x-3) (ii) x e [2,1,3) 

b (i) f(x) 2 (x 4)(x 4+ D(x- 1) (ii) x e [—4, 21, 1] 

c (i) f(x) = (+ 5Y(x-2)x- 1) (ii) x e (—5, -2, 1] 

d (i) f(x) = (x 3)x—-2)x-2) (ii) x e (-3, 2} (double root at x = 2) 

e (i) f(x)2 (x 3(x— IYx— 4) (ii) x € [-3,1, 4] 


f (i) E) =(x+2)x +2) lx 2) 
g (i) f(x) = (+ 2)(x - 2)(x — 5) 
h (i) f(x) 2 (x + 5)(x+2)(x4+ 1) 


(ii) x e [—2, 2} (double root at x =—2) 
( 
( 
i (i) f(x) = (x 3x — 2)x — 4) (ii) x e {-3, 2, 4} 
( 
( 


ii) x € {-2, 2,5} 
ii) x € [-5, -2, -1] 


ii) x e (-3,2, 3} 
ii) x € {—2, 3} (double root at x = 3) 


j (i) fe) = (x 3)(x - 2)(x - 3) 
k (i) f(x) = (x+ 2)(x-— 3)(x —3) 


| (i) f(x) = (+ 3(x-2)(x — 4) (ii) x e [-3, 2, 4) 
4 a @ f()-(x42)0x4 i-i) (ii) sexi 

b (i) f(x) = (x-- 43x D(x— 1) (ii) re{-4,-2,1] 

c (i) (x)= (e+ 2)(x + 1)(2x-3) (ii) re (21,7) 


Answers 





| 
d (i) f(x)2(x-3)Yx-1)2x-1) (1i) x € (3-13 
e (i) (0) =(+3)Gx+ 1)(x-1) (ii) x (a | 
f (i) fl) =(x— D(x- 3Xx-2) (ii) «elis. | 
g (i) f(x)=(«+ 4)2x - 1)(x-1) (ii) velt - i 
| 
h (i) f(x) (x - 2)(3x - Dix — 1) (ii) x€ E S | 
. 3 
i (ij) f(x) = (x + 3)(x -—1)(2x-3) (ii) reja zi 
| | l 
j (i) fi)- (x-2)0x4 1Y(x-2) (ii) reich 
| l 
k (i) f(x) =(3x + D(x- D(x-2) (ii) xe (1,2) 
"7 2 
| (i) f(x) = Qx- 3)(x — 1)(x -2) (ii) reti l, ð 
Chapter 8 Summative Exercise 
Í a xx -7x#*26:-84 b 2x + 9x + 29: 125 € 3x7 -—20x+ 102; -514 
d 4x + 10x+ 15; 33 e x—6x'--9x—11;4 f 3x°+ 11ix'+ 29x + 86; 261 
€ Jst -l h 4° —7x+ 23: 90x + 50 
27 
2 a 4 b 6 c —136 ib e 65 f 831 g 3 h 4 
3 2 4 -6 5 2 6 3,-1 
7 b (x+2)(x+3)(x-2) c —3,-2,2 
8 b (x*2)0x- D(x- 3) o 113 
2 
A. a 3 
10a 3 b (x-1)(2x-3)(x+3) E 34.2 
ll a=1,b=-1 2 
12 a--3,b--1,c- 3; D is (0,3) 
13 (1, —2), (3, 4), (5, 10) 
Mb 21-42, 1442 c 4 
I5 a e ob Bl) 
b x-(a+p+ ya + (aB+ By+ yx- apy 
16 3<x<-lorx>2 
Chapter 8 Test 
1 b Bx-D060+1 (œ +1) has no real roots. 
2 a 12 b -42 
3 a=-2b=4 
4 —6,4,1 
5 a 2a+b=4 b (i) a+b-2 (ii) 3a +b 
6 a a--l,bzl2 b 18 C —3,2,2 
7 à a=-1,b=-22 b (x-45)x-2Yyx- 4) E -5,2,4 


Answers 








Examination Questions 





2 
1 (i) k=7 (ii) 200 2 (ii) b= Dc 
|a 2 
3 q-l1;b--11 4 re (2,55) 
A 3 
| 3-45 3445 _| 
5 (i) ae}, 2.2] 6 (i) a=10;b=-3 (ii) xe 3-45 uS a 
2 E: 2 
7 (i) fx) 2x! -6x-4 (ii) 5 (iii) xe(-1-43,—14 V3, 2} 
8 (ii) 3 | 
9a k=32 b x €1-2,3-45,3 +5) 
2 
1. 
11 a=-12;b=8 12 rejs, 3) 
Term test 2A (Chapters 5 to 8) 
la «@a=3,b=2,c=4 b f(x)=4 
2 a=4,b=-3 
3 a 1+12x+60x* + 160x b 460 
4 a a=19,b=-19 b (x+4)Gx-DQx-D ETF 
32 
5. 2,3 6 (—4,—2), (2, 4) 
7 a a-2 b n=4 
Chapter 9 
Exercise 9.1 
la 5 b 13 c 10 d 17 e 13 f 261 g 2/13 
h 52 i V41 j 845 
2 a (0,6) b (—56) c (1,—3) d (1,-1.5) e (-3,—5) f (0,-6) g (2,4) 
h (0,0) i (-2,-3.5) j (0,-3) 
3 a -> b 3 c —6 d —2 e l f 2 g 4 
3 5 
h -3 1 3 J = k 6 | —3 m 2 n == 
3 13 5 5 7 
3 
0 > 
2 
4 a GV b HP c DR d OG e SK f AH g NI 
h MB i FU j MQ k RJ l HQ m QT 
5 a MB b OC c DR d HQ e NI f SX € RJ 
h SK 1 AHor PS j GV k MO ] FU m OG n QT 
6 25 7 (3,35) 8 b (2-4 c 942,54 
9 b (-45,—8.5) c 420.5, 20.5 10b (L3) c 542,40 
lla (-51) c 106 12 (3,10) 13 (8,-10) (43) 
Exercise 9.2 
la y=x-4 b y=4x+12 C y= 5x-8 d eS M e y=xt2 
f = PFT 3 6 h ERE. 1 e Les | y=3x-2 
panes E me a E" ) ? 
2 a 4x+3y=24 b 2x-y-2-6 c 4x+3y=-24 d 2x-3y=12 e 2x-y=8 
f x-y=-6 g 8x+3y=-24 h 2x+y=8 i x+y=6 j 4x-3y=-24 


Answers 


3 a y+2=3(x-2) b y+6=5(x+4) c y-3z-6(x-4 6) d y-4=-4(x+2) 


e y+3= dx + 2) f y-9=-4(x+8) g y-4=3(x-2) h y+2=2(x- 2) 
i tell j E LS 
yri= 5 J ) a 10 M 
4 a y-2=-2(x+2) b y-8=7(x+1) c yr2=í| #15) d y+2=-5(x-—0) 
| 3 2 # 
È y452-5ix — 1) f 1-22 E g y-372ix- 2) h y*5ccix- 2] 
4 4 
i +l= =(x1—] | y-2Z2=-—(x-2 
Ó 3 3-1) ] 2 ste 2) 


Chapter 9 Summative Exercise 





1 a 10 b 13 c 17 a EL b (1,1) e (CX) 
3 a 2 b -3 c - 4 a AG||BD b FELBD c (8,3) 
5 a y-2x-3 b y=2x+ c y=-—2x-8 d y=-2x+10 

. 5 9 | ( 
6 a ye (x+6) b (y-8)=-2(x+8) c cere (x — 2) d (y-3)2-5(x-2) 
7 a x-2y=6 b 4x-7y2—52 € x+7y=8 d 3x+8y=-24 
8 y=-x-3 9 y=4x-2 10 2y 2 x-- 10 11 2x+4y=9 

l 
12a 3x+y=11 b y-2=-(x-3) «€ 5-6-1 d 60 
13 a (1,3) b y-3=-2(x-1) c 5 d g=4,r=-3 e 20 
já a y=-É (x-3) b Mis(0,4); Cis (2, 5.55 D is 2, 2.5) c 375 
Chapter 9 Test 
la y=7x-9 b C(—2,2), D(5, 1) c 62.5 units 
2 a 542 b x+y+2=0 
3 a M (6, 2), N (2,3.5), P (4, 6.5) b AN: x+y=8; a a AED c (4,4) 
4 a (-4,-3), (2, 6) b 3413 c 4x+6y=5 
Examination Questions 
3 2 
1 pts = rs om 1) 2 10.3 3 (i) C(6, 3) B(8, 4) D(4, 2) (ii) 26.1 
| KM a6 po ox e 
4 A(5,15), B| 0,16— |, C] —3—, 6- 5 (i) 2 6 167 
| 3 3 3 
3. 

7 (i) AD: y-4- -(x*2) CD:y-2=4(x—6) (ii) (8, 10) 
8 25 9 (6,4); (16,—6); (11, —1) 10 4y=x+41 
12 (i) (10,0) (iii) 1:3 13 (4,3) 14 (i) y=2x (ii) (2,4) (iii) (—2, 1) (iv) 40 unit 
15 (i) C(4, 6); Q(8.5, 0) (ii) 37.5 
Chapter 10 
Exercise 10.1 


1  Theratioisalways- 1 
2  Theratio is always = 2 


3  Theratiois always = 3 


Answers 





4 The ratio is always = 4 
5 ‘The ratio is not constant. It varies according to the lower bound and the object set size. 


6 Fora linear function, the ratio will be constant and will be equal to the coefficient of x in the function. 


Exercise 10.2 
) fl 2 f'(x)25x! 3 flð=ór 4 f(x) =10% 5  f'(x)-100x*? 


Exercise 10.3 


























1 a 0 b 0 
2 a e(x)-4x b f'G)-6x c g(x-9x 
| 2 
d  hí(x)212x! e Hið 2 - — f f(x) == 
Á Xx 
3 9 | 
y = — h h’ = — . # me 
g 8) A (x) MT i e(x)=5 d 
| | | | 
] f'(x) == — k g'(x) - : | h’(x) - 
3x x^ afe 5d x? 
r 3 , ei 2 "M 3 
el a ^ fcr o ger 
, 2 3 # l E l 
p h(x)=-yx q sæ r  f()=-—= 
2 2 lx? að| ^ 
(x) : t h'(x) : 
5 gx == — += h(x) = == 
Al y? ss] ^ 
3 a f(x)=2x44x b g(9)e3x-— E Mpe AÑ 
| A) = LA 2 T(xIzmox === x) = —- 
| 5 24x | 24x 33/52 
d f(x) =8x— 12x ‘(x) Y oos f h’(x)=5 2 x 
x)28x-12x e g'íx)2—— MzB5—-— 
| adr 2 
; 1 2 | 6 12 A 35 20 
= a -——— + — n Å- 
g Fx) er h g(x) rd i h(x)-7 3 
2 l -4 6 


j fm== es Es dus 
HS “aA ad. 33), sf? af? 








Exercise 10.4 











; ; d " 
l| a 3x-2x b f(x) = 128 + 12x c Z = 10x! + lóð 18% 
ax 
| 4 9 ds 
d = e g(x)-—-—t—r f MEN 2 
2 X Y dx de? 
. YE 3 3 dy 3 4 
6x *— h h(x2-—4— i —===- 
5 x? x^ x dx Vx Jx? 
. 3 2 s y dy 2 
+ k K(x)=72+6y4x | sér 
of y? Vx Yx dy y? 
2 a-23 3 x-3 a 7 


Answers 





5 (-2,—8,(2, 8) 
8  (—2,36) and (3, —69) 


Exercise 10.5 
l a 1 2x^ + 6x 


2 
d wem 
x 
12 
X 
4 2 


ES 


Exercise 10.6 


l a y=x 

2 a y=-4x+9 

3 a (i) y=3x+7 
b (i) y=-x+3 

4 a y=-3x+12 

> a  y=x+l 

6 a y=-6x+22 

7 a  8y=-—3x+36 


8 a y=3(x-2) 


9 a  3y=-x+8 


Chapter 10 Summative Test 


la fx=5 


e i SS 
dx x” 





3 64 


6 (-2.6) (2-2) 


b 


f 


6 Á 7 a=4Ais(2,-12) 























a=1,b=-3; (4, 10) 10 a=4,b=-3; (-1, —1), (20.5, 5.5), 
(0.5, 5.5) 
d^ y 
b f"(x)240x» -36x'—-8 c aor LO = BUE FEN 
18 24 dy 6 
e ” (x)= —+ [ | —T26-— 
g (x) d 5 de E 
| d? 
h == io Q s-t 
x" x dx M x^ 
3 6 | d*y 12 
k k'(x)z- -—= ] + mÉAX4 m 
d de JX dx“ x" 
b y=-5x+3 
b y=2x4+12 
(ii) (—1, 4) 
(ii) (3,0) á 
b 3y=x+16 c (18,5 
b (-1, 0) 
b (-2,34) 
b (-2,3) c 3y=8x-30 
» 
b y==(x-2) c (335) 
b 7 2] 
f(x) = 8x" c Pi<j= 11%" d &(xj)=15x" 
dy 5 dy 6 dy 10 
iar 4 g — ———— h == Z = 
dx x dx X dx x! 
34x | 
"(x)= 7x5— — (x) = —=+ 
g (x) ; g (x) xx pe 
dy 28, 2. dy RL 
dx x? #,4 | dx  4f,5 Jue 
3.75 5 122.142) 
a Sz8B8mr b oS cen 
dr 
dV 
—— =10./3x 
a Na 


Answers 





| |. 
10 a y=10x-24 b fil) 





ll a (44) b y=x;y=-x+8 

10 244 ` 
IZ a a=10,b=-8 b (E 

9 243 
13 a  (-0.5,22) b (118.5) 
14 a y=-4x+2 b (-L6) c 4y=x-26 d 84.5 square units 
Chapter 10 Test 

3 
16 
2 b (i) Y E (ii) a İĪ{H 
dx x dx“ x 
3 a -7 b  (—3,0),(1, 0), (2, 0) c | 20,45 
4 a y=-5x+l b  B(0,1) C sy=x+18 
5 a a=5,b=3 b 72 
6 a  Cutsaxesat b  4y=-68x+51 
yi 
[oen] 
X-axis | > Ne 
y-axis (0, 6) 

Chapter 11 
Problem 11.1 Problem 11.2 


9 | o cos 
R | 9040 | -sinó | cos | 
cos@ | -sinó 





Exercise 11.1 
1 ‘There are many other answers to these questions. These are the simplest ones. 
a 390°, 750°, —330°, —690° b 440°, 800°, —280°, —640° 
d 510°, 870°, —210°, —570? 540°, 900°, —180°, —540* 
g 615°, 975°, -105°, —465? 630°, 990°, —90°, —450° 
J 


480°, 840°, —240°, —600° 
570^, 930°, —150°, —510" 
670°, 1030°, —50*, —4 10° 
170°, 890", —190°, -550° 
330°, 690°, —30°, —390° 


700°, 1060°, —20^, —380° 60°, 780^, —300^, —660° 
m 270°, 990°, —90°, —450° 350°, 1070°, —10?, —370° 


þe = & 
e ox "hn 


Answers 





2 a —cos 60° b sin 70“ c -—tan 45° d —cos 20° e sin 30° tan 30° 
g -—cos45? h -sin 60° i tan 75° j  —cos 80° k  —sin 80° —tan 60° 
m cos 50° n sin 35° o -—tan 30° 
3 a cosl5? b -sin 40° C -tan 65? d cos70? e -—sin 85? tan 65° 
g —cos50° h -sin 20° i tan 15° j —cos 10° k sin30“ —tan 60“ 
m cos 60° n sin 40° o tan 10° 
4 a —sin30* b -sin45? C —sin 60° d —sin 70° e —sin 60° —sin 45? 
g -sin30? h -sin15? i -sin 10° j sin 10° k sin 30° sin 45° 
m sin 80^ n sin 20° o sin 20° 
5 a cos:0°=@= 180° sin: -90? = g = 90° tan: -90° < 8 < 90° 
b no 
Fxercise 11.2 
l 1—75.5?, 75.59} b {23.6°, 156.4°} c {-145.0°, 35.0°} d {—25.8°, 25.8%) 
58.2°, 121.8°} f 1-168.7*, 11.3°} g 1—107.5?, 107.5°} h 1(-150?,—30*|] 
63.47, 116.6?) j  (-138.6*, 138.6°} k {-64.2°, -115.8*] ] {—77.5°, 102.59) 
90°, 90°} n {-90°} o |-99.5%, 80.5°} 


33.29, 146.89, 213.25, 326.89) 

14.8%, 45,29, 134,89, 165.2°, 254,89, 285.29) 

18.59, 63.5%, 108,5, 153.55, 198,59, 243,59, 288.59, 333.59) 
25.29, 94,8%, 145.29, 214,82, 265. 2°, 334,89) 

675, 38.3%, 96.7°, 128.3°, 186.7°, 218.3°, 276.7°, 308.3") 

9 95,7%, 185.7°, 275.7°} 
31.7°, 58.3°, 121.79, 148.3°, 211.7 
116.6°, 153.4°, 296.6°, 333.4°} 
36.1°, 96.1°, 156.1°, 216.1°, 276.1°, 336.1°} 


a, 238.3, 301.7°, 328.3°} 


ue 
AOA THR mus RO AO Te SM eo Re ao oe em w 


| 
3 
3 
| 
| 
| 
| 
| 
15.7 
| 
| 
| 
| 
(22.89, 127.2%, 202.8, 307.29} 
| 
| 
| 
| 
| 
| 
| 
| 
a 
3 
- 
- 
= 
3 


82.8%) k [133.39] | {306.9°} 
78.59, 281.59) n (11.59, 168.5°} o 1108.45, 288,4?) 
17.22; 69.5?. 137.27, 189.5°, 257,27, 309.5*] 
26.6^, 71.6”, 116.6”, 161.6”, 206.6°, 251.6°, 296.67, 341.67) 
60°, 100°, 180°, 220°, 300^, 340°} 
25.9°, 59,19, 115.9?, 149.1?, 205.9°, 239.1°, 295.9°, 329,19) 
51°, 141°, 251°, 341°} 
4635, 1537, 231^, 321°} 
3/.35,97.5". 215^, 27 7:57] 
190.0*] 
4 120°, —90?, 90°, 120°} 
180°, 0°, 19.5°, 160.5°, 180°} 
180°, —116.6°, 0°, 63.4°, 180°} 
120°, —48.2?, 48.2°, 120°} 
90°, 30°, 150°} 
146. 3°, —123.7°,.33.7",; 56.3] 
Chapter 11 Summative Exercise 
1 There are many possible answers. These are the simplest. 
a 507, 410° b —2305,—310* c 230, 4907 
d -1309,--2309 e 310,490? f —50°, -230° 
2 a -cos 20° b sin 70° c —tan 40° 
d —cos 70? e -sin 40° f tan 80° 
g cos 40° h -sin 50° i —tan 20° 
3 a 72.5°,287.5" b 23.6°, 156.4° c 56.3, 236,3° 
d  101.5?, 258.5° e 197.47, 342.5? f 138.05, 318. 0“ 
4 a -—26.7,26.67 D -10235-77 17.7", 92.37. 13777, 162.37 
c —159.0?, —69.0?, 21.0?, 110.0? d -167.7?, 72.30, —47.77, 47.7", 72.3% 167.7" 
e 379,321", 122.19, 147.9" f 142.7, —82.77,—22.7,37.3?,97.3^, 157.3" 


Answers 





5 a —270 = x= -90° 
b -540? € x = —360? 
6 a 27,635,2075,245 
c 15°, 135°, 195°, 3159 
7 a —101.3°,78.7° 
c —18,4*, 161.6? 
8 a 45%, 108,49, 225°, 288.4° 
€ 53.1%, 104,57, 255,57, 306,9" 
9 a —90°, 30°, 90°, 150° 
c —75.52,0?,75.5?, 180° 
e -—120?,—116.6?, 63.4°, 120° 
10 a 270°<A+B< 630° 
11 a 3 
5 
12 a i2 
13 
13 a e. 
25 


Chapter 11 Test 
1 a 95.8?,174.2?, 275.8°, 354.2? 
2 a 


y =sin(x) 





y =sin(2x)-—1 





2 3 
E eel 


32 


Term test 3A (Chapters 9 to 11) 
1 9426 

dy 6 
Dt > 

dx t x^ 
3 a 
4 a 


126.97, 306.9° 
öx 2y-l15 


-6x(2 — x) 


18.43°, 108.4°, 198.4°, 288.4° 






EÐ Answers 


c 


716", 291.6" 
2 


63.47, 243.4" 


J5 


2 


c 


105°, 165°, 285^, 345° 
10.2^, 190,2* 

—153.4^, 26.6" 

—45^. 135? 

41,8”, 138.2°, 225.67, 311.4? 
76.08, 153.47, 256.07, 333.4° 
—109.5°, 0^, 109.59, 180° 
22452. 19,5^, 135, 150.5" 


—90° < A — B < 270° 


c 60°, 120^, 240“, 300° 


c 60°, 109.49, 250.5°, 300° 


22187,2707, 318.2° 


130°, 250° 
k=-] 


166.0°, 346.07 


c 26.67 

c (9,—6) d 
l l 

¢ Pje 
Je 24x 


c 81.8°, 178.2° 


65 


Chapter 12 


Problem 12.1 


[n | Bee | ede | 


H 
0.1 


| — 0001 | 0017453293 
0.017453293 
0.017453293 
017453203 | 1. | 
0.017453293 


0.00000001 | 0.017453293 


Exercise 12.1 








ia 2 b 2 c E d = 
18 9 8 6 
y Z y E p 2 k 2% 
4 6 6 4 
ÍR ll 53 | 
o — p — q — r 37 
4 6 2 
2 a 10° b 5.0? c 15.09 d 25.0? 
h 110.00 i 165.0? j 195.0? k 255.0? 
o 37247” p 401.19 q 4297" r 458.4 
TT | 257 
3 a (i) Í=— cm ii =— € b (i 
(i) - (ii) T (i) 
5 
c (i I= PE am (ii) a= pon cm’ d (i) 
6 6 
e (i l-l0zcm (ii) a-150mrcm' f (i) 
4 a (i) @=2rad (ii) a=25 cm? b (i) 
c i) O-5rad (ii) a-40cm* d (i) 
(i) Ó=lrad (ii) a= 450 cm? f (i) 
5 a (i) @=0.8 rad (ii) l=4cm b (i) 
c (i) @=2.5 rad (ii) I=10cm d (i) 
e (i) 0- 3 rad (ii) 1=2cm f (i) 
6 a (i) r=9.55 cm (ii) @a=23.9 cm? b (i) 
c (i) r=15.3cm (ii) a=153 cm? d (i) 
e (i) r=115cm (ii) a=138 cm“ f (i) 
Exercise 12.2 
n We | | 1407 
1 50(243 - m) 2 20(x4 3) 3a 4043 p 
E 4043 | 207 40043 2007 
3 3 3 3 





570 
"te 
12 
p M 
3 
70 
MY es 
2 
e 50.09 
] 285.00? 
s 487.0? 
[== cm 
l= l0zcm 
257 
| = cm 
63 
5 
= i2 rad 
8 
0— 2.25 rad 
022.4 rad 
NE Lo 
=> rad 
m ae 
Us "i rad 
@= 12. rad 
r=11.5 cm 
r= 6.37 cm 
r= 8.68 cm 
b 800/35 2100 





= 
c 
| oO 
= ga 





a= 60 cm“ 


a= 450 cm? 
a= 3000 cm“ 


123.75 cm 
124.5 cm 
124.8 cm 


a = 68.8 cm“ 
a=95.5 em“ 
a=217 cm 





Answers 











Chapter 12 Summative Exercise 


l a = 
12 
TE: 
4 
2 
3 
4 
5 
6 
7 
8 
9 a 90-2 
10 à aid 
13 
Chapter 12 Test 


I a 2.07,3.927 


0.644 
a 12.28 


C) 


ul E 3 b 
ES 





Answers 


b 


T An 
6 9 

3 

37 , 72 
4 6 

30° 

255° 


HEEE 


0.777, 2.348, 3.919, 5.489 


14.435 
3.26 


(0, 


3 


T wu uv 


T = 





, —, 3.481, 5.943 
E 
75 


Examination Questions 


eo C Uu = 


(i) 1.2 rad (ii) 7.456 cm (iv) 9.275 cm“ 2 (i) 57.1 cm? (i) 44.6 cm 
32 cm 4 (ii) 64.76 cm’ (111) 41.53 cm 5 (ii) 13.6cm (iii) 7.50 cm“ 
(ii) 24.91 cm (iii) 39.64 cm? 7 (i) 1.25 rad (ii) 25.7 cm? 

(1) 0.8 rad (ii) 90 cm? 


2.68, or 7.6, or 15.2 


Chapter 13 





Exercise 13.1 
| a (25,2259 b 6-0 c (0,4) d (1. 5,0. po e (2,9) 
j (2,16), (0, 0), (2, 16) k (2,48) | E "ess a 37), (3, -27) 
2 a maximum (-1, 9) b minimum (3,0) c maximum (2,11) d minimum (—5, —20) 
mM E 3 (3 3 2) MM | 2 £) m É s) 
e minimum | —, —— f minimum | ——, —— g minimum | ——,—— |, maximum | 7. — 
12 24 20 40 3 9 3 9 
h maximum (0, 0), minimum (2, —4) i maximum (—2, 18), minimum (2, —14) 
x ; wii | ¡ ; 3 243 
j maximum (22, 16), minimum (0, 0), maximum (2, 16) k maximum = E 2) 
] minimum (-1, 0), maximum (0, 5), minimum (2, —27) 2 8, 
l 1 
3 a maximum (>. 4) minimum B 4) b minimum (2, 12) c minimum (0.6, 3.21) 
d minimum (2, 3) e minimum $ 27 f maximum (-3,-27) 
Exercise 13.2 
I a 10.05 b 9.056 c 25,02 
2 a 10.0033 b 5.0133 c 14.9926 
3 a —209 b —18.024 c 47.5 
4 a -—17. b 102 c 13.075 
5 12cm 
Exercise 13.3 
2 500cm? s” 3 lcoms” 4 4Ü0zcm s” 5 = cm s^! 6 Úlems' 
iT 
END- 3g 1 0m? rl — SN -i | E. cuu | -i 
7  GUOT cm s 8 lcm'^s 9 SOK cm s 10 í cm s 11 2cms 
12 a "EN cms! b IN ia cms! 13 2 ems 14 — ms 
257 5070 20 400 
Exercise 13.4 
] x=25m 3 a (25-x)m b 125m 
4 20x20x5cm(note: x= 15 is not a valid solution) 
5 10.4x 20.8 x 13.87 cm "m better make the longest edge the height) 
Pe em h= M cm b h=2r c Multiply lengths by 4/2 
d his usually doubled. This makes manufacturing cheaper. Also, usually, h # 2r! 
10 500 
7 2 x=126cm,1=7.27 cm 8 x=5/2 9 b => Va zz 


Answers 





Chapter 13 Summative Exercise 

1 a (1,12) Max.,(2,—15) Min. 
b (-1.5, 109.625) Min., (1, 31) Max, (2, 19), Min. 
c (—2, 2) Max, (2, 6) Min. 
d (2.25, 36), Min. 


2 b A = 2438 4 220 C ps qud d 450 Min. 
3 1000.3 x dx x 2 
4 1.014 
5 a 2 cm s^! b 40cm 
T 
6 a 0006 b 34.25 
7 a (i) V=4rP (ii) S= 107r 
b (i) 192px (ii) 80 px 
8 a @= 16_ 2 b —2 rad min" c 2cm min"! 
r 
9 a (il V-4x (11) S= 18x b 6m min"! 
10 a L=4x+4y=240 b x=40cm, V= 32000 cm’, Max. 


11 x=7.5 cm, Max A = 30 cm’. 
Chapter 13 Test 


1 b 25 Maximum 
3 











2 2 | | 
2 a B d l ER Y b/c (2,12) maximum, (5 20 minimum 
dx (x-4) dx! (x—4) La E i 
dy 
3 a qx FV2xtl b 9p 
AX 
tb dA _ 1600 
di ár 
5 a 15.1cm?s” b 226cm's” 
6 a (327) b minimum 
Examination Questions 
dy. -16 4, 60-2x^ 


1 (i) dx (2x-1J (ii) —0.05 units s” i (i) 


dy — 1 9 dy 2 | 


3 (i) de dd ~ de ag afe aux? (iii) Minimum 


4 (i) SF 28 (ii) 0.72 5 (i) E (ii) a: ya (iii) x=2,OP=./6 
dx x" x dx x 

6 (i) PO=27-f (ii) f=3 (iii) A = 108, Maximum 

7 (i) 6 (ii) —6p 

Chapter 14 

Exercise 14.1 


1 A(2by 2), B(1 by 3), C(3 by 4), D(2 by 2), E(3 by 3), F(3 by 4) 


2 No 


Answers 








3 -12 6 9 
—2 6 . | : 1 7 
3 a b (16 -8 -12 d 
| 4 > | ( ) € |-6 9 3 6 : i | 
—3 6 15 Ü 
o A 4| : 5 5 | eee OR , (00 
-9 % 23 a cx. zm 8 | 6 5 11 12 0 0 
02 5 -4 | (5 6 15 8 
4 a=?,b=5,c=6,d=—-4 5 ga-4,bz7,c--l;dz-l 


Exercise 14.2 

















3 
| 4 
la (54132)! 6 b $53 c (54 1 3 2) d 2140g 
| 2 
5 
| | 
100 50 30 10 5 | 195 
2 a | 200 150 100 100 50 | b 600 
500 400 400 200 100 | 1600 
1 
4 
1 05 03 01 005 5 
C 2 1.5 1 1 0.5 6 d 
| 5 4 4 2 | 8 
10 
; 3 
0 51 6 3 88 
8 I0 2 12 7] * 110 
3 a | 8 b 67 
5 6 1 2 — 3 
i 78 
4 5 3 81 
6 
10 5 1 E ei " 
c üa11205| * oe 1 ! d - 
E l 4 2 E 
3 8&8 1 
* 7 
; 3 | 
10 5 j 6 Sjj 
astral" S = & ił 8 f $343 
5 6 1 4 2 4 
4 3 | | 





Answers 








20 10 5 1 j 220 35 255 
30 40 4 l 6 370 30 T 400 
4 a 10 15 l l a b 145 15 c H d | 160 
15 20 3 1 „ti 220 25 | 245 
25 30 4 | 310 30 340 
20 10 5 l o 255 
30 40 4 l o If 1 400 
e 10 15 l l 5 1 f 160 
15 20 3 | 10 245 
25 30 4 | 340 
5 a The total ticket money collected. 
$ 22,200 c None 


(i) The total number of seats of each type. 
(ii) The income from each type of full bus. 
e Nothing useful. 


410 | 230 | 
456 
6 a b 265 
612 225 
665 | 260 


Problem 14.1 


b PES 4 3 c x=5y=2 
171.3 2 
Exercise 14.3 
—Y 2 $ l 
1 a P= ie: b 5 5 
7 3 iiis 
' 1 l 
: 3 
2 a p=5 b q=9 dud 2. 
(01 1d 51 
IET 5 l b 2 2 A 4 2 
6 8 3 1 3 i 
4 4 2 


7 a xz2,yz-4 b xz2,yz—5 c x=4,y=-3 d x=1,y=—4 
e x=4,y=-l í x=-2,y=-2 g x=-],y=-7 h x=3,y=-] 
i x=2,y=-5 j x=4,y=1 k x=3,y=-1 l x=4,y=3 
m x=1,y=-1 n x=l,y=-2 o x=10,y=-l 






ERR Answers 


Chapter 14 Summative Exercise 


1 a (3by3) b (2by3) c (2by2) d (2by2) e (2by3) f (3by3) 
E X o | 
k 5 5 10 -12 i 
2 a 9 -13 8 b C 
12 9 3 22 -35 
Á -ő | 
10 9 -7 -B 3I ið -14 19 
3 a b C 
| -11 18 | 16 4 12 36 —49 
ü 1% -i 2 > A 33 31 —29 | 
d | i1 45 y » 7 —5 10 f 13 -17 17 
3 0 6 
02 0.4 (3| $90 | 
| |l 50 35 35 25 UMS m : 
4 a 0.4 04 E... 36 38 36 b l 
.04 02 J : | 28 26 25 Lg 
20 
"2 so üi 60 100 30 6950 | 
E = in "=| 80 150 40 © | 10100. 


d | | 1 ) | per |- 17050 e The total number of each category of visitor. 





6 a The determinant is the area scale factor of the transformation. 
b When the determinant is zero. 
7 a ] b 2 
98 _ 1| 3 5 
8 a | 8 3 | 1 | 
5 > 21 2 4 
26 3l —/ —2 
9 a 11 
o T ið | >) 
b (i DC" (ii) CD 
lf i9 31 | j 
10 (1) — il) = i 
vð 1 16 2 Dala 
lla x=3,y=-2 b x=-l,y=4 
I2 a x=-4,y=7 b x-2,y--7 


Chapter 14 test 


(6 7 ifsa 20 135 
[57] ES THH TET 
76 ll 9 
rat) 3141 


Answers 





à * A "RE sl 4 4 — 
* lá ta aa] Í 30 =, x=4,y= 


i e i 
> a 3 3 b la X 
b b b i 
Examination Questions 
doa + =] | 9 5 
2 8 8 3 =] " 8 8 
i SW) =] — =] — 
1 $27,600 2 A um B 101 (i) | a os | (ii) 73 
4 4 4 4 
3 (i) (12 5) | 300 | =3800 (ii) (10 4) | HEU; BD | —(1960 4600) (iii) $ 10,360 
40 40 150 
5 3 6° 18 
ue wg 4 1 2 3 13 
4 (i) | | (ii) | o | 5 4 Q0 4 1 |=| 12 6 p=2,k=5 
i 2 1 4|0] | 7 
| l 6 4 ] 
300 60 40 005 
7 ið (58 410)| 59 59 W (ii) (4180 860 360) (iii) | 01 (iv) 367 
120 40 0 02 
100 0 Ü | 
. PEE T- o 34 23 a | oh eS 
5 i} x=3y=4 i) | 9 ii) | i 
(i) x23.) w (12) JE El a 
8 , 14 — 
10 m-—3,n-—5 H (i) (0.3 03 02 02| |j 1, 500 (ii) $11,770 
6 g 4 in 
2 iB EC gu an | 09 -01 | io] EAN. x 2x 
12 (i) | "m (ii) | » | (111) | E da | 13 A =| 07 i3 Js=2)=23 
5 3 1 2 5 | 43 
-06 3 2 | | : 
14 As-| 94 798 |,.5 y=-3 sl? 2 2 > 3 (ii) | + 
-03 07. | 2 5 5 D 2 35 
E y E 
ef 6 ES "TE: - 03 01 0.5 -0.9 
Is dd | 2 — | du | + miy | -04 0.2 | | 0 12 


Answers 





Chapter 15 


Problem 15.1 
xyn*! 
n+l 
Exercise 15.1 
l a flx)=— x +c 
e f(x)22x'*c 
i f(x) 2 -— tc 
ë l 3 i 
2 a y=s-x -x tc 
3 
e PET NETT 
| 4 x 
h y= de Ne +e 
3 a y-z2x-2x43 
3 
e y-2x't—-41 
Xx 
h y=6Vx" - 34 +4 
4 a Jr 
S I3 
e "dy *124y tc 
EN 
5 y-x t3x +4xr+2 
7 y-2x'-3x'-lix-6 
9 


ido Wis 
4 

f(x) = 32° + ¢ 

E 
X 


yz2x!'-x'-c 


y-x-2x'-2 


y=9%Íx* +e #4 


2 +2 +c 


Dp 6 
VÉ t 


yz=x — 6x +9x + 1; (1, 5) maximum; (3, 1) minimum 


1 
10 a v (2x4 1)-^c 


Exercise 15.2 
l a 4 b 18 
14 14 
x h Maes 
p 3 3 
| 
m —8 n d 
3 
2 a 2 b 9 
3 
3 a £ b i 
3 3 


4 j 
b qe tan tæt:k 


64 
Č — 
5 
i 10 
l 
ü =u 
6 
] 
C — a 
32 
38 
C 
3 


8 
y= vx" +4 lx +c 


l 
y=2 -x +4 yz3x'——-—6 
x 
ys4 à) v4 x #2 
y= - AJ o —4 
| UM. 
ade et +c P Tec 
v 
y=—— ELS 
l 
yax'-—-—B—-—X 
X X 
C y= 2X txt 6k-2lc 
45 
21 e 40 f — 
4 
3 3 
= k 1| ] > 
2 4 
—6 e I9 f —4 
3 
Bs e 15 f 23 
6 4 


Answers 








] | 
á a b (i) — ii) -— dii) O 
i) : (ii (iii) 
l 
c some is above the axis some is below; =" 
256 32 
> 4 p — 6 a y h 2 
3 3 
4 : 
943 
7 à b 94/3 








8 a (-L443,-2.833), Minimum (0, 0), Maximum; (0.693, —0.397), Minimum 





63 
20 
Chapter 15 Summative Exercise 
1 a f(x)-2x-«*c b f(x)2x-cc c f(x)-2x^-c 
d (x)=- +e e f(x) e —— c f (3)-- Í + 
x x x 
1 à y=4sfs? +c b y=4Vx" +c c y=2vx’ +c 
d y=6 lx +c e y=8Yx +c f y=SYx +c 





8 1 
3 a y=4Vx +c b y=-— +c Coque cer 
p Je 





i 8 10 
d y-234x +c e y--—tc f —=tc 
x] x? if 5 
„6 . 
4 a yzx-3xt5 b y=2+--5 C yz2x'-2x -3x41 
x 
10 
d y=x'+— +4 
2x-] 






"WM Answers 


5 y=-2 +2 +30x - 20 6 yzx't2x'-6x'-x-3 


a 4 
7 a P- kas = 
(3x44) 3x4 





45 14 69 32 | 
8 a — b — č — ] — e di f ta 
4 3 2 15 5 12 


ll a (—1,6), (6, 13) b 





Chapter 15 Test 


px 
3 


2 a y-2122(x-1) b (5, 29) c 21— 
x E 
3 a — E b = 
(2x +1)» a 
4 a gue b -1,1.5,3 
ja 


A 


2 3 i 

5 a s xc b —(250—26V/13) 

| | 1 

6 a 2x -——-c b — 
x—4 2 


2 E 
7 a z (5x-4)? +c b 304 


Examination Questions 


i 2 2 y-  () Vi 

X 
3 (i) y=x-2-5x-3 
4 (i) y=3Vaxe1 +5 (ii) (0, 15), (30, 0) 
s (i) X(150;M(44) (ii) 
6 (i) (4,55) (ii) 


Term test 4A (Chapters 12 to 15) 
1 a 342(43+1) b. E c 342(43 1) +57 d  3(51-3) 


i a fede p 253 


Answers 





3 a y=5+4x-3x b (2,4) 
a: ox | 2 -]4 9 
| i -l) 7 


5 a y=442x+1-3 b 12 


n 
p 
| 
|l pn 
bJ ba 
E 
P 
| 
uS p 
| 
da AN 
A 


6 a i| 3 -2 b a=3,b=-2,c=4,d=-12 
5 4 


Chapter 16 





Problem 16.1 

a OC=cos 0; CB= sin 8; DP = tan 8 

b OP=sec 0; OQ =cosec 0; AQ =cotð 
Exercise 16.1 


1 0 e (60^, 300°} 
0 e (145.09, 215.09) 


ĝe (40.09, 220.09) 

Be (146.3, 326.3°} 
ĝe {— 50.0%, 50.0°} Be {60.0°, —120.0°} 
de {-126.9°, 126.9°} ĝe (—21.8?, 158.2°} 


b 60°, 120°} 
È 
b 
e 
Ge {-1.16, 1.16] b ðe (2.82, 0.322} 
e 
b 
e 
b 


Qe! 

ĝe {233.1°, 306.9°} 

2 ĝe {75.0°, 105.09) 

Oe {-168.5°, —11.5?] 

Ge {0.253, 2.89] 

@e {-1.91, 1.91] Ge {-0.464, 2.68} ĝe E 

Ge (1.28, 5.00) Ge (1.19, 4.33} Ge {0.340, 2.80} 

Ge {x} ĝe {1.77, 4.91} ĝe (3.31, 6.12] 

ĝe {33.2°, 146.8°, 213.2°, 326.8] Ge {6.1°, 66.1?, 126.1?, 186.1°, 246.1°, 306.1°} 

Ge {7.2°, 82.8°, 187.2°, 262.8°} d Oe {33.8°, 86.2°, 153.8°, 206.2°, 273.8°, 326.2°} 

Ge 132.22, 77.2°, 122:2°, 167.2°, 212.29, 257.2°, 302.2°, 347.2°} 

Ge [46,8?, 88.2°, 136.8°, 178.2°, 226.8°, 268.2°, 316.8°, 358.2°} 

ĝe {18.2°, 131.8°, 198.2°, 311.8°} h Ðe {13.9°, 73.9%, 133.9°, 193.9°, 253.9°, 313.9°} 

Ae {2.2°, 77.8°, 182.29, 257,89 

ĝe 10.421, 2.72, 3.56, 5.86} b Ðe (0.155, 1.20, 2.25, 3.30, 4.34, 5.39} 

Ge (0.206, 1.37, 3.35, 4.51] d ĝe (0.620, 1.47, 2.71, 3.57, 4.81, 5.66} 

Ge (0.488, 1.27, 2.06, 2.84, 3.63, 4.41, 5.20, 5.99] 

0 e (0.849, 1.51, 2.42, 3.08, 3.99, 4.65, 5.56, 6.22} 

Oe 10.650, 1.49, 3.79, 4.63] h ðe (1.04, 2.08, 3.13, 4.18, 5.22, 6.27] 

Ge (0.333, 1.38, 3.47, 4.52] 


3.04, —0.100] 


So mh Oo PRA PRA 


un 


Exercise 16.2 
1 a ðe {63.4°, 243.49) b Oe [71.6?,251.6?] 
c Oe (59.05, 239.09) d ðe {30°, 150°, 210°, 330°} 
e Oe {60°, 120°, 240°, 300°} (Note that tan 6, sec @ are not defined for 8 = 90°) 
f Oe {45°, 135°, 225%, 315°} g 0c {38.2°, 141.89) 
h @e {56.3°, 1359, 236,39, 315°} i Be 1607, 120°, 240°, 300°} 
j Ge {71.6°, 116.6°, 251.6°, 296.6°} k Be {221.8°, 270°, 318.2°} 
I Be {144,3°, 155,79, 294.3°, 335.7°} 
2 a Be {-1.25, 1.89] b Oe {-0.464,2.68} 
[ a 3n | EN m 3% 
c 9e E 2 d 8 FE FE 4 | 
5T E m-5-z| o 
e ðe EE f Be [-2.53,— 0.615, 0.615, 2.53} 
m m 5m | EN 
g 0e | h 86&1-1.23,3.14, —3.14, 1.23] 





| 37 7 
I Be i- 2.09, —1.91, 1.91, 2.09] J e] c | g’ —_ 1.1 l, y? 2.03 

5m m ] | 
k Ge IHE — e 0.848, -544| ] Se [-2.59,—1.02, 0.554, 2.12] 


Problem 16.3 


c The basic graph is dilated in the x-direction by scale factor + 


E 
Problem 16.4 
c The basic graph is translated in the x-direction by —@°. 


Problem 16.5 


c ‘The basic graph is dilated in the y-direction by scale factor å 


T 
Exercise 16.3 
la y=2{x-1ř+2 

c Dilation in the y-direction by scale factor 2 followed by a translation of (1, 2) units. 





2 (i) (ii) (iii) (iv) 





| | 2 

a Dilation by factors (5, 2) 120°, E 2 

translation by (0, 1) 
| 35 rá ] T 
b Dilation by factors E 3) 90^, P 3 

translation by (0, —2) 

ud 
l | j 

c Dilation by factors E y M 180, 7  - 

translation by (0, 3) J || | | 

[^f x 
i b ' 
—1 J | 3 | l0 


Answers 

















| l T 
d Dilation by factors ($, a) 90°, D 
translation by (0, —3) 
e Dilation by factors (> 2) 180^, 7 
translation by (0, 2) 
a uz l y o 27 
f Dilation by factors 7 2 120”, — 
translation by (0, 0) I | 
X 
Lp - : 
10 HB 0 
1] Ili | | 
Hi 
3 
4 Minimum @ 
a 2 45° -4 135 
b 6 120° —2 60° 
c 4 30° 2 90° 
d 6 15° 2 45° 
e 1 60° -5 30° 
f 2 72? =3 36° 
5 translation (—90°, 0); cos x = sin(x + 90°) 
6 translation (—90°, 0); cos x = sin(x + 90°) 
c The transformation x — —x does not change the graph. 
cos (-x) = cos x. 
Chapter 16 Summative Exercise 
1 a 707,290 b 50°, 130° c 140°, 320° 
d 70°, 110°, 250°, 290° e 110°, 160°, 200°, 340° f 10°, 100°, 190°, 280° 


Answers 





2 á dE. 
5 5 
a „317 7m 7m 34 
24 24 24 24 
3 a 25,35 b — 1709, -70* 


e —120?,—90^, 60°, 90? 


-2:80, 22 030,2 
2 2 


1.95, 4.34 


0.539, 2.80 


d 
6 a 1,5 


7 b 2 


9 There are many alternative answers to this question. 


a y=sin 2x 


d y= er (x # 907) 
^ 2 


10 a Ay 
5 = 
Á | 
] 
d (ye ü á = r 
—270 -90 90* 270 
max 5, min 1, period 120° 


max 2, min —2, period 720° 











m 27 37 51 
b — — C ——., 
3 3 5 B 
37 xu Sir ' 
e "c E am E f —1.256, 1.884 
8 8 8 8 
c 40%, -140* d —156.7%,—909, 30°, 36.7%, 83,3%, 150° 
f —160?,—100*, —40°, 20°, 80°, 140° 
l A X 
b —2.19, —0.955, 0.955, 2.19 c —L-—,—,XA 
3 3 
o Xr mX om 3 
e —2.03, -1.11, 1.11, 2.03 f ——,-—,.—, 
4° 44 4 
b 1.11, 1.89, 4.25, 5.03 c 1.23, 5.05 
b 1,4,5,7,10 
Il + tan x 
Č AAA 
l- tanx 
l- : 
b y--sin— d C y=—cos 3x 
b 
e y=-cos| —x f y=-tanx 
2 
42 F 





max 3, min —5, period 180° 


A y 





max 4, min —2, period 10808 


Answers 





Chapter 16 Test 


a O,7,37 





3.52, 0.38 


a 
a pcos 
1.107, 4.248 


Examination Questions 
1 6e [143.1%, 323.19) 


2 a 113.6" or 246.4" 

3 Ru 4 (i) a=23b=3 
5 x=14.1 i 

7 (i) Amplitude = 3; period = 7 

8 (i) 78.7? (1.37 rad) 

9 142 


10 (i) xe (30%, 60°, 120°, 150°} 


11 (i) 5 
(i) xe (56.3%, 236.37] 
ze {0.06,0.51) 


13 a 
b 
15 (i) 





Chapter 17 


Problem 17.1 


a 2x b 3x c 


Exercise 17.1 

1] a (x+3)(1)+(1)(x-4) 

(2— 3x)(-2) + (-3)(6 — 2x) 

f'(x) = (22° — 3x*)(—2) + (627 — 6x)(1 — 2x) 


c 

e 

g me = (x* — 6x)(4x + 3) + (2x — 6)(2x7 + 3x) 
x 


E = (3x 2x°)(2) + (3 — 4x)(4 + 2x) 
A 






tim Answers 


(ii) 


(ii) 
(ii) 
(ii) 


(ii) 
(ii) 


(ii) 


0.33, 3.48, 1.908, 5.04 
p 


sind 


y =3.28 radians 
(111) 


c=] 





Max a 8 þ Min E JIES 2) 
2 a E. 


x*4yz13 
ye {90°, 221.8°, 318.2°} (iii) ze ‘=. z] 
T (iii) Max = 8; min 2 —2 


ye 1607, 300°} (Note: cos y = —2 is not a valid solution) 
14 b (i) xe {70.5°, 180°, 289,59) (ii) ye 13.66, 5.76] 
y=2cosx-1 | (iii) 2 





6x, No 


5x7 e 


(2x + 3)(—4) + (2)(5 — 4x) 
f'(x) = (x + 6)(2x — 4) + (1)(? — Ax) 
f'(x) = (2 — 3x)(—2 + 2x) #(-3)(6 - 2x +x) 


Y (ax x) (4 — 4x) + Q.— 332) (4x — 2x2) 
dx 


2 a (x7)(1)+ Q2x)(x— 4) b (x*)[2(5 — 4x)(74)] + (3x7) (5 — 4x? 
c (x9[3(6 —2x) (2)] + [4°] (6 — 2x} d f'(x)- (3x7)[2(2x + 5)2)] + [6x] (2x + 5)* 
e f'(x)z(4x)[4(1 — 2x (-2)] + [12x](1 — 2x)* f f(x) = (5x)[3(6 — 2x) (-2)] + (15x)(6 — 2x)? 


g x. (4x )(6x — 4) + (G — 4x 2) 


h = = Qx — 1}}{2(4 — 2x)(—2)] + [32x — 1(2)](4 — 2x)? 
: 


i c = (3x — 5P [4(2x — 1)}(2)] + [2(3x— 5)(3)] (2x- 1) 

a (x'—AY[2(2x? — 3x)(6x* — 3) | + [2464 — 4)(2x)] (2° — 3xY* 

b (2x—xy[3(4x - 2x F (4 — 4x)] + [22x - 22)(2 — 3x2)] (ax - 2°) 

c (x? — 6x)*[4(222 + 3xP (dx + 3)] + [302 — 6xF (2x — 6)] (2x2 + 3x)* 

d f'(x)(3x! — 2xP[2(2x + 5(2)] + 33 — 2x) (6x —2)(2x +5) 

e f'(x)-2(4x + 2xY[A(x* - 22) (2x — 61] + [2(4x8 + 2x) (12 + 2)] (€ — 2°) 
f kn 5x)*[3(6 — 20142)] + [A(2x2 Sx idx- 5)](6 — 210)? 


j E Gc — 4)"[5(3x? — 4x 2) (6x — 4)] + [30 — 4 Q0] (28 — 4x + 2 
X 


h m. = (x — 3x + 1)°[3(3x - Ax) (3 — 8x)] + [5(x* — 3x + 1Y(2x - 3)](3x — 4x" 
dx 


i a = (4x? — 6x) [5(3x — 4x0) (9x? — 8x)] + [6(42? — 6x)*(8x — 6)] (Bx — 42°) 





| 3 z 
4 a | | J(x— 4) b a»): RU 43— x C Ge) E iex s 1 








d f'(x)-24x-—4 | | 42x +3 


2 l 
þ | = 
VEA P 





rola | OR || | are 


24 2x^ 43x 24x — 4 


f f'x)zi(x- o TE et -5x) (2x—5)N6x^ "m 


g dy - (x^ — 4) aM + [2x] 4 
AM ) 





dx 312 +4x-2 f 


h Y-a | + [262 — 3x)(2x —3)] 3x - Ax? 
dx 
EE 


J(3x — 4x" Y 


i 2- 5[(2x* — 3x) (4x? — 227) ]*[(2x7 — 3x) (1247 — 4x) + (4x 3) (4x? — 2x7)] 
X 
5 tgt: y—8 =28(x— 2); nml: y-8=-— (x-2) 
; 36 
9 
8 a (i) V=(x+4{x-1} (ii) S=4x+4) (x— 1) + 2(x- 1)? b — 


6 óp 


Answers 





Problem 17.3 

a f'(x)esu(x)xs'(x) + u(x) xs (x) 

b stæ) = v(x) x w(x) + v'(x) x w (x) 

c fl) =ulx) x [v(x) x w'(x) + v (G0 xw 00] + u(x) x [w(x) Xx w (x)] 
f'(x) = u(x) x v(x) x w'(x) + u(x) x v'(x) x w (x) + u'(x) x v(x) x w (x) 








Problem 17.4 
v(x) a | 
a EÐ) b «| | col wed] sal 
Exercise 17.2 
í a CECA WG p G-4x)2]-[-410x-3) | (6-2:)|-3]-[-22 3x) 
(x-4) (5-4x) (6-2x) 
, _ (x? =4x)[1]-[2x-4](x+6) (1— 2x) )| 6x’ -6x |- [- 2](2 x *—3x*) 
d di or AS e f(x) - i 
‘ peg = (SC 2x tr i] [2 +2x](2-3x) 5 dy (2x *3x)[2x- 6]-[4x+3](x” - 6x) 
(6- 2x+x" y dx (2x° + 3x) 
i dy. (ax- 227) [2-37 ]-[4- 4x] x - x°) , dy (4*2x)[3- 4x]- [2](3x - 27) 
d (4x-2x*) dx (44+2x) 
E s (x-4)2x]- [uo] Á (5-4x) [3x ]-[2(5-4x)(-4)](x*) 
(x-4) (5— 4x) 
A Sais Saal ot Foo ER] ee (2x45) [6x]- [2(2x  5)(2) (3x? | 
(6—2x) (2x45) 
à eu (1-2x) y [12x? |- K 1- 2x) C2) 4x") E f'tà- (6—2x) [15x! |- | 3(6- 2x) r C2) |(5x°) 
(1-22) (6—2x) 
aH de EA A] p Y (n ex) pez] [a ea aee) 
dx Era -4x +2) dx (x +4x) 
. dy _(x°-4)[2x]-[3x? Kx -9) 
(^ dx (x-a) 
"EF (2x’ -3x) [2(x - 4)(2x) || 2(2x' - 3x)( 6x" -3) x -4) 
(2x9 -3x]' 
; (4x -2x*)'[2(2x-x')(2-3x*)]-[ (4x - 22) (4-42) Qx- e) 
(4x— 2x" i 
(2x? +3x) [a(x -éx) (2x- Ms ce +3x) (4x3) |(x" -6x) 
, pea al 2x) (6x -2) |~[2(2x+5)(2)](3x* -2x) 
(2x+5) 


_ 


E — 2x’) 
(6-2x) | a(2x" ~5x) (4x — 5) |- E 6- 2xy (-2) (2x -5x) 


f f'x)- 





dx (3x? - 4x - 2)" 
dx (3x - 4x") 
dy (3x° -4x Y | (4x -6x) (8x-6) |-| s(3x* - Ax! J (9x' -8x) (ax' -6x)' 


There are alternative approaches to some of the questions which lead to equivalent answer that look a little different 
from those here. 








Wx y J3x 4 
: -4|1|- E un 3- x [2]- p a | -1[4x]- Ie þr 
x-4 j 3—x 3x-1 
LA 1 ]f 2 - 
m | | > — pes 
d Ex) = -C 
2x +3 
1 X 6x +3 ] 
42x? 4 3x x| — A [edd 
e f= i e i zd - | 
| 2x^-3x 
2 ; > : ae Hu 12x —2 2 3 
6x° —2x 
dy _ 
à dx 





Vax Ax! x| 2(x" -3x)(2x — 3) |- ely L te (x -3x) 


dx V3x - Ax? 

dx [(2x-3)(x* +x)| 
(5) (1,2) 6 tet: y-4=3(x-2) "TM 
y EE | MEE 3 


a (0.293, 2.17) Maximum; (1.707, 7.83) Minimum. 
b (-1.414,0.25); (1.414, 0,25) both Maximum. 


Answers 











g Ze g es 10a = Bak 
9 162 9 9 
Chapter 17 Summative Exercise 
1 a 3(2x- 7) 2(3x 4 4) b f'(x)z-2(5-3x)- 3(6 — 2x) 
C = z(2-2x)(5x-x)-(5-3x)2x- x) d  (2x—-2)(28 + 3x) + (3x? #3) (st — 2x) 
dX 
" I Wh. | I: 
e f'(x)= je - Jx)4 x ext Vx) 
p Y _ 


da (gr ER Eða 


2 a 3J3(x-A4xy(2x—- 4)(3x— 2)? + 6(3x — 2) — Ax? 
b f'(x)22[(x + 2x)(x — 3)] [(2x +23) + (+ 2x)] 


e a = 3[(3x — 8 (x! — 5x) [9(3x — 8) — 5x) + (2x —5) (3x — 8)*] 
lx 
1 E VV. —3 3 li = 2 
Fe go vE) e o vay (Ve) 
e f'(x)-2(8 E 3x? exe fen) xe 4) (68 x] 

















e Y. Ed: VES U4)" 7 s - (a+) 
3: 4(x—1)(2x— 4)-(2x—4)' b ya 232 #2) -le #22) 
(x-1) (x-3) 
OV x? -5x (3x -87 - —==(2x-5)(3x 8) 
d dy 2X —5X 
dx x? —5x 
à 3 (Vx +2)- (e-ð) 2) 
(x2) . 
1 3 Ti APA 1 (x° +x) 
e pe aG sva METE n ax 
(Vx +4) 
(Vx = 4) A) +3)(¥x -4) 4) 
e wae xo 
" (Va) 
4 a (40),(1,27) b o| 5.5 | c 11,3) 
d (-L 32), (3, 0) e (0,0) (2, 12) f (3,1) 
5 a = b -5p 
6 =p 7 37p 
8 a —3 b 4 
9 a 10cm's' b 8cm’s” 






CRUE Answers 








10 Í em? E 
22 
ll a y-2=-- (x-3) b y-2=4(x-3) 
5 ll, 5 16 
12a y+-=—(x+2) b y+==-—(x+2 
a TS ) y Tis ) 
13 a y-28--17(x- 4) b y-28--L. (5-4) 
14 a=8,b=-21 d 
Chapter 17 Test 
1 10 
2 à y-1-l(x-6 b (76,7) 
9 9 
3 a=-3,b=4 
4 Hace Cer p - b/c (-3,6) maximum; (-1,2) minimum 
dx (2+x) lx? (24x) 
5 Qunitss' 
6 (0.0 ==] y P 
39 4 
Examination Questions 
1 (i k=-8 (ii) y=2(x +4 2) (iii) —0.1 
20 
2 (i) k=12 (ii) — 
| x” --5J[3]- [2x |(3x—2 
¿ y Sr It ia (iii) -2,3 
dx (x? 4 5) 3 
4 (i) k=5 (ii) 189+ 90p (iii) 186 
3 20 3 
5 (i) k=- (ii) — 
2 3 
6 17 
10 
7 (i) LÀ = —7; This is never zero. (ii) Í 
dx (x +3) 5 
8 y-6= - (x — 4) 
E -2 x 4 ds a 5 2 ! 
9 a (i) ———-*c(ii) —x'——x + +e b (ii) —(x—5)4(xc-4)-c 
(2x- 1) 4 3 2 3 
10 (i) +3 (ii) 0.32 units per second 
11 (i) k=6 (ii) 20 
Chapter 18 





Problem 18.1 
à x 0 l 2 3 4 5 6 7 8 9 10 
2 l 2 4 8 16 32 64 128 256 512 1024 
b xisan integer between 0 and 10 
c The graph consists of dots at the points plotted. It is not a continuous curve. 
d The graph would then be a continuous curve. 
e I 


Answers 





f 


For x > 0, the curves get steeper more quickly and rise above the previous ones. 


For x « 0, the curves lie below the previous ones and eventually get squashed between them and 


the x-axis. 
g (0,1) h Theyareall 1:1 
Exercise 18.1 
l a 3 b 8 c 10 d -2 e —4 f -6 

g 4 h 3 i 4 j 6 k 4 | 5 
2 a 5.64 b 3.91 c 432 
Exercise 18.2 
l a 512 b 1024 c 2048 d 64 e 64 f 0.25 

g 512 h 1024 i 256 j 128 k 128 ] 16 
2 a 3 b i c 1 

25 
+: a A22 b 395 c 3.55 
4 a logl5 b log27 c log 16 d log 200 e log2 f log 36 
] 

g logxy h log xy i log x*y 
Exercise 18.3 
l a 273 b 2.89 c 329 d 3.48 e 312 f 3.06 
2 a 613 b 1.38 c 31.0 d 2.82 e —322 f 1.41 

I 1 ] 
3 a 243 — b 4096, c 514 —— d 23.8, 0.0421 e 71.9,0.0139 f 29.4, 0.0341 
243 4096 512 

4 a (1,2) b (0,2) c 10,2) d {1.26,1.46)} e 11,2! f (1,3) 

g 10,0631] h (158,232) i  10.683,0.861] 
5 a 1.58 b 0.631 c Nosolution d 2.02 e 1.16 f 0.631 
6 a {-1} b {-0.387,-0.226) c {-0.792,-0.208) d (2,1 e [-0252) f {0.368} 
7 b (r-Liy-2X(y-3) c {0,0.5, 0.792} 
8 x=1000, y= 100 
Exercise 18.4 
1 A=4B=3 2 A-L33XBz5 5 A-lLB-c2 
4 a xy=A+Bx’; plot xy against x? b A=120:B=3 c 39 d 632 
h l | ho: 
5 a —=u+—at;plot — against t b u=25,a=-10 

2 í 
6 plotlgA against tk P=4980,r=1.1 
7 a plotlg N against x; A - 500, b — 1.5 b 3797 
8 a plotlg G against lg £ A=3.20,n=5 b 10000 
9 a plotlgg against p; A=7.045,b=1.26 b 17.76 
10 a plot lg N against t; A=3.195,b=2.30 b 473 
Chapter 18 Summative Exercise 
l a 4 b 3 c 4 d 3 e 25 f 1.5 
2 a logó b logl6 c log3 d log 72 e log 128 f log xy 
3 a 1.26 b 8.84 č —5,128 d 1.66 e —L18 f 126 
| l | 
4 a 236 b 10 c 4 a Lo E f 0.388 
1 h 7.61 i | 
=, 6] 

5 8 
5 (5, 7) b p=1,q=1 € x=2,y=3 

d x=5,y=8 e x=-l,y=—4 f x=9,y=8 
6 a 0.792 b 1.58 c 0,2.81 d 1.26 e 0.585 f 0.285,0.511 
7 a -—-ax*b b a-174,b--096 c 139 








8 y=10? 
9 A=1.46,b=0.525 


10 A=5,b=3 
11 A=50,b=1.1 
Dp ye B 
Ya Bx 
Chapter 18 Test 
l a 3-ta b Á ág č 
2 p prq 
2a 9 3,6 
3 a 2 9 c AP 
10 
4 b x-ix-La-lb--1 
2 





5 a logN=nlogm+log A 
b € A=6.4,n= 2.97 





-0.3 0.3 0.6 0.9 


6 log 8(=3log 2) 
7 o x=2y=> 


Examination Questions 


Oye dl a 454 
: x 


ba 
oc 





5 a b 6.3077 6 (ii) k= 15020; n =— 0.8936 
7 a 2 b 
4 
| T oe 1 | 1 
8 a (i) 4" (ii) 2—u (ii) — b [a5] 





C aid 
2 


d 762 


Answers 





X 














B ue E b c=a-3b 10 (ii) y- 55295 (äi) 0.2538 
T 2 
11 (i) 2.32 (ii) 4 12 (ii) y=1.2x+— (iii) 11.84 
x 
Chapter 19 
Exercise 19.1 
1 a 2cos2x b —3 sin 3x € 4sec*4x 
d 15cos5x e —l4sin 7x f 12 sec*3x 
g 2cos Ly h -2 sin A, i 3sec "s 
j 2cos[x+ E | k 6sin (3x—2) l „se 
i 3 2 nr D 
ow d ay Yo a 
2 a M cogu (x^) b SY 22 sinxcos x C OY 3 sin (x^) 
dx x dx 
d d -—6xsin (x^— 1) e e. 3 tan“x sec“x f 2. 3(3x* + 2x)sec'Ge 3 x*) 
dx dx dx 
g dy = 4(2x— 2) cos (x' — 2x) h dA ——]2 cos(2x— 1) sin(2x — 1) 
dx dx 
p Mied [+ | 
dx : 
3 a OY cos XX b dy - sical c = —= fx sin (Ve) 
dx x dx 24sinx dx 2 
, dy e—X i > dy 21 EN —— dy cos2x 
d 9 -.— sin 4x —1 e —--24sin'(6x)cos(6x) Í = [L 
dx 4x'-1 dx dx wlssin2x 
5 dx — sin'x dx cos 4x dx tan’ (x?) 
dy dy | | ly "p 
4 a E x cos x t sin X b LAB 2x cos(x’) — 2x? sin (x?) C dy —xsecx-tanx 
dx dx dx 
d a = (2x + lycos(x! + x) + 2sin (x^ + x) e dy = cos*x — sin?x 
x X 
dy dy sinx — xcosx 
f — = sin x cos*x — 2sin°x cos x g —=— ~~ 
dx dx sin x 
h dy 4sin2x . dy (l+cosx)cosx+(1+sinx)sinx 
— == ———— l e me -.-__O-_ e 
dx  [l+cos2x|' dx [1+cosx| 
j dy _ 3(x+2)sin3x + cos3x kY 2sin^ 2x +2(1+cos2x)cos2x 
dx [x2] (^ dx sin“ 2x 
l dy —2xsinxcosx--x cos x— x sin x 
dx 
5 a -—4cos2x-cc b 2sin3x+c c —3cos(2x 1) c 
d 3sin(3x t 7) c e 2tan2x+c f 2cos(1—2x)-*c 
6 a sin(x)tc b sin(x +c c —2cos(x*+1)+¢ 
d —2cos(x +x) +e e 2 sin( x) +c f 3tan(2x*- 1) *c 






CRECE Answers 


dy ; d 

7 a -—--3Jsimxcosx 
dx 

8 a dy = —4 cos*x sin x 
dx 


9 a BY a 
dx 


a m. 





a ———l-cosx 
dx 
ll a Sy. uu 
dx 
12b xsinx+cosx+c 
Exercise 19.2 
1 gy E [ETB fm) 
57) i 12 6. 
ae 1-35 l z) 
2 tet: = — — 
s | 


b 2sinmx-4c 


b -3cos'x-tc 


b 3sin(x^)-c 


b (x-sinx +c 


b 4 


4—cosx+c 





ls 
a 








e l Al 3 l | = | 
|= — Z = —— | . y————|x-— 
guy |“ 6 ROV ds 36 6 
g E PAS 7 355,520 
144 12 4 
8 55,2 9 c b 0,727 
S 2 COS X 
| (7m B lx 343 
10 b/c (2.0) ES 22) minimum (25,20) maximum 
2 6 4 6° 4, 
2 37 5 | 
ll b 07 12 v2 l3 — 14 — 15 v3 
10 10 8 60 
T 543 | 
i6 d = 17 42-53 Ls 18 b 100 19 b 4843 20 x 
6 E 
d | 
21 l 22 1 23 a TR b E 
1 dx à 
24 a 3sinóxcosx b 3 
€ i s d x 42 
sa [E b = 26 a EX b 42-1 
a" 3 4 4 2 
Chapter 19 Summative Exercise 
l a 3cos(3x+1) b -4 — c 2sec(2x4 l0) 
dy dy dy | 3 
d —=(2x+2) cos(x + 2x) e gl A f —=A4tan(2x- 1) sec(2x-1) 
dx dx Ek dx 
ec (3x 
g h f'(x)--6x cos*(x*) sin(x) R iix cose DIU) 





tan" (3x) 


Answers 





2 a cosx-sin'x b 3cos3xcos2x-— 2 sin 3x sin 2x 








c 2sinxcos*x - sin“x d dy = COS x — 2 sin“x cos x 
dx 
dA , . M dy "m 
e ——-2sinxcosx—-2cosxsin'x f —=cos*x tan x- sinx tan x+ sin x sec x 
dx dx 
3 a 2cos3x+c b 2sin4x+c c 2tan3x4+c 
d 2sinx' +c e cos(x —-2x)-4c f tan(x)-c 
4 a f'(x)--—cosecxcot x b f"(x)=secxtanx c F(x)=-cosectx 
6 b sinx-xcosx 
að 
sd ; (2 Y 
2 3 3 | 
| dy | " | 2 
a 2-3 sec (2x) b — 
dx „3 
11 a Y 14009 b an | X43 
dx 3 2 
nk 3 -[ m i 
12 a —=4sin(2x) cos(2x) b y-- = 3 x-— c -J3p 
dx 4 3) 
13 b =—16 sin x + 16(cos*x — sin*x); x =? c 1243 Maximum 
x 
Chapter 19 Test i | 
| x—1) 
EO 3 |) wet 
ZEE" 2m 2m A 3 
3 642 
5 
1 m 
4 a yti=-2[x-4] b d 
4\" 4) 
5 0.365 
6 a -—3sin3x b -3p 
7 a 2sec2x b 53] 
2 
Examination Questions 
1 (i xcosx+sinx (11) A asd 2 242 3 (11) 4 
E 2 
1443 
4 
6 
Term test SA (Chapters 16 to 19) 
l a e ÍR ^ zd , Ix b 0.464, 2.678, 3.605, 5.819, 6.747, 8.961, 9.888, 12.103 
2 6 2 6 
c 1.389, 5.036, 7.672, 11.319 
Ox—4 r 
ba ———— b y-4=-=(x-2) c 96-16410 
2J (3x — 2) 2 
l 
3 a a=2,b=xc=y c 8,32 
log, x 






SRI Answers 


4 a y-8 = (92m b (2z-3453,0) c À 
> yr 

X 
Chapter 20 


Problem 20.1 
a y 





Problem 20.2 
y=0 
Problem 20.3 


soe ? den 
h 


Exercise 20.1 








l a dy z ger b Y _ 45 e* c EY aset d dy _ Y 
dx dx dx dx 24x 
| 
È dy = Je! f dy e g dy = (2x+ 3) ge tae h dy - 2 
dx dx Xx dx dx e” 














f 


d 4e*+¢c 


h 2Vl+e° +c 


dy | 
2 a a (4x + lje” b dy = e*(3 sin x + cos x) 
dx x 
d ey =e | Suð sinx | e a = 13 + 8x + 2) 
dx 24 x | dx 
BUET a ly 2sinxcosx—2 sin*x 
g a "(sec x-(2x-3)tanx) h a. p 
dx dx e^ 
lv l dv 2 
3 a dy =— b ba = C dy = — 
dx x dx dx x 
, 2 iw ! 
e dy. his f SF quis g —-2xlnx-*x 
dx x dx dx 
| 
h dy = —sinx + cosx lnx 
dx 
4 a ln3isa constant 
b in(x)-2ln x. (One of the laws of logs.) They are different ways of writing the same thing. 
Ll. 4 "T" TS 
5 a —e +e b 20 Ææ Č að 
3 4 
e 2e +c f 2(1+e)+c g 4(1+ e*)? + 0 
6 b xIinx—x+c 
7 a om = b in(e -3)-4c 
dx e +3 


Exercise 20.2 
1 a 


Answers 














c 0.253, 6.85 





€ —3.99, 0.782 
e*—4—x-0 


c 0.302, 2.36 


b -0.647, 2.997 









Answers EEE 


Exercise 20.3 




















1] a 1.099 b 0.693, 1.386 c 0.286, 0.405 
2 a 0.182 b 0.231 c | —D0.101, 0.101 d 0.347 e 1.099 
3 025,2 4 x=3,y=4 
5 x=-2,y=5 6 x=2,y=3 
7 b c d  Asolution is 2.1 (1 d.p.) 
8 a b C y=b-2x3 
9 a b 0.203 
10 a 4575 b fœ: x In(x+ 1) c Domain x = 0; Range y = 0 
d y [ y=x 
[^ 
lla 5<fíx=8 b 5.006 c f-:x+ In 3-In(x—-5) 


d Domain:5<x € 8 e y y=x 
Range: y = 0 | 





Answers 

















12 a 1 (= 
= T == 
b f(x)>0 e E — d 
Domain: x > 0 
Range : E 
13 a 0.0549 b 3.594 
, l x d 
c f:xr-tlIn EH 
2 ge 
Domain: x > 0 
Range : E 
14 1 lS a Ga b 2e-e 16 (V2,In(2+2y2)) 
| c 1 
19 y+ 1 2—x 20 (0,1) 
l l | 
21 b x=--—Ink c yz-—lnk d k=- 
k | k e 
21a 2xe*-—xe* b (0,0); minimum (2, 4e 7); maximum 
23 (0,4); minimum 25 (1, 1); minimum 26 (2, e); minimum 
27 a dy = e'(cos x - sin x) b T 
dx 4 


28 


29 


30 


33 


37 
38 


(0, 0); minimum: (- 006 | : maximum 





d'y | | 
a 7- 10(x + 3)e", £ =10(x+4)e* b (-3,—0.498) minimum 


X 
(0.32, 2,49); minimum 31 (e, —e); minimum 32 y=6x 

60 34 a 41.6 b 4.16 35 b e 36 a e*(cos x+sin x) b 
a (0.792, 1.793) b 0.065 


a (e—1,3) b 1+In(x+1) c 3e-6 


ra | 54 


Answers 





Chapter 20 Summative Exercise 





] a 2302 b 2.996 
e 20.09 f 1484 
2 a dy 20 b Y 8x0" 
dx dx 
e © fi dale! f Y Ox 4 3)e* g 
dx dx 
3 a ay a2 b as E 
dx x dx 
4 e 
4 
5 
6 
7 
8 a 0347 b 1.270 
9 1,249 
1 | 
lla Inx=-x-] 
2 
0.169 


12 2d 








13 b 403.4 

14 Z = Q2x- 24)e* (2,—88.7) Minimum 
x 

15 (4.174, —0.322) 


Answers 








c gi M 
3 


gy = e'(sin x + cos x) 


X 


z. SORA gaa du 





dx x 


xe +c 


c 2.109 





d 1.304 


d 4.605 

h 0.000912 

d ey = (6x° — 2x)e^ he xa 
dx 

h cd =e "(cos x — sin x) 
dx 
dy 3ln(x) 

a Sint) 
dx x 

d : (1+e*) + C 
; 

d 0.464, 5.36 


16 a (0,3), (1.386, 0) 


17 (3, 1.344) Maximum 


Chapter 20 Test 





] a 3xe*-4x eð p =e 
3— sinx 
2 a 2+3e* b 5k 
- 3 
3 b EH d c Maximum 
RE 
i a ölgerð p yeti c (2,6) 
dx 
5 a 80 b 90 c 85days 
Examination Questions 
1 (i) 0.916 (ii) y=7 








2 (i) 
3 (i —— 
(2x:£3) 21x 
4 (i) * 
(2x4 3) 
5 (i) x=2.47 
6 (1 Inx (ii) 1.296 
A dy 2 | 
8 (i) 2 oma (ii) 1+2p 
9 a secxe"" b = (e - 1) 


11 (i) 2xInx+x 
13 (i) 1+Inx (i) xInx-x+c 


15 (i) fx) > e” 


| 
m Peces 


Qum. 
jmi o 
þm 

Tn 

un |= 


(ii) Inx=2e*- 3; h(x) > -3 


dy e^ (2sinx— cosx) 


7 Q gy 
(i) dx sin x 


X 
2 


10 (ii) Eis e 
4 

12 y=e*+5x-10 

14 (i) 3xe^" 


(ü)f^:x—1-4lnx 


c y=lt+x 


d 0.792 


c 2e"ltan x+ e*secx 


(iii) 


(iii) 


(iii) 
(ii) 


(iii) 


(ii) 
(iii) 


l 
d x 
2 
d 100 
minimum 


0.6 units per sec. 


„3 
h: x In [2 ) 
E a 





0.464 


(iv) Maximum 





Answers 





Chapter 21 


Exercise 21.1 









; i Fus A " 
la | a b | ¢ | o S| © | 14 
: | 0 2 -1 6 
(du) (Y) +() (3) +€) 
1 12 3 ) s^ > 
k l | | 
o) o(a) e(a) ela) eki) 
a x5 b „10 J29 d „13 e 65 t 4/2 
g 4109 n X429 J74 j 2417 k v65 | 4317 
m 4/193 n 4/65 34/5 
Exercise 21.2 
la a-b b 2a —b d a-b e a+b f 2a-b 
g 2(b-a) f a—2b —2b 
3 E * 
2 a (i) iib (ii) A{ a+b | (iii) (b->3) (iv) ub] (v) a+4( b-a) 
2 2 2 x. 2 
b ke e öl- bita 
5 5 5 5 
3 (i) z^ a (ii) AE a] (iii) ve Ab a) 
al 1) —D — Hj ^| —D— lll =p- 
2 | Lu | 2 
(iv) la—b (v) (2a b | (vi) ba (ja b| 
I —a — — a — 1 — Sn 
2 H 3 p 2 | 
A 2 
b A=-,u=-, OT=- (a+b 
QT. (a+b) 
l . 1 
4 a (i) arb (ii) A at) (iii) ua (iv) b+ua 
b 4=2,p4=2,0T=2a+b c C isthe mid-point of BT 
& à b-a b —*_b-a) e LL (415) 
A+ fl Á t 
Exercise 21.3 
1 -i-4j speed - J17 ms” 2 472km h^ dirn 278? 3 412 km h^ dirn 344° 
4 a 25m,5s b 65.4” to bank upstream c 55s 
5 782kmh' dirn 319° 6 65.1 ms’, 44.6"; or 89.4 ms *, 74.6? 
7 a 212m,l4.1s b (i) 28.1? to bank (ii) 30s 
8 a 3i-3j b -3i+3j c 4.24, 8.48 km, 12.7 km 
9 a (i) 452 ms", 563* to bank (ii) 50 s, 200 m downstream 
b (i) 48.2? to bank, upstream (ii) 675 
c (i) 32.3 to bank, upstream (ii) 93.55 
10 a bearing 041.6" b 1hr20m c 2446? d 2hr20m 
Chapter 21 Summative Exercise 
la 5 b 10 c 26 d 13 
e 25 f 51 g 26 h 104 





SU Answers 


2 b 
34 
3 r=4331+ 2.5] s=—3./61+ 1.37] 
4 p=-10i+ 24) q = 121 + 16} 
5 a a b 5a-ià 
3 2 2 3 
2, 2.4 


19.06 km hr ^! from 150.5? 
a 079.27, 40 min 

9 47.87,36.3m 

10 a 039,5%, 22.22 km hr 
11 066.49, 55.9 min 

12 45 ms', 5.565 


Chapter 21 Test 


131 12 


2 a 15043141501 


a l0 -2àx22b 
2 








Examination Questions 
1 (i) P:50j t(20i + 10j) 


2/5. 45. 5434 . 
“eo ee — | +t —— 


-34/13 . 2413, de 
——i-—j d gt 


13 13 


t — — 5i — 8.66j 
23.4 


2 (1424) 


ca -=at tb d AS 


3 2 


b 280.8°, 20 min 


b 25km 


b 
21 
c 30 minutes 


b (1-—Wa+ub 


r= 181 — 24j 
e v=-6i-— 20) 


O: 80i + 20j + t(—10i + 30j) 


(iii) Do not meet — equations are inconsistent. 


2 k--3 
4 (i) Zi«ij 
5 5 


3 speed=42.9 km h” 
(ii) 12i4 5j 


5 Wind blowing on bearing 200,6” (from 020.6") 


6 (i) 108.4? 
s 

8 ——it—j 
> j 

11 (i) a PT) 

12 (ii) +9 (Sit 6j) 

13 (i) k=26 

14 (i) L (5i-13)) 

13 


16 (i) 10i+10j 


(ii) p=9,g=2 


(11) 47 min 


9 3hr 15.5 mins 
. 2 

11 Hl —4 — 

i) »(Sa-) 


2 
lil) m=3,n=— 
(iii) 3 
(ii) k=16 


15 (i) 5ms' 


(ii) 161+28j (iii) 2i- 4j 


Lr u 


u= 1.031 — 2.82j 


1 


2 


c r=(lði— 24j) + t(9i — 12j) 


(ii) 1045 km 


(ii) 73.7? 


(iv) 13.30; 311 +43) 


Answers 









Chapter 22 


Exercise 22.1 


l a v=24t-6f b s=12f-2fP c 64m d t=6,v=-72ms” 
e It will accelerate away in the negative direction. 
2 a 8m b f=1,2,4 c v=3P-14t+14 d 3ms'-2ms,6ms' 
e a=2.11m,0.63l m 
3 a t--—3(not valid), 0, 3 b v=3f-9 C {t= a (not valid), NE 
d x=-6/3m e a=6t f 643 ms? 
4 a v=20-2t b 100m c 205 
d v= Bird arrives back at the nest with a velocity of —20 ms“ and an acceleration of —2 ms“. 
That is very dangerous ! 
5 a v=10cos2t b a=-—20sin 2f c lOms'atO d 5m,7s 
e a=—4x f The acceleration is always directed towards O. 
6 a v=sini+tcost b x=tsint C a=2cost—fsint 
d 27s e  Itincreases to infinity. 


Exercise 22.2 


1 a 80ms' b 1600 m 
2 a 180m b 60ms” 
3 a 03ms? b 540m 4 a -—3.]25ms^ b 8s 
5 a 75m b 5s c 85m 6 Distance 4650 m; time = 620 s 
7 a l5safterAleft b 225m c 30ms?*,60 ms” 
8 a lóms” b 62 C gis 9 a líms! b -15ms" C us 
3 3 3 
10 a S8ms'(downwards) b 2s c 72m 
Exercise 22.3 
1 a OA=40km/h AB= 130 km/h BC = 20 km/h CD = 50 km/h 
b students own description > 
2 a OA-15ms? AB=2.5 ms" BC = 0 ms“ CD =-1 = ms“ DE = -20 ms“ 
b 190m 3 
3 a OA=30ms* AB=0ms” BC = 15 ms CD =—40 ms DE = -10 ms" 
EF = 0 ms”? FG = 22.5 ms”! GH =-15 ms"! 
4 a AB=-—20ms* BC=-10 ms“ CD = 40 ms“ DE = -8 ms“ 
120 m 
5 a a-(v-u)t 
| 
b s==(uæv)t 
> ( ) 
€ students other derivations 
Chapter 22 Summative Exercise 
—m 
1 a (i 11 b (i) EJ c (i 07e" 
" iy, CES 
(ii) 6 (ii) —— (i) -0.18e* 
18 
2 a 4s b 8s c 512m d 288ms' 
3 a 5s b 150m 
4 a an b -3.37 ms“ € 64m 


EE Answers 








5 a b 27 ms c 19359m 
100 200 300 400 500 600 700 800 
is 
i 36 
6 a 2ms! b -—-ms^ GC $—76——— 
6 2146 

7 120m v= 9 ms” 15 ms” 
8 a 4s b 40m 

c Phas velocity 10 ms downwards, Q has same velocity upwards 
9 a 3ms? b 333m 
Chapter 22 Test 
1 a 943ms' b = E 
2 a (i)5s (i) 0,105 (iii) 1000 m 

(iv) —4150 ms" (v) particle keeps moving away from O in the negative direction. 
3 a 38m b 5s c -4ms' 

qa 
d 2m e a- == f —ms^? 
(t1) 

4 a > b 495s c 120m d 8s e -88ms" 
Examination Questions 
1 (i) 8ms” j 3 (i 522m 

(ii) 48 m (ii) 

(iii) 6 seconds 20 7 

E = 





4 268m 
5 (i) 24ms” 
(ii) 585m 
3 





6 p= d q=5 7 (i A:—5ms? B: 5 ms“ (ii) 6 à ms ' (negative) 
2 4 
f: E TIN AS B VL E ii 2 á is 
8 (i) —1.92 ms” (ii) lém 9 (i) i ms! (ii) E ms“ (iii) 2m 


Answers 





Term test 6A (Chapters 20 to 22) 











ud (1—e^ )cosx— (-2e^ )sinx 
l a la a b ` (i uy 
2x- 3 mg 
2 a (i) (85) kmh" () VE km h^ b r=(11 +60) i+(3+70) 
(i) 1 hr (ii) 7i+6j (iii) 2 hrs 
3 a a=-—48sin4t b s=3sin 4f c aa d 3m 
4 b xe-e+c 8 
a 17 b Aj p=” 
22 22 
6 a 6s b Ems? c 2l6m d 18s 
Practice paper 1 
|) #=2 2 (i) € b (ll 
(ii) 20 
(iii) 4 
3 a 
6 
4 a=0.365 5 x=-2y=3 6 a ABBC b ir + 
7 b 3644cm c 26.77cm? 8 a (i)360 (ii) 240 (iii) 48 b 714 
» 1000 
9 a Sz-z2mr + a b 1284.7 cm’ 
r 
10 a v=16i+ 30) b 1=48i+ 90j c r=(f4+3)(16i+ 30j) 
d 128i 130j + t(-24i + 10j) e t=2hr r-80i4 150j 
lla 90% 131.8" b 24.019, 335.98 c LEA SE 


E à 3 r] 


5D 3'4& 5 à 6 


Answers 





Index 


addition 
integration 259, 273 
matrix algebra 233, 249 
amplitude 290 
angle measurement 192-3 
equivalent angle 
measurements 195-6, 200 
arcs 194 
associative law 241, 249 


base vectors 384-5, 396 
binomial theorem 105, 113, 119 
approximations 113 
binomial coefficients 113 
binomial theorem for a positive 
integer index 108 
combinations 107, 113 
expanding binomial 
expressions 107-8, 113 
more complicated expressions 
109-12 
Pascals triangle 106, 113 
powers of (a + b) 106 


chain rule 216, 219, 225, 226 
circles 
area of a sector (using degrees) 
194, 200 
circle geometry 197 
equivalent angle measurements 
195-6, 200 
length of an arc (using degrees) 
194, 200 
measuring an angle 192-3 
mensuration of the circle 193 
radians 192, 194-5, 198-200 
symmetries of the unit circle 
176-8, 186 
combinations 43, 49-50, 54 
combining sets 5 
commutative law 241,249 
completing the square 81-2, 85, 88 
composite functions 63-5, 73, 
219-21, 225-6 
integrating composite functions 
270-2, 273 


inverse of a composite function 
8-7/1 
conjugates 33 
constant of integration 262-5, 273 
coordinate geometry 134-6, 140-1 
cosines 175 
cotangents 285 


definite integrals 267 
denominators 
rationalising the denominator 33, 37 
derived function (derivative) 151-2, 
155, 208 
adding one function to another: 
m(x) = f(x) + g(x) 156-7 
gradient function 159-63, 169 
identifying the nature of stationary 
points 210-24, 225-6 
multiplying by a constant: 
g(x) =k x f(x) 155-6 
nature of stationary points 210, 225 
other powers of x 157-9, 169 
second derivative 164-5, 169 
stationary points 208-9, 225 
tangents and normals 165-8, 169 
third interpretation of the 
derivative 163-4, 169 
determinant of a matrix 243, 249 
differentiation 155, 169, 303-4 
applications 313, 314 
composite rule 313 
constant multiplier rule 313 
integration 313 
product rule 304-7, 313 
quotient rule 307-13, 313 
sum (difference) rule 313 
discriminant 87-8, 88 
discriminant test 94—7, 100 
displacement-time graphs 414-19, 420 
division algorithm 121-2, 126 


e (Eulers number) 355-7, 373 
applications of e* and Inx 
366-72, 373 
derivative of the exponential 
function y = a" 357-8 


derivative of the logarithmic 
function y 2 Inx 358-62 

graphs of exponential and 
logarithmic functions 362-5, 373 

natural logarithms 358 

y = Ae* and y z Alnx 363 

y =e* and y z In kx 362 

yzln(x-- b) 363 


elements 3 


number of elements 6, 14-17, 18 
putting elements in sets 6-8 


equations 99 


equation of a line 136-40, 141 

quadratic equations 84-8 

radians 198-200 

simultaneous equations 92-7, 100 

trigonometric equations 184-6, 
187, 198-200 

trigonometric identities 285 


exponential functions 319, 320, 332 


laws of exponential functions 
321-2, 332 


factors 


factor theorem 124-5, 127 
factorial notation 45 
factorising polynomials 125-6, 127 
factorising quadratic equations 

54, 88 


functions 60,61, 148 


area function 265-6, 273 
composite functions 63-5, 68-71, 
73, 219-21, 225-6, 270-2, 273 

defining functions 61, 73 

derived function 151-2, 155-68, 
169, 208-24, 225-6 

domain 61,73 

finding the value of a function 62-3 

function diagrams 149-51 

higher indices 154-5 

inverse functions 65-7, 73 

inverse of a composite function 
68-71 

many-one functions 67-68 

mappings 60-1 

modulus functions 71-3, 73 


Index 








functions (Cont.) 
more complicated functions 155, 169 
polynomial functions 260-1, 273 
quadratic functions 80-4, 88 
range 61,73 


geometric applications 35-7 
gradient function 159-63, 169, 262 
graphs 
displacement-time and velocity- 
time graphs 414-19, 420 
drawing graphs of experimental 
data 326-7 
graph of a quadratic function 
83-4, 88 
graphs of exponential and 
logarithmic functions 362-5, 373 
graphs of trigonometric 
functions 290-4 
inverse function 66, 73 
tangent function 180 
trigonometric functions 179, 187 


identities 284 
identity matrix 241-2, 249 
trigonometric identities 285-90, 296 
increments 214-16, 225 
indefinite integrals 267 
indices (index) 26 
derived function 154-5 
laws of indices 26-7, 37 
powers of small numbers 27-31 
inequalities 100 
integration 258, 273 
addition/subtraction rule 259, 273 
arbitrary constant 262-5, 273 
area function. 265-6, 273 
area of the region between two 
curves 268,273 
area of the region between x 2 à 
andx-5b 267 
constant multiplication rule 
259, 273 
curves below the x-axis 269-70, 273 
definite integrals 267 
general solutions 262 
gradient function 262 
indefinite integrals 267 
integral notation 259 
integrating composite 
functions 270-2, 273 
integrating polynomial 
functions 260-1, 273 
integration problems: x^' 262 


Index 


integration problems: zero 261 
integration process 259, 273 
particular solutions 262 
rules of integration. 259, 273 
inverse functions 65-7, 73 
graph of the inverse 66, 73 
inverse of a composite function 
68-7] 
inverse matrices 242-3, 249 
forming the inverse of a 
matrix 243-4, 249-50 


kinematics 403, 419 
displacement-time and velocity- 
time graphs 414-19, 420 
mathematical modelling 404-8 
motion with uniform 
acceleration 409-14, 419 
rates of change 403-4, 419 


logarithmic functions 319, 321, 332 
changing the base of 
logarithms 324-5, 332 
laws of logarithmic functions 
321-2, 332 
problem solving with 
logarithms 322-3 
straightening curves 326-32, 332 


magnitude 379 
magnitude of a translation 
(vector) 381, 395 
many-one functions 67-68 
mappings 60-1, 73 
mathematical modelling 404-8 
matrices (matrix) 231-2, 249 
notation 232-3, 249 
matrix algebra 231, 249 
addition and subtraction 233, 249 
associative law 241 
commutative law 241 
distributive law 241 
equality 233 
matrix multiplication 235-40, 249 
scalar multiplication 234, 249 
solving matrix equations 
245-6, 250 
solving simultaneous 
equations 246-8, 250 
zero matrix 2354-5, 249 
mensuration of the circle 193 
mixed numbers 32, 37 
square roots of mixed numbers 34 
modulus functions 71-3, 73 


motion with uniform 
acceleration 409-14, 419 
multiplication 
constant multiplication rule 259, 273 
matrix multiplication 235-40, 249 
multiplying by a constant: 
g(x)-kxf(x) 155-6 
scalar multiplication 234, 249, 
382, 395 


normals 165-8, 169 
numbers 6, 14 
conjugates 33 
mixed numbers 32, 37 
powers of small numbers 27-31 
square roots of mixed numbers 34 


orderings 44, 54 
0! 51-3,54 
factorial notation 45, 54 
permutations and 
combinations 49-50 
restrictions 45-9 


parallel lines 134-5, 141 
Pascals triangle 106, 113 
period 290 
periodic properties of 
trigonometrical functions 
182-3 
permutations 43, 49-50, 54 
perpendicular lines 134-5, 141 
polynomial division 120-1, 126 
division algorithm 121-2, 126 
factor theorem 124-5, 127 
remainder theorem 122-3, 127 
polynomial factorisation 119 
factorising polynomials 
125-6, 127 
polynomial functions 260-1, 273 
position vectors 384-5, 396 
powers 26 
powers of (a + b) 106, 113 
powers of small numbers 27-31 
powers of x 157-9, 169 
principal values 182 
Pythagorean identities 285, 296 


quadratic equations 
discriminant 87-8, 88 
solution by completing the 
square 85, 88 
solution by factorisation 84, 88 
solution by formula 85-7, 88 


quadratic functions 80, 88 
completing the square 81-2 
interpreting the expression 82-3 
sketching the graph of a quadratic 

function 83-4, 88 

quadratic inequalities 101 
using the sign diagram 98-9 
using the solutions of the 

equation 99 


radians 192, 194-5, 200, 340, 350 
solving equations 198-200 
rates of change 216-19, 225, 
403-4, 419 
regions 10 
combining regions 11-14 
remainder theorem 122-3, 127 
revolutions 192 


scalars 379 
scalar multiplication 234, 249, 
382, 395 
secant lines 159 
sectors 194 
sets 3-4 
combining sets 5-6 
complement A’ 6 
converting from English to 
mathematical symbols 8-10 
identifying regions 10-14, 18 
intersection 5 
putting elements in sets 6-8 
set properties 3, 17 
sets of numbers 3 
subsets 5 
union 5 
Universal sets 5 
using sets to solve problems 14 
sign diagram 97-8, 101 
using 98-100 
simultaneous equations 92, 100 
discriminant test 94-7, 100 
one linear and one non-linear 
94-7, 100 


simultaneous linear equations 93-4 


sines 175 
square roots 

square roots of mixed numbers 34 
stationary points 208-9, 225 

chain rule 216, 219, 225, 226 


composite functions 219-21, 225-6 


connected rates of change 
216-19, 225 


identification of techniques 212-13 


identifying the nature of stationary 
points 210-24, 225-6 
maximising and minimising 
222-4, 226 
maximum ll, 225 
minimum 211,225 
small increments 214-16, 225 
stationary point of inflexion 211, 225 
straight lines 133 
basic coordinate geometry 134-6, 
140-1 
distance between two points 134, 140 
double intercept form 137-9, 141 
equation of aline 136-40, 141 
gradient of a line segment 134, 141 
gradient-intercept form 137, 141 
gradient-point form 137, 141 
lines and line segments 133 
mid-point of a line segment 134, 140 
parallel and perpendicular 
lines 134-5, 141 
subtraction 
integration 259, 273 
matrix algebra 233, 249 
surds 31 
arithmetic of surds 32, 37 
rationalising the denominator 33, 37 


tangents 165-8, 169, 285 
langent function 180 
translations 380 
combining translations 381-2 
equality of translations 380, 395 
magnitude of a translation 
(vector) 381, 395 
translation in the y-direction 292-3 
trigonometric functions 173 
applications 344-50, 350 
defining sine and cosine 175 
derivative of cos x 340, 350 
derivative of sin x 339-40, 350 
derivative of tan x 341-4, 350 
dilation in the x-direction 291 
dilation in the y-direction 292 
graph of cos O 179, 187 
graph of sin O 179, 187 
graphs of trigonometric 
functions 290 
inverse trigonometric 
functions 182, 187 
maximising trigonometric 
functions 294-6, 297 
periodic properties of 
trigonometrical functions 182-3 


properties of the trigonometric 
functions 181-2 
reciprocal trigonometric 
functions 282-4, 296 
sin( Á + B), cos(A + B) 338-9, 350 
solving trigonometric equations 
184-6, 187, 198-200 
symmetries of the unit circle 
176-8, 186 
tangent function and its graph 180 
transforming the graphs of 
trigonometric functions 
291-4, 296 
translation in the x-direction 291 
translation in the y-direction 292-3 
trigonometric ratios 174 


trigonometric identities 285, 296 


creating new identities 287-90 

simplifying equations 286-7 

using trigonometric identities 
285, 296 


trinomials 119 


unit vectors 384, 395 


vectors 379-80 


base vectors 384-5, 396 

combining translations 381-2 

components of a vector 396 

currents and winds 390-1 

describing translations 
(vectors) 380-2 

equality of translations 380, 395 

magnitude of a translation 
(vector) 381, 395 

mid-point of AB 385-7 

notation 395 

position vectors 384-5, 396 

relative velocity 391-5, 396 

scalar multiplication 382, 395 

unit vectors 384, 395 

vector AB 385 

vector geometry 385-9, 396 

velocities 389-90, 396 

zero vector 382-3, 395 


velocities 389-90, 396 


relative velocity 391-5, 396 
velocity-time graphs 414-19, 420 


Venn diagrams 6-8, 17 


zero 261 


integral of zero 313 
zero matrix 234-5, 249 
zero vector 382-3, 395 


Index 
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